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PREFACE 


In this New First Course in Algebra the authors have 
endeavored to retain all those features of their revised 
First Course in Algebra which met widespread approval 
and to introduce some modifications made necessary by 
slight changes in requirements for the first year in algebra. 

Care has been taken to make such changes in arrange- 
ment, in material, and in treatment as experience has shown 
desirable. Hence increased emphasis has been placed on 
oral exercises, and the meaning of the formula has been 
given additional stress. It seems best to reserve for a 
second course in algebra certain parts of factoring formerly 
included in first-year work. Wherever possible, the aim 
has been to make the definitions and the exposition clearer 
and the illustrative examples simpler and more illuminating. 
The barest elements of ratio and proportion have been 
included in the chapter on simple fractional equations. 

A new feature is Chapter II on graphs, where the fact 
is recognized that graphs have an informative use which 
is widely exemplified in recent periodicals and the daily 
press. Ihe underlying principles are easy to comprehend, 
and a simple treatment leads naturally and easily to the 
mathematical and more scientific use of graphs given in 
Chapter XIX. 

Another feature of this book is the inclusion of numerous 
lists of miscellaneous review exercises. 

In some sections of the country there is a desire to 


present trigonometry in first-year algebra, and in other 
Vv 
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places such work is an actual requirement. This condi- 
tion has been met by the inclusion of an introduction to 
trigonometry. i 

It will be found that the treatment and the material 
included conform to the recommendations of the various 
examining bodies, whose reports and revised requirements 
are of importance. 
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CHAPTER I 


INTRODUCTION 


1. Numbers and symbols in arithmetic. In arithmetic, 
integers or integral numbers, such as 5, 18, 208, etc., are 
used to indicate the number of objects or units in a given 
group which have been or which can be counted. In each 
case these symbols for integers consist exclusively of the 
Arabic numerals 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. 

When in the study of arithmetic one’s attention is called 
' to less than or more than all the parts of one object, the 
amount considered is represented by a fractional number, 
such as 4, 2, 3, 0.8, and 1.25. 

The fundamental processes of arithmetic included addi- 
tion, subtraction, multiplication, and division, which were’ 
indicated by the symbols +, —, x, and + respectively. 

The number symbols and the symbols of operation with 
numbers which were used in arithmetic will be used in 
algebra as well. One of the striking features which will 
appear as the student enters upon his work in algebra 
will be the extent to which additional symbols are used 
to represent numbers. ‘ 


2. Number symbols of algebra. In arithmetic, letters are 
rarely used for numbers, but in algebra, letters as well as 


Arabic numerals are used to represent numbers. 
1 
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Thus, in the statement interest = principal X rate, 1 may 
be used to represent the number of dollars in the interest 
paid, p, the number of dollars in the principal or sum bor- 
rowed, and 7, the rate of interest. Then the fact that 
interest = principal x rate is expressed in terms of these 


letters by 


The practice of representing numbers by letters illus- 
trates one of the main features of algebra as distinguished 
from arithmetic. By this means we are frequently able to 
condense into a compact form a statement which is much 
longer and often less clear when expressed verbally. 


3. Symbols of multiplication in algebra. In addition to 
the symbol x, which is used in both arithmetic and algebra 
to indicate the process of multiplication, frequent use is 
made in algebra of the dot (- ) placed between two num- 
ber symbols, as in a:b, to indicate the multiplication of 
aand 6b. The product of numbers is also indicated by writ- 
ing the number symbols in immediate succession, as in 2 a, 
5 2, cd, ete. 


Hence the product of five and ¢ may be expressed as 5 x 1, 


as 5-1, or as 5 t, of which the last method is the most common 
in algebra. 


A number multiplied by itself is said to be squared, and 
the resulting product is called the square of the original 
number. The symbol for the operation of squaring a num- 
ber is a small 2 placed at the upper right of the number 
squared. Thus 2 squared = 2-2 = 2?= 4, 
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ORAL EXERCISES 


Express the following in words: 


bie Sek ga 1a Dt 9, 
2.5 Xa: 15. A =lw. 
3.25. 16.0 = 71. 

4. Te. 17.p=214+2w. 
5.s +5. 18. A=% X ab. 
6. c — 6. 19.,A = $*, 
7.2m+3. 20) Nrsiseh. 

$ a+ 2. Al. A= 2% 17, 
O24’ x3. = 8. d | 
10. 3f=8. PP adh That oe 
1l.c—5=8. 23. d= 4 gi’. 
12.52+2=12. 24. v = lwh. 
13.8n—n=18. © 25. V = 27 rh. 


Origin of symbols. Many of the symbols that are in common use 
in algebra at the present time have histories which not only are 
interesting in themselves but which also serve to indicate the slow 
and uncertain development of the subject. It is often found that 
symbols which seem without meaning represent some abbreviation 
or suggestion long since forgotten, and that operations and methods 
which we find hard to master have sometimes required hundreds of 
years to perfect. 

In the early centuries there were practically no algebraic symbols 
in common use; one wrote out in full the words plus, minus, equals, 
and the like. But in the sixteenth century several Italian mathema- 
ticians used the initial letters p and m for +and—. Some think 
that our modern symbol — came into use through writing the initial 
m so rapidly that the curves of the letter gradually flattened out, 
leaving finally a straight line. The symbol + may have originated 
similarly in the rapid writing of the letter p. In the opinion of others 
these symbols were first used in the German warehouses of the 
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fifteenth century to mark the weights of boxes of goods. If a lot of 
boxes, each supposed to weigh 100 pounds, came to the warehouse, 
the weight would be checked, and if a certain box exceeded the 
standard weight by 5 pounds, it was marked 100+ 5; if it lacked 
5 pounds, it was marked 100 — 5. Though the first book to use these 
symbols was published in 1489, it was not until about 1630 that they. 
could be said to be in common use. 

Both the symbols for multiplication given in the text were first 
used about 1630. The cross was used by two Englishmen, Oughtred 
and Harriot, and was probably an adaptation of the letter x, which 
is found some years earlier. The dot is first found in the writings of 
the Frenchman Descartes. It is interesting to note that Harriot 
was sent to America in 1585 by Sir Walter Raleigh, and returned 
to England with a report of observations. He made the first sur- 
vey of Virginia and North Carolina, and constructed maps of those 
regions. 

It is strange that the line was used to denote division long before 
any of the other symbols here mentioned were in use. This is, in 
fact, one of the oldest signs of operation that we have. The Arabs, 
as early as A.D. 1000, used both ; and a/b to denote the quotient of 
aand b. The symbol ~ did not occur until about 1630. 

Equality has been denoted in a variety of ways. The word equals 
was usually written out in full until about the year 1600, though 
the two sides of an equation were written one over the other by the 
Hindus as early as the twelfth century. The modern sign = was 
probably introduced by the Englishman Recorde, in 1557, because, 
he says, ‘““Noe. 2. thynges can be moare equalle” than two parallel 
lines. This symbol was not generally accepted at first, and in its 


place the symbols Il, «, and «© are frequently met during the next 
fifty years. 


EXERCISES 


Use symbols to indicate the following numbers and 
operations with numbers: 


1. Three increased by two. 3. A less six. 


2. Twelve decreased by five. 4. C increased by 8. 
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5. Two times a. 
6. One increased by 5 times x. 
7. M added to 7. 
8. 2 plus a. 
9. Four minus 2 times y. 
‘10. Area of a rectangle equals length times width. 
11. Area of a triangle equals one half the product of the 
base and altitude. 
12. Area of a circle equals 
radius. 
48. Distance equals speed times the time. 
14. Perimeter of a rectangle equals twice the length 
plus twice the width.  ¢7c 24 742 Ww 
15. Average of two numbers equals their sum divided 
by 2. 
16. Area of a square equals the square of its side. - 
17. Volume of a rectangular solid ee the ase of 
the length, breadth, and thickness. 1/— V /«. 
18. Volume of a cylinder equals the the rea of its base 
multiplied by its altitude. 1/ = 
19. 6 certain number divided by ae is 7 with a remainder 
Of: x f 7 
A. eee expressions. A letter or a group of number 
symbols involving one or more letters which stand for 
numbers is called an algebraic expression. 


Thus, if » stands for some number, 77, n+2, 5n—1, 


22 times the square of its 


n : ‘ 
9” etc. are algebraic expressions. 


Algebraic expressions in which the letters stand for the 
measures of distances, volumes, intervals of time, or other 
quantities are often called formulas. 
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Since each letter in an algebraic expression or formula 
stands for some number, it follows that the entire expres- 
sion stands for some number and depends for its value 
on the values of the several letters involved. 


Thus, if a= 2, then the algebraic expression a + 5 stands 
for 7; but if a= 9, then a+ 5 stands for 14. 

Again, if m=4 and n=6, then mn stands for 24, and 
mn — 2 stands for 22; but if m= 5 and n = 7, then mn stands 
for 35 and mn — 2 stands for 33. 


ORAL EXERCISES 


1. What number does 3 d represent if d= 10? ifd = 100? 
2. What number does 5 x + 2 represent if x =1? if x=3? 
3. What number does 2d—7 represent if d=4? if d= 10? 


4, What number does / + w represent if 1 = 5 and w = 2? 
if /= 10 and w= 8? 

5. What number does a+b-+c represent if a=12, 
b= 5, andc=9?sil a= 8,-6= 15, and c=a102 

6. The fact that p, the distance around a square, is four 
times the length of one of the sides, s, is stated by the ex- 
pression p=4s. Find p, if s=8 inches; if s=5 inches; 
if s = 12 inches; if s= 15 feet; if s= 214 feet. 

7. The fact that the perimeter of a rectangle is the sun 
of twice the length increased by twice the width is ex- 
pressed by p = 21-+2w. Find the perimeter of a rectangle 
which is 4 inches long and 8 inches wide. Find p if = 4 
inches and w = 6 inches; if 1 = 9 inches and w = 8 inches; 
if 1 = 10 feet and w = 1 foot; if] = 18 feet and w = 13 feet. 4 


8. A classroom is 28 feet by 36 feet. Find its perimeter. 


If it were 1 foot longer and 5 feet wider what would be 
its perimeter ? . 
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9. If p is the perimeter of a triangle and the sides are a, 

b, and ¢ respectively, then p=a+6-+c. Find the perim- 
eter of a triangle whose sides are 3 inches, 4 inches, and 6 
inches respectively. Find 7 if a = 10 inches, b = 5 inches, 
and ¢ = 12 inches; if a = 2 feet, b = 5 feet, and c = 33 feet. 

10. The fact that the area of a rectangle is the product of 
the length and width is expressed by A = lw, where these 
dimensions are expressed in the same unit of measure. 
Find the area of a rectangle which has a length of 8 inches 
and a width of 5inches. Find A if /=10 inches and w = 4 
inches ; if / = 4 feet and w = 2 feet 6 inches; if J = 20 rods 
and w = 40 rods; if / = 6 feet and w = 27 inches. 
‘11. Since the interest earned equals the product of the 
principal invested and the rate paid, then z= pr. Find 7 
if p = $400 and r = 0.06. 

12. Compute the corresponding values of 7 for the given 
values of » and r in t= pr and complete the following 
table : i= or 


| If p=J| $200 | $100 | $150 | $275 | $620 | $1220} $2000 


= ? ? bast) ? 2 rc? 
thenz={ $10 |7 /? =) Gra \Yor 2d es |GSiot 


$v 


Ait ce The fact that the area of a square equals the square 
of its side is expressed by A =s X s or A=s’. Complete 
the following table, giving the correct values for A for 
each of the several values of s: 

Ae 


its=|  3in.| 5in. [33in,|12in.] 2 4t. [5 ya. |72ra.150 mill 


2 


| then A = 9 sq. in. yX ML | jaa ty bak | etlg eH) 
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14. The fact that the volume of a rectangular solid, such 
as a chalk box, a block of ice, or a rectangular room, is the 
product of the length, width, and height of the solid is 
stated as V = lwh. Compute the volumes of the rectangu- 
lar solids for the given values of the dimensions and com- 
plete the following table: 


V =lwh 


1G ee 3 in. in. Gun: Tata ES fea ont 


and w= 8 in. in. -|/10 in. {,12.in. |38 Fb. 4 25th ne ane 


and h=| 2in. in. in. | 14 in. 4 ft. | 15 in. 


then V = | 48 ecu. in. j2 


+15. The approximate distance which a falling body 
travels through in a given number of seconds is expressed 
by d= 4 at’, in which d = the distance fallen in feet, a has 
the constant value 32, and t = the time in seconds. Find 
the distances fallen for each of the time intervals given 
below: 


, 


= al? | meee ee: 


t, in seconds = 


d, in feet 


5. Number representation through algebraic symbols. It 
has been shown that the value of an algebraic expression 
which involves one or more letters depends upon the values 
assigned to these letters. The fact that a given expression, 
such as |- w, can represent the area of any rectangle or 
that p-r can represent any interest payment illustrates 
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one of the principal advantages of algebraic over arith- 
metic methods. The manner of expressing one number in 
terms of one or more other number symbols is illustrated 
below. 


EXAMPLE 


Write the expression for a number which is 2 greater than 
a given number, n 


Solution. Let nm =the given number. 
Then n-+ 2 =the required number. 


EXERCISES 


Write an algebraic expression for a number which is 


1. 3 greater than 6. 5. Five times as great as r. 
2. 5 less than r. 6. One half as greatasz. ~ 
8. 7 less than 5. 7. Two thirds as great as x. 
4, Twice as great as 0. (8. Three times d. 


“9, Equal to the product of h and b. 
10. One half of the product of a and 0. 

11. Equal to the quotient of b divided by 5. 

12. Five less than 3 h. 

13. Two greater than the product of m and n. 

14. Twelve less than the quotient of x divided by f. 
15. Equal! to the sum of ten.times a and three times b. 


16. Equal to the area of a rectangle whose base is b and 
whose altitude is a. 
~ 17. Equal to the area of a square pare side is s; whose 
side is x. 
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18. Equal to the cubic units in the volume of a box 
whose length is 1, whose width is w, and whose height is h ; 
whose length is 10, whose width is w, and whose height is h. 


19. The speed of one automobile is two thirds that of 
another. Represent the speed of the slower if the foster 
moves 24 miles per hour; r miles per hour. 0 


20. A boy is five years older than his brother. If 6 repre- 
sents the age of the boy, represent the age of the brother. 


+21. A child deposits » cents in a savings bank each 
week. Another child deposits each week five cents less 
than the first child. How many cents does the second 
child deposit weekly ? 


22. If x represents a given number, what will represent 
a,number one greater than x? two eae than x? three 
greater than x? . —— 


‘Even integers are awe hee divisible tae oa Odd 
integers are those not exactly divisible by 2. 
/ Consecutive integers are integers arranged in the natural 
‘order, like 4, 5, 6, 7, 8, ete. / 
/ Consecutive odd integers are odd integers arranged in 
/ the natural order, like 5, 7, 9, 11, 18, ete. Va 
' Consecutive even integers are even integers arranged in 
| the natural order, like 4, 6, 8, 10, 12, ete. 2 


~23- What is the difference between any two consecu- 


tive integers? | between any two consecutive odd integers ?¢ 
between any two consecutive even integers? » 


24. If m is an integer, what is the-next consecutive 
integer? If x is an integer, what are Ms next two con- 
secutive integers? 


25. If m is an odd integer, what is the next consecutive 
odd integer? the next two consecutive even integers? 


=) Maractny 
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96. If x is an odd integer, is.x-+1 odd or even? If x is 
even, what of x+ 1? — 
7. 1E x is an odd integer, what of +3? x+6? If y 
is even, what of y+.2? y+3? 
_28. If a is an integer, is 2 a odd or even? Is2a+1 odd 
or even? 
29. Is the sum of two consecutive integers always odd 2/2 
Hint. Express the integers algebraically, add them, and divide by 2.’ : 
30. Is the sum of three consecutive integers always even vy di 
-8t By what number is the sum of three consecutive 
integers always divisible} 
2. Write four consecutive integers the first of which is 
nN; ee n+7) four the last of which isn + 12; n—6; 
n—3 
88: Write a series of three consecutive even numbers. 
If n stands for an even number, what will represent the 
next two consecutive even numbers? 
bk 4 84. If nm represents an odd number, what will represent 
the next two consecutive odd numbers? 
| ‘\. 35. If a boy is 17 years old at present, how old was he 
oa 2 years ago? mn years ago? How old will he be 5 years 
| hence? n years hence? 
\ 86. If a boy is y years old and his sister is twice as old 
as he, how old will she be 3 years hence? 7 years hence? 
How old was she three years ago? n years ago? 

37. If n represents the number of nickels in a collection, 
what will represent their value in cents? their value in 
dimes? in dollars? : 

‘38. If g represents a number of quarters in a certain col- 
A lection, what will represent their value-in cents? im 
nickels? in half dollars? 


ee FO ER ea ie GA ek) ee Ce 
% 7 i} . é 
loe-Z¢~Loactl 5 
‘ 
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“Yg9. If a collection is composed of d dimes and h half 

dollars, represent the value of the collection in cents; in 
ickels; in dimes; in dollars. 

“40> How much change should be received from a five- 

dollar bill in payment for an article costing $2? n dollars? 


6. Simplifying algebraic expressions. In the same way 
that it is possible to add two nvamber symbols such as 5 
and 3, just so it is possible to add two or more number 
symbols which involve the same literal parts. 


St Zt it 
3a+4a—la=6a 


2x+54+%*4+2=3%x+4+7. 


EXERCISES 
Simplify the following by collecting the like number 
symbols : . 
L542 B5r—2r4+3. Nos262432292 
2.8 —5. 6.2h+10h—2. 10..2—m+7+5™m. 
8 4s+2s8. 7.12h+10h—2. 11. 5¢+6—34, 
4.5h—3h. 8.34+20a+5a—2. 12..3¢%—-—2y—Ty—-z. 


13.4m+7n—2n. 17.4h+7h=83 — 11. 
14.8a+2a=10. (18.6r—5r=1+48. 
15.5r—8r=8. (19.k+8k=20 —2. 


16.127%7—5x=18+4+3. 20, s—8s4+12s=82-7} 


i Wie Solving equations. “A statement of equality between 
two equal numbers or number symbols is called an 
equation. ; 


vi et jf, ee lll ail 
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Thus 3 f = 36 is an equation, for it is obviously true when 
f=12. 

Also 5¢+2= 12 is an equation, for it is true when ¢ = 2. 

The process of determining the particular value of the 
letter for which the statement is true is called solving the 
equation. Skill and accuracy in solving equations are fun- 
damental to the study of algebra. 


EXAMPLES a 
1. Solve for d,¢\) 10d= 250.257 + 7° 
Solution. 10d=250. 
Dividing by 10, a= )25. 
Check. Substituting 25 for din 10d = 250, 
1052512505 
or 250 = 250. 


2. Solve for m, 2m+3m=35+5. 
Solution. 2m+3m=35+5. 


Collecting, 5m= 40. 
Dividing by 5, . m=8. 
Check. Substituting 8 for m in (1), 
2xX8+3x8=35+5, 
40 = 40. 


EXERCISES 


Solve each of the following equations for the number 
represented by the letter involved : 
H. 2.7 = 10. 5.384=35—2. 9%. 8n=60—4. 
2.3n= 21. 6 7r=474+2. |10,159=50—5. 
3.5 n = 20. 7.9s=15430. | 11.2n+3n=15, 
4,.4a=204+8. 8.12 m= 38-2. \12. 5r —2r = 80. 


eee OE ee re 
Ur thag O Wow hea eees AP eo NER, 
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/18. 8h+Th=100. 17.52—-32=12—4. 
) 14.12h—5h=56. 3.2+2+327=2+4+8. 
| 15,3 m — m= 12. 19.h4+3h+2h=48. 


Be 2-316 = 6-4 9 200.5m—m+3m=10—T 


8. Use of symbols in problem solving. By means of alge- 
braic symbols and equations involving number symbols a 
simple and direct method is provided for the solution of 
certain types of problems. 

In order that problems may be expressed in form suit- 
able for algebraic treatment, it is often necessary to trans- 
late a verbal statement containing number relationships 
into an expression involving algebraic symbols. The 
ability to do this is one of the most important results of 
the study of algebra. 


EXAMPLE 
Find two numbers such that one is four times the other and 
their sum is 110. 
Solution. Greater number + less number = 110. 
Let 1= the less number. 
Then 41= the greater number. 
41+7=110. 
SiO: 
110 | / 


Dividing by 5, i= mea 22, the less number. 


Then 41=4x 22 = 88, the greater number. 
Check. Testing in the conditions set by the problem, 
88 = 4 x 22 
and 88 + 22 = 110. 
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PROBLEMS 


1. The sum of two numbers is 72. One number is 5 
times the other. Find the numbers. 

2. Two boys together have 40 dollars. The first has 
7 times as much as the second. How many has each? 

3. The first of three numbers is twice the second, and 
the second is twice the third. Their sum is 77. What are 
the numbers? 

Hint. Let x equal the third number. 
4, Three boys together own 50 chickens. The first has 


four times as many as the third, and the second has five 
times as many as the third. How many has each? 

5. Three newsboys together sold 108 papers. The first 
sold three times as many as the second, who sold twice as 
many as the third. How many did each boy sell? 

6. What is the area of a triangle whose base is twice 
as long as the altitude, and the sum of whose base and 
altitude is 18 inches? 

Hint. A =3 base x altitude. 
“7, The perimeter of a rectangle is 200 feet. The length 
is four times the width. Find the dimensions. 

8. The perimeter of a rectangle is 96 feet. It is 7 times 
as long as it is wide. Find the dimensions. 

9. The perimeter of a certain square is 116 inches. 
What is the length of one side? ) 

10. What is the side of a square whose perimeter is 
256 feet? of one whose perimeter is 320 feet ?_/ 
“11. The perimeter of a rectangle formed by placing two 
equal squares side by side is 72 inches. Find the side of 
each square. 
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412. The perimeter of a rectangle formed as in Problem 11 
is 432 inches. What is the side of the square? 


13. A rectangle is three times as long as it is wide. Its 
area is 147 square feet. Find its dimensions. 


dd Ft There are four numbers whose sum is 288. The 
second number is twice the first, the third number is 3 
times the first, and the fourth is 3 times the second. What 
are the numbers? 


‘Naas. The perimeter of a certain rectangle is 460 feet. It 
iis 4 times as long as it is wide. Find its dimensions} 


, ings °16. Three equal squares are placed side by side; the 
perimeter of the rectangle thus formed is 64 feet. What 
are the dimensions of the squares? 


17. Four equal squares are placed together so as to form 
another square whose perimeter is 96 feet. What is the 
side of each square? 


\ °, pees. Algebraic expressions are often regarded as 
‘made up of parts separated by the signs of operation + 
or —. Each of these parts is called a term. 


Thus, 3 7 is an expression of one term; n+ 3, of two terms; 
na + 2b —c, of three terms, etc. Each of these expressions is 
an algebraic symbol for a number. 


LA 10. Factors. A factor of a product is any one of the 
number symbols which when multiplied together form the 
product. 


Thus 2 mn means 2 times m times n. Here 2, m, and n are 
each factors of 2 mn. 

Again, 4(1-+ w) means 4 times the sum of J] and w. Here 
the number 4 and | + w are factors of the expression. 
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EXERCISES 


1. Name the factors in 3 x 5; in 2x 7X 1): in bab: 
in lwh; in} ba; in+ Ba; ina(x+r); in h(b+a). 


Find the value of each of the following expressions for 
the following values of the factors: a= 6, b= 2, n= 7, 
eA, ee ee \ 4 \ 


&} f A Ww Vy ' yi 
42.5? 3.32" 4, Nes. lw. 6b. 7. nad. 


/ 
8. 5. 12. ba + 2. 17. 3%+0=—141.0 © 
13.¢+6+ w. 18.4w—1+32-—6.7>% 


l 
oti. 14.34a—n+u2. 19. 244 
_ 10. d5nlw+3. 15.4a—b+n—-1. | y 
N11. 20-4 20. 16. ab —n + wr? 5 =a) 


Av 
Vy i “11. Exponents. An exponent is a positive integer written 
X'at the right and a little above another number to indicate 

how many times the number is to be used as a factor. 

(Later this definition will be extended to include frac- 
tions and other numbers as exponents.) 

Thus, 3? means 3 x 3; 24 means 2 xX 2 x 2 x 2; b3 means 
bx 6x6; and 3s? means 38 Xs Xs. 

If a number is used once as a factor its exponent is 1, as in 
2a). This exponent is usually not written. 


ORAL EXERCISES 


1. What operations are indicated in 5°? in 34? in 8 x 72? 
Miorgo ins x 24? 

2. Name the exponents used in the several terms of 
Exercise 1. 

3. Name the exponents in 2a’, 52°, 3c, 2m’n*; in 
327+ 1, ab X 2, s*h. 


A 
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In the following substitute 2 for m and 5 for n and find 


‘\the value of each expression : 


O. m2. 9. m? +5. 14.5 + m2 + n?. 
Ns. m +1, 10. 25 + 77 15. m? + mn + n?. 
6. m+ n. 11. mn. 16.38—m-+n. 
7m +n. 12. mn + 1. 17. n? — m? — nm. 

8. 2 n°. 18. 8 mn? — 2. 18. m> + n3 — 


12. Coefficients. If a number is the product of two or 
more factors, either of these factors is called the coefficient 
of the product of the others. 


Thus, in 5 x 3, 5 is the coefficient of 3, and 3 is the coeffi- 
cient of 5. In 8 az, 3 is the coefficient of ax, x is the coefficient 
of 3 a”, and a? is the coefficient of 3 x. 


The numerical coefficient 1, as in 1 a, 1 mn, etc., is usu- 
ally omitted, but is understood. 


ORAL EXERCISES 


Find the value of the following : 

1,472 if h=bs ae: 

Shh ii h=2 and k=. 

sno mi i m= 2: if mee Ls eS. 
ts ye’ if 7 ='2. and Sao 

5. 2 lw? if l= 5 and w = 4. 

%. 3.0 boi @= 2 and b= 3; ifa=—5 and b=2) 

7. Read the numerical coefficients i in the terms of the 
preceding. 


8. Read the exponents of each factor in the terms of the 
preceding. 


“DS 
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13. Parentheses and radical signs. If two or more terms 
connected by signs of operation are inclosed in parenthesis, 
the entire expression is treated as a single number symbol. 


Thus 2(5+ 8) means 2% 8, or 16; (6+3) x (5 —2) means 
9 x 8, or 27; (7-1) +2 ns 6+2, or 3; (2+5)? means 
72, or 49; 3(a?+ 6?) means 3 times the sum of a? and 62. 


As in arithmetic, the symbol for square root is V 


and that for cube root is V 
The name radical sign is Baeted to all symbols like the 


following: V Ln. PY, . The small figure in the radical 
sign, like 3 in sy, , is called the index of the radical. 


ORAL EXERCISES 
Find the value of 


1,822 +5). 6. (9-3) +3 
21 5(6 — 1). d/l 6. (12 —8) + (6—4). 

3. (2+N84+4. 4 7 @t2)?ifa=6andz=1. 
4. (3 +2)(9—7). 8. (m—n)* if m=9 and n=4, 


8 
9. V94+.V8. 12.6437. p10. VRP 2 
10. V6 + 3. 13, 42— V4, (Me. ve +5), 
Uu.24+V4. 14.V84H. W7.V80LDT_4. 
js. Vn+2—y if n=25,7=4, and y=6. 
19. (Vx —3)+y if «= 49 and y =2. 

Note. There has been a considerable variety in the symbols for 
the roots of numbers. The symbol V_ was introduced in 1544 by 
the German, Stifel, and is a corruption of the initial letter of the Latin 
word radix, which means “root.” Before his time square root was 
denoted by the symbol B,, used nowadays by physicians on prescrip- 


tions as an abbreviation for the word recipe. Thus V5 would have 
been denoted by R45. Some early writers used a dot to indicate square 


root, and expressed V2 by - 2. 
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f 


(14. Order of fundamental operations. In evaluating such 
_an expression as 86 + 8 — 2 x 6, the numbers 12, 10, anda 
final result of 60 are obtained if the operations are per- 
formed in the order in which they occur. If, however, the 
indicated division and multipli€ation are performed before 
the indicated subtraction, the result is 12 minus 12, and a 
final result of 0 is obtained. These results show that the 
value of numeric expressions may depend on the order in 
which the indicated operations are performed. It is cus- 
tomary to observe the following 


Rute. Ina series of operations involving addition, subtraction, 
multiplication, and division of arithmetical numbers, the multipli- 


a 


“they occur. 
The additions and subtractions in the resulting expression shall 


other order. 


If parentheses occur, each expression within a paren- 
thesis should first be simplified in accordance with the 
preceding rule and the rule then applied to the entire 
expression. 


EXAMPLES 
Simplify : 
1.18 +2+5—4 x2. 
Solution. 18+2+5—4x2= 


9+5-—8=6. 


2.24+8-2—4(7 —3)+8+4+2(5+6- 3). 
Solution. 24+8+-2—4(7—3)+8+42(5+4+6-3)= 
6— 2+ 46 = 50. 


Aled © 
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EXERCISES 
Simplify the following : a 
A. 20-54+6-8/3  \5.14- (6-7) 412-5. /4, 


$2. 16+ (843). 5 7M 9 6.64242. .4° 
$8.12-642). 5 “Mb y7.8-6+4-10. > 
4.9 (T— 3). > 48. 24(2 i 3). J ad 
0) 98.6 Ba (5-1). 6 
—~ } \.10. (10 — 8) - (16-3 -34 gine 2» 5 L7 
x Tuer, (14— 3)(16 4-5) 48-2. 9,3 C 
P) 1 ie 6) Pe 10054 13, AF 
\ eg 34 of 4 


14. 8% = 2) «7. mya 
W35.38-4-—6-043x5+ ee 32. IG 
{ 16,2? -3? — 2x2x3x5+5.) 


Find the value of 

Wz. (a+ 6)? ifa=2 and b=3; ifa=5andb=2. 2 ah 

» Sasa (—4) tt ee 5 and y= 2;.ifx=—6 and ,= oe os 

Sx 18, At 2A—8ifA=10; if A=8; ifA=12. 7, > 
ee 0. m2? + m — 110 if m= 12; ifm=10.1/ ¥ » J 


| ph 
se 


ke a? + (a — b)? if r= 8, a=10, andb=6. 7“ 
2.0@+Ve?+¢ ifa=6,b=3, andc=4. fl 
\ 3. (kh —k)? —- Ve — -eifh=5andk= 3) p 


CHAP TBE Ul 
GRAPHICAL REPRESENTATION 


15. Use of graphs. One often finds it difficult to grasp 
the important facts indicated by a column of figures, even 
though the meaning of each individual number is perfectly 
understood. When, however, these numbers are presented 
in the form of a diagram or picture, the facts frequently 
stand out in a clear and striking manner. Such a pictorial 
representation made for the purpose of comparing several 
similar or related quantities is called a graph. 

Today one finds graphs in newspapers, in popular maga- 
zines, in scientific journals, and in social, industrial, and 
business reports. The ability to grasp quickly the impor- 
tant points presented by a graph — that is, the ability to 
comprehend a graph — is necessary for all who would read 
with understanding. Furthermore, the ability to present 
statistical data, whether of a scientific or a commercial 


nature, effectively by means of a graph is often very 
desirable. 


16. Types of graphs. There are many ways of comparing 
quantities by means of graphs, but only three types will 
be considered here. These three types illustrate the most 
important methods of graphic presentation and compari- 
son. They are: 

1. The bar graph, in which the Soinpariean is shown by 
parallel bars of the same width, but with lengths propor- 
tional to the quantities represented. 

22 


GRAPHICAL REPRESENTATION 23 


2. The broken-line graph, drawn through points located 
at distances from the base line proportional to the quanti- 
ties they represent. 

3. The circle graph, in which the relative sizes of the 
quantities compared are represented by sectors of the same 
circle. 

These methods will be treated in the order mentioned 
above. 


17. The bar graph. In this device the several numbers 
or quantities to be compared are represented by bars or 
heavy lines. This type of graph is well adapted to the 
comparison of quantities or magnitudes which are similar 
but which are not necessarily related to one another. 


EXAMPLE 


The railroad mileage in each of several European coun- 
tries, to the nearest 500 miles, is as follows: 


Gemmany = ota... save hs soe 39,500 miles 
Prancemer wy. wii eee! 82,000 miles 
Greatebribainy, of. sc. bob a 26,500 miles 
1S hy. ayy a Se a a 12,000 miles 
BMGAMAG Haku rs ee Solis! be. 1,500 miles 


Indicate the relationship between these values by means 
of the bar graph. 


Solution. It will be convenient to let one of the horizontal 
divisions represent the length of five thousand miles of rail- 
way. Then we can draw a bar for Germany 7.9 units in length, 
for France 6.4 units, for Great Britain 5.8 units, for Italy 
2.4 units, and for Bulgaria .3 unit in length. If we make each 
of the bars one half unit in width we shall get the graph shown 
on the following page. 
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T7770. Te ZT T7177. 1770 
ddd TT. ZiT TI 
— | 7 LiL 


Germany 


France 


Great Britain 


Italy — Te 
EXERCISES 


Use bar graphs to show the following relationships: 


1. The basins of the following rivers contain the indi- 
cated number of square miles to the nearest 100,000: 


Mississippi and tributaries . . . . 1,800,000 
Waukon 27 (ny wee eats aes 300,000 
Colaumbiaw 5) 2e05.. hal ee eae 300,000 
HA MAZON see so. ee AA eee eee 2,500,000 
Nile: Fe nad as de ee 1,100,000 


2. The naval expenditures to the nearest $1,000,000 of 
the Great Powers for the year 1921-1922 were as follows: 


Great britain -i. Pee $406,000,000 
Wnited'States) = 9 eee 426,000,000 
IOPATI CO ret ae ge 182,000,000 
Ttaly tA SR re See 81,000,000 
Japan tg hie Cea et eee 249,000,000 


3. In 1922 various crops were produced in the United 
States in the following amounts to the nearest 100 million 
bushels : 


Cori: 2a ee eee 3700 million bushels 
Wheat. 2 iu 0. yoy iene 8000 million bushels 
Oats: at 8000 million bushels 
Barley. ctor. a ae 1000 million bushels 


RVC). os s2 1 ee ee 800 million bushels 
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4, The average monthly production of cement to the 
nearest 100 thousand barrels in the United Pee for a 
period of years was as follows: 


THOUSANDS i 
a OF BARRELS SAR oe Barents 
iD) y ee SR eee ee 7,700 UO oie Reed he 6,700 
OIA Seiten were at 3 7,400 BASAL! 9 aac Se. «0 rs es 8,300 
Oy cae. rey he 7,100 Bi IO ae he Ti 8,200 
EO TSMR § ccuasttnc |. ee 7,600 hI PA Aa ea Meat er 9,500 
1G Ses ete ee 7,700 CPR ae gs: ete ate 11,500 
MOUS Meme cere. 1a, 5,900 


QuERY. How did the slump in the building trades, which lasted 
from 1918 to 1920, affect the cement production in the United States? 


18. The broken-line graph. This type of graph is particu- 
larly effective for representing the relation between two 
quantities or magnitudes. This type of graph is frequently 
used for the representation of changes in some quantity 
taking place during some particular interval of time. 


EXAMPLE 


Plot the data contained in the following table: 


NUMBER OF IMMIGRANTS ARRIVING IN UNITED STATES, 1912-1923 


TAR ae eee . 840,000 BEM ietle ee eRe atc 110,000 
IE Seay See ie 1,200,000 Oo) See ee a. os 140,000 
Oe ertee. ve, oe 1,220,000 1920 430,000 
TAT ts 330,000 1921 810,000 
GR eee ae 300,000 ES ee a een ae 310,000 
SA BY ie me ree Ie 800,000 1923s ia pias 520,000 


Solution. Let one space along the base line represent an in- 
terval of one year and let one space along the vertical line at 
the left represent 100,000 immigrants. 
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Then the following graph shows the trend of immigration 
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over the period: 


QUERIES. What effect did the outbreak of the European war ap- 


Millions 


) 1912 1918 1914 1915 1916 1917 1918 1919 1920 1921 1922 1923 


parently have on the immigration into the United States? 


Did the entry of the United States into the war have any notice- 


able effect on the curve? 


EXERCISES 


Use broken-line graphs to show the following data: 


1. The number of motor cars to the nearest 10,000 (both 
passenger cars and trucks) registered in the United States 


on January 1 of each of several years was as follows: 


QUERIES. Assuming that the trend during the’ next year is the 
same as that over the past several years, what will be the approxi- 


NUMBER OF CARS 


_ 7,570,000 


YEAR NUMBER OF CARS 
19205) ee 9,230,000 
iS Alles. Gye c 10,470,000 
19225) ) ,-. 3122407000 
O23 thee ae 13,000,000 
1924.0.) ae 15,280,000 


mate number of cars in the United States in 1925? 


Did the World War have any effect on the registration of cars? 
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2. The population of Philadelphia to the nearest 1000 
for several census dates was as follows: 


YEAR POPULATION YEAR POPULATION 
PSG. ee 566.000 OC Oren eee e294, 000 
STOW we eet een G14 O00 LOREAL see beas 1,549,000 
SSOP. ec. Mae ee eee 0475000 LOZ 0m ree fae 15824000 
POO we pee seer 180477000 


3. The cotton production in the United States to the 
nearest 100,000 bales for a ten-year period was as follows: 


THOUSANDS THOUSANDS 
ES OF BALES es oF BALES 
TO eee ee etS 700 JON ee ae ae SOO 
OU Me en cas 5, LATO0 ne Aas Oe gk LZ) 
OPA ee 28k oe 6,100 LOLOL ok fe S400 
MON Sm es ee: 200 1920 Y. = ye Fars 400 
ONG Hee 2 eee ool 500 VOCE ae ee ioe ORO 


4. The number, to the nearest 100, of secondary schools 
in the United States reporting to the commissioner of 
education was as follows: 


YEAR 


Secondary schools 
in United States 


5. Enrollments in the secondary schools of the United 
States were as follows: 


YEAR 1890-1891 1900-1901 1910-1911 1919-1920 


Number of pupils | 310,000 650,000 | 1,115,000 | 2,041,000 


QuERY. From the trends shown in the graph, estimate the ap- 
proximate number of pupils there will be in the public secondary 
schools in 1930, 
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6. The depth of a river was measured every five feet 
from bank to bank, giving the following records: 0, 
1 foot, 2 feet 6 inches, 4 feet, 7 feet 9 inches, 10 feet, 
15 feet, 16 feet 6 inches, 16 feet, 17 feet, 18 feet 8 inches, 
17 feet 3 inches, 15 feet, 14 feet 6 inches, 12 feet, 10 feet 
9 inches, 10 feet, 8 feet 3 inches, 6 feet, 5 feet 9 inches, 
3 feet, 2 feet 9 inches, 1 foot 3 inches, 0. Plot, using a 
line graph. 

QuERY. If these quantities were plotted as distances below the 
horizontal axis, what would the appearance of the curve suggest? 


7. The enrollments, to the nearest 1000, reported for 
California secondary schools for a period of years were as 
follows: 


SCHOOL YEAR Pea SCHOOL YEAR ica 
TOLZ SONS ae. a eee 58,000 LOLS OUR » . 125,000 
19138-1914 66,000 1918-1919. . . 137,000 
1914-1915 76,000 1919-1920. . 162,000 
1915-1916 95,000 1920-1921. . . 191,000 
VTC SOI see 113,000 1921-1922. . 225,000 


8. The gold coin held in the United States during a 
given period was as follows: 


VALUE IN VALUE IN 

MILLIONS OF MILLIONS OF 
YEAR DOLLARS YEAR DOLLARS 
1913 Lee STAG 1919)... eee 3110 
1914 . 1890 1920* 76.2) eee 2710 
1915 . 1990 1921" 3300 
1916 . 2450 1922... .. 3790 
1917 . 8020 1923) =e ae 4210 
1918 . 8080 


QUERY. What effects of the following occurrences are indicated 
on this curve? (1) the outbreak of the World War; (2) the entrance 
of the United States into the war; (3) the close of hostilities in 1918; 
(4) the industrial depression in 1920. 
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9. The average price of gas in dollars per thousand cubic 
feet for fifty-one cities in the United States is given in the 
following table: 


YEAR PRICE YEAR PRICE YEAR PRICE 
US me SOO TOL ea, +, SOLOR RT O2I™ re e182 
ROL ee) O42 MEOT Sm le ee O90 oe 1902 wee oe 128 
OE enereny ea 0.951 OL Oe kN OA “1973 ee ZO 
VOLG@eaee = = O92 7 47920 SN. Se 09 


10. The values, in millions of dollars, of the exports 
from the United States and from England for a given 
period were as follows: 


UNITED 
STATES 


Plot on the same diagram a solid line for the exports of 
the United States and a broken line for the exports of 
England. 

QUERIES. Point out the effect of the war on the trade of the 
United States in relation to the trade of England. 


Does the relation seem to be returning to that which prevailed 
before the war? 


19. Circle graphs. When it is desired to show the rela- 
tion of several quantities to one another and to the whole 
of which they are parts, the circle graph is useful. 

The method of making a circle graph is illustrated on 
the following page: 
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EXAMPLE 


The areas of the states of Maine, New Hampshire, Ver- 
mont, Massachusetts, Rhode Island, and Connecticut are 
33,040, 9341, 9564, 8266, 1250, and 4965 square miles 
respectively. Represent 
the relation between 
these areas by a circle 
graph. 

Solution. Thesum of the 
areas of the six states is 
66,426 square miles. The 
percentages of this total 
area for the various states 
are Maine 49.7%, Rhode 
Island 1.9%, Connecti- 
cut 7.5%, Massachusetts 
12.5%, New Hampshire 
14.0%, Vermont 14.4%. 
Since there are 860° around the center of a circle, the number 
of degrees representing the area of Maine is 49.7% of 360°, or 
178.9°; Rhode Island, 1.9% of 360°, or 7°; Connecticut, 7.5% 
of 360°, or 27°; Massachusetts, 12.5% of 360°, or 45°; New 
Hampshire, 14.0% of 360°, or 50°; Vermont, 14.4% of 360°, 
Onsb2-. 

These figures may be given in tabular form as follows: 


Connecticut 


Vermont 
14.4% 


AREA 


Maine. ... .. . | 33,040 square miles 
New Hampshire . 9,341 square miles 


Wenmoit iw tc... 9,564 square miles 
Massachusetts . . 8,266 square miles 
Rhode Island. . . 1,250 square miles 
Connecticut ... 4,965 square miles 
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EXERCISES 


1. The area of Europe is about 3,900,000 square miles 
and is divided as follows: 


@ultivarealands- peter bs sas, cee YY 
Prairnies- ee Pee eed kee Be 24% 
TROESES asl pice os a sp ees be 28 % 
Unproductivedands7 APO. 7s. Eas Da &. 21% 


Plot, using circle graph. 


2. The area of North and South America is 17,550,000 
square miles. Of this area 18% is mountains, frigid and 
other unproductive lands; 30%, forest; 40%, prairies, 
pampas, and savannahs; 12%, cultivated lands. Plot 
these statistics, using circle graph. 


3. The items of expense of a certain family have the 
relative importance shown below. Indicate this situation 
by means of the circle graph. 


NOG ic RR sie ee eee 43.1% 
SNCILCR Aer tre Per es UTE 
Clothinewer ae oy 2 Meme fen 6 le: By eAGé, 
Huueleheatwetcs = to. Ae vada .8ce ls a, 5.6% 
Simdriccrweee ore eS he 20.4% 

ROB ye ee ee 100.0% 


4, The population of the earth, to the nearest 1,000,000 
people, is divided, according to races, approximately as 
follows : 


Caucasian) Gvhite)i fs 21 28 821,000,000 
IMiongoleGvyellowy 9% hes Gain ss = 645,000,000 
SeniitiCuartewt tele 6 a a 75,000,000 
INCOTOMOREET ote hm ey 139,000,000 
Othersraices grees Bos freee MG 68,000,000 


Indicate this distribution by means of the circle graph. 


CHAPTER III 
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POSITIVE AND NEGATIVE NUMBERS 


20. Meaning of positive and negativé numbers. On the 
thermometer diagram shown at the right the reading is 
40° above zero. If the temperature should drop 25°, the 
thermometer reading would be 40° — 25°, or 
15°. If it should drop 70°, then the read- 
ing would be 40° — 70°, or 30° below zero, 
which is indicated by — 80°, ete. A record 
such as — 80° means that the reading shows 
a temperature which is 30° below that read- 
ing which is called zero degrees, or 0°. In 
contrast to the readings below zero, such as 
— 10°, —15°, — 20°, etc., the readings above: 
zero are indicated by prefixing plus signs to 
the numerical records, as in + 10°, + 25°, 
+ 48°, ete. 

A similar method is used in recording 
latitude readings, those in the Northern 
Hemisphere being plus, or positive, read- 
ings, and those in the Southern Hemisphere 
being minus, or negative, readings. Thus 
latitude 10° north is expressed + 10° and 
latitude 10° south is expressed —10°. 

Again amounts of money on deposit in the bank may 
be regarded as positive and the amounts of overdrafts may 
be regarded as negative. 
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21. Illustrations of positive and negative numbers. In 
general, the uses made of positive and negative num- 
bers arise in connection with measures of quantity which 
may be regarded as existing in opposite senses; as, for 
example, money on deposit in a bank and overdrawn 
accounts, distances measured in opposite directions from 
a fixed point, time measured before and after a fixed 
date, ete. 

Any rise in the thermometer reading, or upward change, 
is indicated by placing the sign + before the number of 
degrees indicating the amount of change; thus, a change 
of + 15° in temperature means a rise of 15°. 

Similarly, a fall in the thermometer reading, or down- 
ward change, is indicated by placing the sign — before the 
number of degrees indicating the change; thus, a change 
of — 10° in temperature means a fall of 10°. 

From the above it is evident that to indicate a + 15° 
change, that is, to add 15° to a given reading, we count up 
15°, and to indicate a — 15° change we count down 15°, 
from the given reading. 

Similarly, the latitude reached by sailing north 20° is 
indicated by adding + 20° to the given latitude reading, 
and sailing south 20° is indicated by counting down or 
south 20°, that is, by adding — 20° to the given latitude 
reading. 

Likewise, the increasing of one’s deposits at the bank is 
equivalent to adding positive sums to the account, and 
taking out money from the bank is equivalent to adding 
withdrawals or negative sums of money. 


Thus, $25 + ($ +15) =$+4+ 40, 


and $100 + ($ — 25) = $ + 75. 
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22. Addition and subtraction by use of a scale. Let us 
suppose that equal distances are taken on a line and that 
the successive points of division are marked with the nat- 
ural, or positive, numbers as follows: 


Ody 2h FSerds 56.2 Se Oe 
——————————>————————=———— EEE 


(A) 


Such a scale of numbers may be used to illustrate both 
addition and subtraction as performed in arithmetic. 

Thus, in adding 5 to 2 we may begin at 2 and count 
5 spaces to the right, obtaining the sum 7. We shall 
obtain the same result if we begin at 5 and count 2 spaces 
to the right. This process may be stated in general terms 
thus: 


Rue. To add the number a to the number b, begin at b and count 
a spaces to the right. 


In subtracting 3 from 5 we may begin at 5 and count 
3 spaces to the left, thus obtaining 2. This process may 
be stated as follows: 


Rue. To subtract the number a from the number b, begin at b 
and count a spaces to the left. 


If we attempt to subtract 4 from 3 by the preceding 
rule, we arrive at the first point of division to the left of 
zero. Arithmetic has no number to represent such a result ; 
in fact, the subtraction of 4 from 8 is there regarded as 
impossible. We can, however, subtract 3 of the 4 units 
from the 8 units, leaving one of the 4 units unsubtracted. 
Now in algebra it is both convenient and necessary to 
speak of subtracting a greater number from a less, and to 
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call the portion of the greater number, which is unsub- 
tracted, the remainder. The fact that such a subtraction 
is incomplete is indicated by writing a minus sign before 
the result; thus, 3—4=—1. Hence the first point of 
division to the left of zero may be thought of as correspond- 
ing to —1. Similarly, 3—5=—2; and to —2 may 
correspond the second point of division to the left of zero. 

In like manner 6 — 9 = — 8, which corresponds to the 
third point to the left of zero. In the same way the fourth 
point of division to the left of zero would correspond to 
— A, the fifth pcint to — 5, ete. 

Such numbers as — 1, — 2, — 3, ete. are called negative 
numbers. The minus sign is never omitted in writing a 
negative number, though a letter, as x, may denote one. 

The relative order of positive and negative numbers is 
indicated in the following scale: 


-8 -7 -6 -5 -4 -3 -2 -1 0 41 42 43 44 45 46 47 - 
(2) 


ORAL EXERCISES 


Perform the following additions and subtractions by 
counting along the preceding scale: 


1. Add 4 to 3. 7. Subtract 4 from 6. 
2. Add 3 to+4. 8. Subtract 5 from 2. 
3. Add 7 to — 8. 9. Subtract 5 from 8. 
4, Add 4 to — 4. 10. Subtract 5 from — 3. 
5. Add 2 to — 5. 11. Subtract 3 from — 4. 


6. Add 6 to — 8. 12. Subtract 4 from — 2. 
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23. Addition of positive and negative numbers. As we 
have seen, subtraction by the use of scale (B) is performed 
by counting spaces to the left. Now a negative number 
represents an unperformed subtraction; therefore to add 
a negative number to another number means to perform 
this subtraction. 

For example, in subtracting 7 from 4, — 3 was obtained 
by beginning at 4 and counting 7 spaces to the left, arriv- 
ing at 3 to the left. Hence when we wish to add — 7 to any 
number, we count 7 spaces to the left from that number. 

To add —9 to 16 we begin at 16 and count 9 spaces 
to the left, obtaining 7 as the result; that is, 


+16 + (—9) = 
Similarly, to add — 5 to — 8 we begin at — 8 and count 
5 spaces to the left, obtaining — 8 as the result; that is, 
—8+4(-5)=— 
Hence, in general, to add a negative number n to a given 
number, begin at the given number and count n spaces to 


the left. 
ORAL EXERCISES 


Add the following numbers by the use of scale (B): 


ee ere eM up tees 9/46) 

Been by 20. rae eee Wl jo eee 
ae RIS Peto 11) 2 Bee 
tS eek: 8.6 28: 12.) POs 


The preceding exercises illustrate the correctness of the 
following working rules: 


\RutE I. To find the sum of two or more numbers all of which 
have the same sign, add the numbers arithmetically, and prefix 
the common sign to the result. 
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A RutEII. To find the sum of two numbers with unlike signs, 
subtract the number with the smaller numeric value from the 
number with the greater numeric value, and prefix the sign of the 
greater number to the result. 


These rules are used throughout the whole of algebra. 
Errors are likely to occur in carrying out processes gov- 
erned by Rule II. It is important, therefore, that correct 
habits in adding be formed as rapidly as possible. 

+ The algebraic swum of two or more numbers is the number 
obtained by adding them according to these rules. ‘ 
.'The numeric, or absolute, value of a number is its value 
regardless of its sign. 

Thus, the absolute values of — 7, + 10, and — 15 are 7, 
10, and 15 respectively. Note that two different numbers, 
as + 4 and — 4, may have the same numeric, or absolute, 
value. 

The algebraic sum of two numbers is not always the 
same as the sum of their absolute values; for example, 
the algebraic sum of + 8 and — 8 is + 5, but the sum of 
their absolute values is 11. 
>» Hereafter the word add will mean find the algebraic sum. 


ORAL EXERCISES 
Perform the indicated additions: 


164 7). % 7-16-98: 
Be 6 (0. 4, 8.3 + (— 2.6). 

Bead (—7).e $7 5.8 4 8%. 
4.—-64 (47). WOnee oes ee Ceo). 

5. + 8+ (— 6). 11,2456) 4 C4) (3). 
6. — 8+ (+ 6). 12.1 ee 2) ed) + +5). 
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Answer the questions asked in the following: 


$1378 + 2 = 10. 18, 9-7 = 
14.3-- 7 = 2. 19. —10+ ?7=— 15. 
15.9+ ?=12. 20.—104 ?7=4. 
16.9+ ?=5. 91. 12 -- 2=6: 
17.—9+ ?=-—10. 22. 124+ 7?=6. 


24. Subtraction of positive and negative numbers. If we 
wish to subtract 9 from 14, we may do so by answering 
the question, ‘‘ What number added to 9 gives 14?” By 
answering a similar question we can subtract 7 from 18, 
or 16 from 27, or any number a from another number 6. 
Exercises 13-22, above, are therefore exercises in subtrac- 
tion, for each asks a question similar to the one in the first 
sentence of this paragraph. 

This point of view brings out the relation that the oper- 
ation of subtraction bears to that of addition. 


ORAL EXERCISES 


Perform the following subtractions by answering in each 
case the question, ‘‘ What number added to the first num- 
ber gives the second number?” 


Subtract : 

1.-4 from 6. 6. —4 from 4, 

2. 7 from/12. 7. 6 from — 11, ~ 
3. 8 from 4. 8.—7 frome 
4, 12 from 5. 9. 10 from — 17. 


5, — is from 8. 10. — 25 from 12. 
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11. In Exercises 1-10, change the sign of the first num- 
ber (if +, to —; if —, to +) and then add it to the second 
number. Are the same answers obtained as before? 


These results illustrate the following principles: 


I. Subtracting a positive number is the same in effect as 
adding a negative number of the same absolute value. 

To illustrate: a decrease of $100 in a man’s assets is 
equivalent to an increase of $100 in his liabilities, provided 
we consider his financial standing as a whole in each case. 


II. Subtracting a negative number is the same in effect as 
a adding a positive number of the same absolute value. 
' To illustrate: a decrease of $75 in a man’s liabilities is 
\ equivalent to an increase of $75 in his assets, as far as his 
N net financial condition is concerned. 
Hence, for the subtraction of positive and negative num- 
\\ bers, we have the 
\¢ Rozz. Change the sign of the subtrahend (if +, to —; if —, 
to +). Titer find the algebraic sum of the subtrahend (with its 
sign changed) and the minuend. 


\ 


ORAL EXERCISES 


Subtract the second number (subtrahend) from the first 
(minuend) in Exercises 1-18: 


1. 8, +3. 7.— 14, +5. 13. — 14, — 17. 

2. 8, —5. 8. — 14, — 5. 14. 0, + 2. 

3.+3, —8. 9.47, +7. 15. — 2, — 2. 
443,48. 10. — 7, — 7. 16. 2, — 2. 

5. 14, + 5. Be 15:6 17. — 3.5, 2.2. 


6. 14, — 5. 12.—7, +7. 18. 6.5, — 1.7. 
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Supply the missing numbers in the following: 


19.13 —(+2)-(44 =? 29.—-8+2?=—7. 
00 — 2) — tes 30. -8+?=8. 
1 TO (oy ae 31.9—?2=4. 
9°48 = (a) ey 32. -6—?=—4. 
93,27 +o? = 11. 33. +5—?=—8. 
yy ae 34. —8— ?=5. 
95.—-44+7=0. 35. -4—7=0. 
96.+5+7=0. 36.3— 2=0. 
a7, +5+2=5. 37.4—2=15. 
Oe ea ey 38. 7+ 2=—3, 
PROBLEMS 


1. A thermometer registers — 10°. What is the temper- 
ature when the thermometer registers twice as far below 
zero? three times? four times? five times? 


2. One man owes $5. A second man owes twice as much. 
How much does the second man owe? 


3. The car shortage for March on a certain line was 
376. This is the same as saying the line had — 376 cars 
more than were needed. What number would express a 
shortage twice as great? three times as great? 


4, Death Valley is about 325 feet below sea level; that 
is, its elevation is — 325 feet. The Dead Sea is four times 
as far below sea level as Death Valley. What number 
would express the elevation of the Dead Sea? 


25. Multiplication of positive and negative numbers. 
From the preceding problems we see that even in arithme- 
tic we might multiply negative numbers as well as positive 
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numbers. This is more often necessary in algebra than in 
arithmetic, as algebra deals with negative numbers as well 
as with positive numbers. 

Four cases of the multiplication of numbers may arise; 
for example, 


Breet Peo ~,.3),- (—2) 22 
(—8)-42)=?=G (8)-C2)=? 4 


From arithmetic we have learned that (+ 8) - (+2) = 
(+3)+(438)=+6. 

In (— 8) - (4 2), — 8 is to be added twice, which is the 
same as adding — 6 once; hence (— 8) - (+ 2) =— 6; in 
(+ 3) - (— 2), +3 is to be subtracted twice, which is the 
same as subtracting + 6 once. Therefore (+ 3) -(—2)= 
—6. Lastly, (—3)-(—2) means that — 3 is to be sub- 
tracted twice, which is the same as subtracting — 6 once. 
But subtracting — 6 is the same as adding + 6. Therefore 


(=.3) 4-2) = +6. 


f 


In general terms, 
(+4)-(+¢)=+a0, 
(— a) - (+c) =—a¢, 
(+ @)-(—¢e) =— a, 
; (—a)-(-c)=+ a, 
“Therefore we have the 


\AL 

‘Roe. The product of two numbers having like signs is a positive 
number, and the product of two numbers having unlike signs is a 
negative number. 
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ORAL EXERCISES 


Find the products of the following : 


1.+3,+4. 8.+ 8, —4. 15. — 4, — 6, — 2. 
2.+4,+11. 9.—7, —8. 16. 12, + 0, —4. 
3. — 4, + 6. 10. — 1.6, — .2. 17. 8, — 10, — 0. 
4, — 2.5, 3. 11.+ 0, + 5. 18. —4,+ 8, —8. 
5. —7, +9. 12. — 8, 0. 19. — 3, —4, —5. 
6. — 7, — 5. 13.+4,—8,+6. 20.3,—3,49. 
7.-—J1,+9. 14.44,—7, —6. 21. — 1.5, 0.4. 


Note. The famous German mathematician Leopold Kronecker 
(1828-1891) once observed that ‘“‘the good Lord made the positive 
integers, but man is responsible for all the rest of the numbers.” This 
expresses the truth about numbers as accurately as one can in a single 
sentence. We count objects from our earliest years, and so use the 
positive integers naturally. It is only when we come to study mathe- 
matics that the necessity for any other kind of numbers is forced upon 
us. Here we see that negative numbers are a great convenience if we 
wish to represent the relations between objects where oppositeness in 
any of its many forms is involved. But the artificial character of nega- 
tive numbers delayed their intelligent use for many hundred years. 
To be sure, the Hindus said that “‘the square of negative is positive,” 
but the statement probably did not mean anything to those who read 
it. It was not until after the time of Descartes (see page 284) that the 


rules for operating on negative numbers were understood, even by 
great mathematicians. 


26. Division of positive and negative numbers. When 16 
is divided by 8, the result is 2. To test whether 2 is the 
correct value of 16+ 8, we check thus: 8-2=16. To 
check 12 + 4 = 3, we multiply the quotient 3 by the divisor 
4 and get 12, the number divided. This test will be used 
to determine whether when positive and negative numbers 
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are divided, the answer is positive or negative. All the 
cases which may arise are represented by the four questions: 


(a) +16+(48)=? (Cy BAG (218) 0? 
Gy 164s) =? OH 16 Le sis 


These questions are answered thus: 


(a) +16 + (4+ 8) =+ 2, because + 2- (+ 8) =+ 16. 
(6) — 16 + (+ 8) = — 2, because — 2- (4+ 8) =— 16. 
(c) + 16 + (— 8) = — 2, because — 2- (— 8) = + 16. 
(d) —16 + (— 8) = + 2, because + 2- (— 8) =— 16. 


In (a) and (d) the dividends and the divisors have like 
signs and the quotients are positive. In (0) and (c) the divi- 
. dends and the divisors have unlike signs, and the quotients 
,are negative. 
{ Therefore we have the 


S ¥ “Rute. When two numbers having like signs are divided, the quotient 
is a positive number; when two numbers having unlike signs are 
divided, the quotient is a negative number. 


27. Division by zero. The result of multiplication by 
zero is given a definite meaning in arithmetic and algebra, 
namely zero; but in both subjects division by zero is 
always excluded. If zero were used as a divisor, numer- 
ous contradictions would arise, of which the following is 
an illustration : 


Obviously, O23 ==.0, 
and 0-5=0. 

Therefore ®-3=9-5 

Dividing each by zero, oes, 


which is false. 


44, 
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Note. The Hindus were the first to express the laws that govern 
the operations with the number 0. In fact, they were the first to have 
such a symbol. In the twelfth century a Hindu writer stated that 
a+0=a, that V0 = 0, and that 0? = 0. Of course he did not express 
himself in terms of these symbols, but in the notation of his time and 
country. 


ORAL EXERCISES 


In Exercises 1-12 divide the first number by the second: 
— 21, —3. 
—6,+ 6. 


1. 
2. 
3. 
4. 


Simplify the following: 
1. 


+10, +5. 5. 
— 10, —2. 6. 
—15,+ 5. (e 
+14, —7. 8. 


0,+4. 


— 4, —4. 


9. —12,+4+ 38. 
10. + 12, —3. 
11. — 12;-— 3. 
12. + 36, 2. 


MISCELLANEOUS ORAL EXERCISES 


(6) + (5). i. 


2. (6) — (5). 2 9x 12, 
8. (6) — (— 5) <y 18. 
A. (6) (5) send 
5. (6) (eae 
6. —6+5. 16. 
7. (—8)—(4). 17. 
Bese a «18. 
eo 11 eee 
10; 6 — (9) ae. 


(ain 8s e 


32. 45 + (+ 15). 


(33, — 45 + (+ 15). 


34. 0 + (— 7). 


649, Ot see 
9 (21D 2 GS ae 
12516.) , 08S: (= oe 
16 12 voawanaene) 
{3— Te peg 
480s 3. 96 y0'neeem 
0-2, 27.5 +8, | 
(2s) > eee hy. | 
(—8)(7). 229.12 + (— 8). | 
(—7)5. 30.—6.8+(—0.2) 
35, 0+ 4a 5) | 
36. 8.4 +14, 
37.3—7-48, 
$8, — 4eegoto tie 


r 
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Supply the missing term in the following: 
39. = ; 40, == = a1, $28 _ 4 
Add: 
‘22. <3 Pepe 33 44, 8 45,—4 46. 8 
ee oe =< +9 ii 
3 +3 —2 +3 —5 
ras na ir = 6 ee 
Simplify : 
47.3-8+2. 59. — 2(8)?(2). 
48. — 3(8) + (— 2). 60. — 3(— 2)(— 8)3. 
49. 3(— 8) +2 61. — 2(— 4)?(— 5). 
"50: 4-'6(—= Di sae'16). 62. 2(4)?- 5. 
x 61.18 + (8)-6+(—4)-© — 68. 3(5)?- (— 6). 
BZA, 64. — 4(5)? + 2. 
53. (— 2)? 65. — 4(5)? + (— 2). 
54, (8)3. 66. — 4(6)? + 6 
55. (— 8)8. x67. 4(— 6)? (— 6). 
56. (— 3)? + (8)3. 68. 3-5(— 7)? +21 
x 67. — (— 4). x 69. 3. 5(7)? + (— 21). 
58. — (— 4)’. 70. —4-2- (9)? + (6)? 
VY REVIEW EXERCISES 
\" ) Simplify the following : 
1, 42 — (2)?. BA S242). 
I X 2,24 (—2)% 6. (5—3)(442). 
B22)... 715 —2)(7 — 8) + B— 9). 
v4, 83+ (— 2)% 4 8. (— 1)? + (— D8 — (— 2)? — (— 2)8. 
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—¥9.948-2—-18+38. 
S10, B64 + 2 (6) 93) 
A 11.3-64+9+42-6+4— (3) 
Shae, (— 3)? +2-8-(—4) +4 . 
8. (42)? — 2(2)(— 8)? ++ (— 3)% 
Dae 14. 8(4)?(— 5) — (— 5)”. 
—~ 15. 43 — 3(4)2(— 8) + 8(4)(— 3)? — (— 3). 
en 16. 33 + 3(38)?(— 2)? + 3(8)(— 2)? + (— 2)*. 
\ni7. (+ 8)? — 8(— 8)°0) + 8 8) 0)? = 08. 
~ Xs! (— 5)? + 8(— 5) 4) + 8(— 5) (+ 4)? — (4)%, 
> h 19, 2 8) + 6 5 4) + 6 5) 4)? + DF 


If x = — 8, y = 2, find the value of the following: 


20.4% 24.y4 ~A28.3y% 82. 22+ y%. 
21.4%. 85.05 RO a. PSS ea ee 
22. 2°. *26.3y7.' 30. 5 xy. 34.207 +4a¢y+ y*. 


23.0%, /27.327 Y81. 5 ay? 35.227—4A4xzy+y’. 
636. 2—82°y+3ay—y*. \ 39.3 27—6ay+5y’. 
37. 27 — y/*, 40. (xn + y)?(a4 — y). 
38.32°+6ry+3y. \ 41. 22°4627y+6ry?+2y8. 
42. 04°+4 oy + 6 a’y? +4 xy? + y*. 
\ 48. Does 4% —2=227—12, ifea=—5? 
44, Does 8x —5=227-+ 8, if x = 12? 
45. Does x? —x —12=0, ifx=3? ifx= —3? ife=+4? 
46. Does z?+ 10x =— 25, ifa=4?ife=—4?ife=— 5? 
Aaz, Does 2 2? — 20 24+50=0,ife=—5?ife=5?ife=1? 
48. Does 2?+24—12=0, if r=+4? if r=—8? if 
a — A TAA «3 == 3? 
49. Does x? — Tx =— 12, ife=6? ife=4? ife=—3? 
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50. Using positive numbers to represent excess, and 
negative numbers to represent shortage, express the fol- 
- lowing records on the number of freight cars available 
during the first six months of a certain year: January, 
excess of 560 cars; February, excess of 420 cars; March, 
shortage of 176 cars; April, shortage of 360 cars; May, 
shortage of 574 cars; June, excess of 564 cars. 


51. The temperature is + 15°. What will represent the 
temperature after a drop of (a) 5°? (6) 10°? (c) 20°? 


52. The temperature is now — 18°. What will it be 
(a) after a rise of 8°? (6) after a rise of 14°? (c) after 
a rise of 30°? (d) after a change of —10°? (e) after a 
change of + 30°? 


53. The temperature at 6 A.M. was — 12°. During the 
day it rose at the rate of 3° per hour. What was the 
temperature at 9A.M.? at 10A.M.? at 12M.? 


54. The speed of a trolley car going in a certain direc- 
tion, taken at half-hour intervals, was as follows: 20 mph 
(miles per hour), 25 mph, 15 mph, 0, 10 mph, 0, — 25 mph, 
— 10 mph, 0,—5 mph. Plot these values, using the line 
graph. What is the meaning of the negative velocities 
given? 

Where an initial direction has been assumed, we are fre- 
quently confronted with negative directions. This is particu- 
larly true in physics and the applied sciences. 


55. A man withdraws $50 from his bank one week. The 
second week he withdraws $10 less than the first week; 
the third week $10 less than the second week; and so on 
for a period of eight weeks. Represent these withdrawals 
by means of a line graph. Interpret the negative values 
found after the sixth week. 


LS eee eee errr rr mcr 


CHAPTER IV 


ADDITION 


28. Monomials. A monomial, or term, is a number symbol 
which is not the indicated sum or difference of two or 
more number symbols. 


Thus 6, — b, a’, b’c, and — 3 cd? are monomials, or terms. 

Frequently, where no confusion would arise, expressions like 
(5 — 8), 2(27+y), 4V x3, and Vb —~z are called terms, for in 
such cases one thinks not of the parts but of a single number 
for which the whole stands.* We may think of the expression 
(5 — 3) not as two numbers but as the one number 2. 


29. Similar terms. ‘Terms are similar when they are alike 
in all respects except their coefficients. 


Thus 2, — 6, and 8 are similar terms, as are b, 3b, and 
—5b. Also V5 and 2¥V5 are similar terms, as are 2 ax, 
— 5 az, and 6 az. 


30. Addition of similar terms. It is clear that 66+ 4b 
= 1006; also, that 3ar+2ar+8ax=18 a2. In like 


~ manner 4 abc + (— 8 abc) + 12 abe + (= 8 abc) = 5 abc, ana 
the sum of 382y, —2zy, 8xy, —42y, and zy is 7 zy. 
~ The terms — xy and + xy are equivalent to —1zy and 
+1 axy. 


For adding similar terms we have the 


\ Rute. Find the algebraic sum of the numeric coefficients and prefix 
this result to the common literal part. 


48 


re 4b og Cai ae ay pase 23 
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ORAL EXERCISES . 


Find the algebraic sum of: 


1.56, 35. 6.+57,—8r. 
2.—12a,+7a. 7.—1la,+19 a. 
8.—9c,—3e. 7 8. —2ac, —8 acd wo 
4,.—2a,—3a. 9.— zy, +3 xy, —4 xy. ” 
5.+82,—22. ‘10. — 6 mn, +2 mn, — mn. 3~ 
Combine: . 


A ax + 2ax—8ac+4acz. / 
12.3 am —5am—9am+7 one he 
13, 5 ab —4.ab +11 ab —8 aby Ad 
14.9 ab —7ab+4ab—5ab./ ol 
15. 4 axy + 3 ary —T axy+ 14 ary /Z/ oj 
\16. — abe + 4 abe + abe — 5 abe +11 abe. 
dt. 10 be — 6 be + 12 be — 8 be. | oy, 6 
18. 4 be — 7 be + 10 be — 8 be + 12 bey [J CY re d 
19. 6 zy, — zy, —T xy, + xy, 8 xy, —4 xy, ay. | v 
20.3(4+y),—4(a+y),+6(e+y),—(e+y),—S5@t+y).P 
31. Order in adding terms. Obviously,3-++-4+6= Nn 


=6+4+3, etc. This illustrates the law that in addition 
the terms may be arranged and added in any order. 


Hence 560+6c=6c+5 05, and the sum of 4 and 0 is either 
4+borbd+4; alsob+te=c+bandext+tyte=2+y4+u2. 


32. Addition of dissimilar terms. An algebraic expression 
for the sum of two terms which are not similar, such as 
5 x and 3 k, is obtained by writing them one after another 
with the plus sign between them; thus, 52+3k. 
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Similarly, the sum of 4a and — 5m is 4a-+(— 5 m) or 
4a—5™m, and thesum of 22,4y,and—2zis24+(+4y) 
+ (—22), or, omitting the parentheses, 27+ 4y—2z. 

For adding dissimilar terms we have then the 


Rue. Write the terms one after the other in any order, giving to 
each its proper sign. 
xf EXERCISES 
(Write the sum of: 
12 @, 30, — Ze. A 4. 6 xy, — 4 ay’, 2 cy, — cy*. 
2.32,—b, 54,8 WSS. 52,—24,36,—42,4y. 
3. 2.a°b, 3bx, —2cy, ab. 6. 2a7,1+36?,—8c?,—5b?, 6a? 
74a,—76,+4c¢,66b,—8c. 
8. 4 a°b, — 4 ab’, — 4 ab, 4 ab’, 3 a%d, 3 ad®. 
9. Ta2bc, — 5 abc?, 9 ab’c, 7 abc?, — 3 abc, — 6 abc. 
10. 10 a%b, 3 ab®, — 4 ab, — 7 ab’, 6 a’b?, — 3 ab. 
Simplify : 
(11.5-9—2+15—20+10.~\ AN 
S 12. 14ac—8ayt+4ac—32y—Tac+ 12 zy. \w 
13 82+7a—14a—92+42. 
14.12y—18y+9b+25y—24b. 
(5. 42—By—Wy+2—8y%) 
~-16.5ab— Try —110ab+14ab—xy—Tab. 
17.—4ab?+ 6 zy’? — 13 ab’? + 4 xy? + ab? — 0 xy’. 
18. 7a°+ 407b —6ab?+ 0° + 5b'+ 5 a) —2 63+ 8 ab 
19. 7 b’?d — 5 ab? + 6 bd — ab? + 9 ab? — 10 bd. 
20. — b*— 18a? + 19 b¢~ 0 04+ 13 a? 4+ b4!— Oa? 
21. 10 ab? + 4 ed? — 0 ab? + 14 ab? — 11 ab? — 23 cd? +0 cd®. 
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22. 11Vb — 15Vb + 20 Vb —0V6. 

23. 4Va—b —2Va—b + 7Va—b—6Va—B 

24. 5(2a— b) + 2(2a— 6) ~4(2a—b) — Qa—b). 
X26. 4Vak + 3Var — Tar + 40% — 9Va"%.) ~ 


33. Addition of polynomials.. A polynomial is an algebraic 
expression consisting of two or more terms. 

An expression is not called a polynomial if any of its 
terms contain a letter under the radical sign. Thus 
Va—2-+3 is not called a polynomial. 

e es binomial is a polynomial of two terms. 


Thus x+3,82—5, h? —9, and 3 — 2 2’ are binomials. 
( A trinomial is a polynomial of three terms. 
Thus «—y—3, 2x+y-8, 83x4+4y—-—T72z, m—n-D, 
and 2x+6r-—5s are trinomials. 
EXAMPLE 


Add the following polynomials: 2a—3b— ac’, 2b+ 
8ac?, —3a—Tac?+11, and4a+3b—5 


Solution. +2a—3b— ac 
+260+3 ac 

—3a —Tac’?+11 

+4a+30 — 5 


Sum, 3a+2b—5ac+ 6 


For the addition of polynomials we have the 


' RuLE. Write similar terms in the same column. 
Find the algebraic sum of the terms in each column and write the 


results in succession with their proper signs. 
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34. Checks. A check on an operation is a second operation 
which tests the correctness of the first. 


For example, in arithmetic the result of subtraction is 
checked by addition; thus, the check for 10 -4=6 is 6+4 
=10. The check for the result of division is multiplication. 
Thus the check for 144 +8 =18is18-8=144. 

To check addition we sometimes add columns in the oppo- 
site direction. However, there is really no check for addition 
that is absolutely certain to detect errors. If the numbers 
in the column are not all of the same sign, the result can 
be partially checked by adding the positive and negative 
numbers separately and finding the algebraic sum of the two 
results. 

Perhaps the most common check for the addition of poly- 
nomials is to substitute some number or numbers for the letters 
in the expression. Each term which is being added will then 
have some numeric value. The numeric value of the algebraic 
sum of the polynomials should be equal to the algebraic sum 
of the numeric values of the individual polynomials. If this 
does not turn out to be the case, some error in the original 
addition has been made. 

Thus, in the example given above, let a=1, b=2, and 
c= 38. The work of addition and the corresponding numeric 
check may then be represented as follows: 


2a—8b— ac (= 2-6-— 9 = — 18) 
—3a —Tac’?+11 (=—3 — 68 + 11 = — 55) 


8a+2b—5aP?+ 6 (= 34+4-—45+ 6=—82) 


The sum of the numeric values of the several expressions is 
in this case the same as the numeric value of the sum of the 
expressions, namely — 32, thus indicating, although not prov- 
ing, that the addition has been correctly done. 
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\ EXERCISES 
“a Add the following polynomials and check the results: 
V el 2-2 (2 2£— 2—2 (3. #— y+ 2 
AV Satay eet oe 7 2x—8y+32 
Nw ~4x—6 pr Bet) fetsy— 6% 
iN ~ a # 4 


SS eS al ia tt Az, 
~8ea—Ty+4z,6x—52,and3x+Ty—6z. 
.w—27—2,22?—4274+6, and47?+72—9. 
—52712,22—42°+8, and 112?—102-18. 

. 3d—40’?—6,0’?+d—1,4d—3¢?+38,and4—d—5ad* 
-4a—564+ 6c, 7b—2¢, and 6a—4b—8e. 
.a+264+3c¢,b—3¢e+4, andc—2a—4b. 

Tf. 62—7Ty+8z,2y—122+2, and10z—4y. 

9 44—36—3.0,3¢—2a—b,and4b+8¢. 

13. 10 bc — ac, 7 ab — 3 be, and — 12 bc — ab. 

14.2a?—4a+5,5a—830°+2, 6a—4a7. 

15.8—a@?+3a, —64+30?—24,6a’—4a. 

16.a—2x—4c,5—62+5a, 6c—30a+4+9, anda—2c— 
22-12) 


Watctexe—5, 30+274+9-—2¢, a—T-2ce-4%, 
and6—8x—4a-+e. 

18. c—2—4c,x—a—3c,a—4c—6,and3z2 —7+12a, 
ae 82t+4y+62,27-—2y+42z,and4r7—3y+4+11z. 
* 90. 2x—102,4x%+3y, 52-—y, and3x—4y+2. 
21. 2—4A(e@—y) +2(x+2),5—100+43(4—y), —2(@+2) 
+ 7,and 5(a—y) + (+2) +34. 
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22: a+c—2(b—d),7(b—d)+6¢e—11a,and10a—4(b—d). 
Y g3.a+t2+3(y+2), 2a—8244b, Tx—10(y+2), 
WY and 7b—34+2+2(y+2). 


Combine similar terms in the following polynomials: 

KG a? —1204112+U4P—-20—-C4+38P44e. 

» 25. a+2ab+0?—8ab—4e¢7—0?+80—4004 6. 
~ 2.5be-—-0?+2+4be—38°4+50—4bce—52e. 

27.5 w?—6w+1l1—4w—8—38w?+7w—184 18 w. 
28. 4y2—yzt2—3yzt4y2—2y2+42743 y2 + yz. 
2940+ hcAbd+5,4c-Fb-c bd +hb+7) 
The sum of 2 a and 3 a may be written (2 + 3)a. This is not 

usually done, as the sum of 2 a and 3 a can be written 5a. In 
adding ax and 3 x the a and 3 cannot be combined. The sum 
ax+32x2 ean be written (@+3)x. Similarly, be —52= 

(b—5)x; be t+ua=(6+1)x; and2x+axr+ex=(2+a+c)z; 

also a(y+2)+c(y+2) =(ate)(yt+2). i 


Express as one term so that x will have a binomial ora 
polynomial coefficient : 


30.ax+ 42. Sot an 2d eae 

31. 2 ax + bz. 36. 2ax—2 br —x+ de, 
32. 4 bx — x. 87. cx — 5 bu —24 +8 en. 
33. ax + 2 bx + cx. \88.22—3 ax + br — cx. 


‘84, ax —3 x + ba. 39. .82+2.5 ax —.7 br + 5 cx. 
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a SIMPLE EQUATIONS 


35. Definitions. An equation has already been defined 
as a statement of equality between two equal numbers or 
number symbols. 

Thus8=7—4,7—-2y=3x+y—227—-38y,4a=2+ 12, 
and x? — x — 6 = 0 are equations. © 


tne part of the equation on the left of the equality sign 
is called the first or left member ; that on the right, the second 
or right member. . 

In an equation the letter whose value is sought is called 
the unknown letter or the unknown. 


Thus, in the equation 2 x = 4, x is the unknown, and in the 
equation 3 h — 5 = 13, h is the unknown. 


The process of finding the value of the unknown letter 
in an equation is called solving the equation. If the value 
of the unknown be substituted for it in the equation and if, 
when the result is simplified, the left member of the equa- 
tion becomes identical with the right, then the unknown 
is said to satisfy the equation. 

‘The presence of an equality sign between two algebraic 
expressions is not sufficient to form an equation. 


Thus x = x + 1 is not an equation, since there is no number 


which equals itself increased by 1. 
F 55 
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ORAL EXERCISES 


Does the number in parenthesis at the right of each 
equation satisfy that equation? 


lo—3=2. 
2.4—y=2. 
3.38+t=6 
4,.4—m=2. 
§.22+3=5. 
6.5—-—842=5. 


(5) 7. fy PR es) 
(3) by 0 ee 
(8) ohae ne ee - 16) 
(2) 10. 2 =: (1) 
(1) 114g SENT, (3) 
(1) 12.12s+5=29. (1) 


36. Axioms. ‘an axiom is a statement whose truth is 
accepted without proof. ; 
In solving equations, constant use is made of the fol- 


p ging axioms : 


Va xiom I. (If the same number is added to each member of an 
7 Pe ation, the result is an equation) 


Thus, adding 4 to each member of n —4=7 gives n=11. 
In this case the use of Axiom I gives us the solution to the 


original equation. 


Find the value of the unknown in: 


ine — 10=\% 
2n—3=5. 
3.d—4=4,-}4 
4,.%4—3=6..4 
5.n—2= 13. 
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6.s—1=38.4 


7.#10+7=8 


8.-4+m=1. 


9n—2=0. 
10..x—8=0. 


11.—6+¢=7. 
12.—5+d=3. 
13.0 = 2 — 2. . 
14.h-—5=0. 


15. 0=-3+2. 


a 5 f Weg 
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tt Axiom II. If the same number is subtracted from each member 
of an equation, the result is an equation. 


Thus, subtracting 5 from each member of n + 5 = 10 gives 
n= 5. Axiom II states that if this subtraction is performed, ° 
the resulting statement is true. 

YW - 3 24 


x 
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feet ae ancl thc inknown in 


ios ='8. $3 =x-+ 2. 15.¥y+38=16. 
2a+3=7. 9.9=a+4. 16.8+2=5. 
5.9 Sa ee ee es 
eee 0 etl 5 — 15. 18, 8 boo 
0a ee 2 = 10) 19. 12-2 = & 
ee ya 7 grey Se 3) 90 FF 1 
ei Ppa ie 16m 1 10= 16. 21.211 = 20. 


Axiom III. If each member of an equation is multiplied by the 
same number, the result is an equation. 


When an equation is in the form 3 = 5, it ean be solved by 


multiplying each member by 3, giving n=15. Axiom III states 
that if this multiplication is performed, the result is true. 


ORAL EXERCISES 


Find the value of the unknown in: 


=-= —— — = = = — Lesstiil 
1. 2] ale 3. 5 8 5. { = 10. 7. G6 ance 9, Ors, Rg 

= el pare ee A 

2. a= 4 4. 5 = 6. 6. aos 8. Re 3. 10. r= 1 
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Axiom IV. If each member of an equation is divided by the 
same number (not zero), the result is an equation. 


In the equation 4n=12, divide both members by the 
coefficient of n. Thus, dividing both members by 4 we get 
n= 8. Axiom IV states that if this division is performed, 
the result is an equation. 


ORAL EXERCISES 


Find the value of the unknown in: 


iGo 410 bas k= 15. 9.56=14n. 
2.8 = 24. 6.2m=6. 10. 18=6r. 

3. 7d = 28. 7.122 = 60. 11. 125 = 252. 
4.5n= 30. 8. 24 = 8m. 12. 13 y = 65. 


State the axiom or axioms which apply to the solution 
of each of the following equations: 


St 


18.3n—T=2. 17, 52=6. 21. 8h+2=10, 
12224 ee ee 29, 27 = 4. 
ib.5r—3=12 167d+7—o1 oe 6pm 
1.7s—2=12, 20.32—-4=5, 24,5724 


In changing the form of the equation, by the application 
of an axiom, we do not change the value of the unknown. 
We merely discover the value it had all the time. These 
axioms are used almost constantly in the solution of all 
kinds of equations, whether they involve numbers, letters 


standing for known numbers, unknown numbers, or all of 
these together. 
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EXAMPLE 
Solve6x2—7=32-42. 
Solution. 6x—T=324+2. 
Subtracting 3 « from each member, 
3842—-—T=2. Ax. II 
Adding 7 to each member, 
Bt, ==) PL Ax. I 
Dividing each member by 8, 
yee ay AxXo1IV 


Checking the solution of an equation is often called 
testing or verifying the result. 
Check. 6x2—-T=824+2. 
Substituting 3 for z, 
6xX8—-7=3x342. 
Simplifying, ~ 18—7=9+42, or 11 =11. 
Hence x satisfies the original equation. 


EXERCISES 
Solve the following equations and verify the results: 
WRet4a7 Heel? if4m—T=2m43. 
%.y—8=5. “Z i. 81—5=T—I1. 
632—4=14. 1%, 6—b=9—46. 
f& 54—2=32+6. 14. n= 6 — 2. 
6.5t=814+8. ~ 15 +8t=1+3) 4 
6. 4¢=t+3. WHE t—-1=2t+8, 
7 8e4+2=x+6. 47.52—-1=224+5. 
®.4t4+2=3t-4. 18. n+14=2-8n. 
9.4¢+2=21. 19.4w—2=74+w. 


10.4¢+2=1+65. 20.4¢+38-t+5=t-10, 
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21.84+2z7—-1= 12-84) 

-—22.4m—-3+3m—4=6m-—8. 

93. 36+8m+4—9m=2m+10. 
24,.3m+12m+17—m+4m= 107. 

- .4h—-38=5h—16—438h—-71. 
26.6¢4—3=Tr-—2=427+7—32—4, 
27.4y+6—8y+8=2y4+7T-3y—-—8+5y. 

28) Ba TS Mth 2b ee eA Bis eee ee 


ORAL EXERCISES 


1. The side of a rectangle is x feet. How long is the 
side of a rectangle 3 feet shorter? of one 4 feet shorter? 
of one 5 feet shorter? 


2. One rectangle is » feet long. How long is a rec- 
tangle 3 feet longer? 4 feet longer? 5 feet longer? 


3. The side of a square is x feet. What is the side of a 
square 2 feet shorter? 


4. A rectangle contains x square feet. How many 
square feet does it contain after it is diminished by 
30 square feet? by 50 square feet? by 100 square feet? 

5. A park contained x acres. How large was it when | 
it was increased by 200 acres? | 

6. The area of a triangle is m square feet. What is 
the area of a triangle twice as large? 3 times as ee | 
4 times as large? 


7. A triangle contains 10 square feet. What is the : 
area of a triangle x times as large? ; | 


8. A bin contained t¢ tons of coal. Four tons were re- 
moved. How much coal remained ? 
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9. A bin contained 15 tons of coal after x tons were 
removed. How many tons did it contain at first? 


10. The area of a circular pond is k square yards. What 
is the area of a pond that contains 200 square yards more? 
250 square yards more? «x square yards more? 


11. The area of a circular pond containing x square feet 
is increased by 30 square feet. How many square feet 
does it now contain? 


12. At the end of a dry summer the area of a certain 
lake whose area was originally x acres was found to have 
diminished 300 acres. What was its new area? 


13. The volume of a pyramid is x cubic yards. What is 
the volume of a pyramid 3 times as large? 5 times as large? 

Express the following statements as equations : 

14. The sum of 8 and ~ is 10. 

15. The sum of x and 2 is 12. 

16. x is equal to 5 increased by 2. 

17. x diminished by 5 equals 7. 

18. x is equal to 10 diminished by 6. 

19. x increased by 5 equals 3. 

20. Three times x increased by 4 equals 16. 
21. Three times a is 12 more than 15.) a +! S pe 
(2% Four times x diminished by 8 equals two times x. 
23. One half of a diminished by 5 equals 7. 


24. One third of a increased by 10 equals four times a 
decreased by 1. 
25. 2 x increased by 5 is the same as 3 x divided by 4. 


2 
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96. Four times x diminished by 7 equals three times x 
added to 3. 


2 One half of x increased by 5 equals two times % 
diminished by 10. 


EXAMPLE 


In his will a man bequeaths $7000 to his wife and 
daughter with the provision that the wife is to receive $1000 
more than twice the amount received by the daughter. 
How much does each receive from his estate? 


Solution. By the conditions of the problem the wife and 
daughter together receive $7000 and the wife receives $1000 
more than twice that received by the daughter. The problem 
requires that the amount received by each be determined. 

(In order fully to grasp the conditions of a problem, it is 
frequently necessary to make such a restatement as the above, 
although usually it need not be written down.) 

The implied equation is: : 

Amount received by the wife + amount received by the 
daughter = $7000. 


Let d=number of dollars received 
by the daughter. 
Then 2d+ 1000 = number of dollars received 
by the wife. 
Hence 2d+ 1000 + d= 7000, 
3 d = 6000, 


d = 2000, the number of dollars 
received by the daughter. 
2 x 2000 + 1000 = 5000, the number of dollars 
received by the wife. 
Check. $5000 + $2000 = $7000. 


$5000 = 2 x $2000 + $1000. 
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The preceding solution leads to the following 


Rute. In the solution of problems involving the use of simple equa- 
tions the following steps are necessary: 

1. Read the problem carefully and find the statement which will 
later be expressed in an equation. 

2. State briefly the implied equation in words, using the symbols 
of operation +, —, X, +, and the equality sign. 

3. Represent the unknown numbers by means of numerals and 
letters. 

4, Express the conditions stated in the problem as an equation 
involving these symbols. 

5. Solve the equation. 

6. Check, by substituting in the problem the values found for the 

unknowns. 


PROBLEMS * / v.° HL 


1. One boy has 10 more marbles thar another. Together 
they have 52. How many has each? 


\y. Two boys caught 27 fish. One caught 5 more than 
the other. How many did each catch? 


\3. Two girls sell 37 bags of pop corn at a bazaar. One 
sells 3 more than the other. How many does a sell? 


4. The perimeter of a rectangle is 46 feet. Ii is 3 feet 
longer than it is wide. What are its dimensions? 


5. The perimeter of a rectangle is 50 feet. It is 4 times 
as long as it is wide. What are its dimensions? 


6. One number is 4 times another number. Their differ- 
ence is 36. Find the numbers. 

7. A rectangle is 10 feet longer than it is wide. te . 
perimeter is 70 feet. What are its dimensions? f am 10 
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ISX 8 8: One circle is half as large as another. Their com- 
bined areas are 30 square feet. What is the area of gach? 
“9, The perimeter of a triangle is 41 yards. The first 
side is 4 yards shorter than the second, and the third is 
3 yards less than the second. What is the length of each 
side? 
/10. A flagpole is half as tall as the building on which it 
stands. The flag at full mast is 150 feet above the ground. 
wis long is the pole? 


ya. The sum of three numbers is 77. The second is 
twice the first and the third_5 more than three times, he 
first. What are the numbers? 


S12. One fish pool is twice as large as another. In these 
two pools 72 fish are to be placed in numbers proportional 
to the size of the pools. How many fish should be placed 
in each pool? * yy 

13. A poultryman has three yards. The first is three 
times as large as the second, and the second is twice as 
large as the third. He wishes to separate his flock of 
360 chickens into flocks proportionate to the size of the 
yards. How many chickens should he place in each yard? 


“14 A farmer’s flock of 300 sheep is to be placed in 
three fields so that the second shall contain twice as many 
as the first and the third three times as many as the first. 

. How many will there be in each field? 


“15. A flock of 100 sheep is to be divided into two flocks 
so that one flock shall contain 12 more than the other. 
How many sheep will there be in each flock? 


£6. Twenty-seven crates can be loaded on two trucks. 
One truck holds twice as many as the other. How many 
erates will each hold?) 
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17. Five hundred crates are to be packed by the workmen 
in two warehouses. Warehouse No. 1 has three times as 
many workmen as Warehouse No. 2. How many crates 
should be sent to each warehouse so that the work will be 
evenly divided among the men? 


Nae: Thre groups of men are employed to clean the 
streets after a snowstorm. The first group is twice as 
large as the second, and the third is as large as the first 
and second combined. There are 30 miles of street. 
How many blocks should each group clean if there are 


10 blocks to a mile? 


HINT. Let x denote the number of blocks that the second group can 
clean. Then 2 x is the number of blocks that the first group can clean. 


BIOGRAPHICAL NOTE 


JOHN WALLIS. Among those who introduced and helped to stand- 
ardize the modern algebraic symbolism was John Wallis, an Eng- 
lishman. He was the son of a clergyman, and also took holy orders 
himself. Like most scholars of his day, he did not confine his interest 
to any one subject. He was at various times an instructor in Latin, 
Greek, and Hebrew, and for many years was professor of mathematics 
at Oxford. He also invented a method of teaching deaf mutes to talk. 

During the wars between Charles I and Cromwell, Wallis’s sym- 
pathies were with Cromwell, and he was of great service in reading 
royalist dispatches written in cipher. In fact, he was one of the most 
famous cryptologists of his day. 

Wallis did not become interested in mathematics till the age of 
thirty-one, but devoted himself to the subject for the rest of his life. 
One of the earliest and most important books on algebra ever writ- 
ten in English was his treatise published in 1685. It contains a brief 
historical sketch of the subject, which is unfortunately not entirely 
accurate, but his treatment of the theory and practice of arithmetic 
and algebra has made the book a standard work for reference ever 
since. 
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REVIEW EXERCISES 
Xe Add 2 + ay—y, 2—ye—-y, 24+7—2. 
<2. Add 2?+y?—22y,22—4y?—3 yz,27—42—3 x2. 
AN 3, Add 3a?—108+5e—8 be, —@+40—-10e— 
3ab, 2@+1lbe+7ac—5ab, 4?—5be+ac, —2a?+ 
6 6? +9 ac+ be. 
NE Add 32+ y—8y24+2, 4ayt+8y—3 yz,-20+ 
2xey—y'—32. 

5. Given a=—52x+8y4+22, b=—5y4+8242,z, 
and c=—42+227+2,y, show thata+b+c=0. 

6..Given x=b0—2c+3a, y=—c—2a—36, and 
2=—a+2b+4+3¢, show that~+y+z=0. 

“; From the sum of 42°+32%—7,22°—32—32'+1, 
and —527°—22+27+4 9, subtract the sum of 22*—112z 
and 777°—52?+3422. 

“8. The perimeter of a rectangle is 84 yards. The length 
is 6 yards more than twice the width. Find the length and 
the width. 


9. The length of a rectangle i is 4 feet less than five times 


the width. The perimeter is 88 feet. Find the dimensions) 


10. A man is 8 years older than his wife; the age of 
their son is one fourth that of his mother. Their com- 
bined ages are 62 years. How old is each? 

11. Give examples illustrating: (a) factors; (b) expo- 
nents; (c) coefficients. 

12. Write five monomials ; five binomials ; five trinomials. 


43) Simplify 4+7—344+2-9+346x4—843. 


14. Simplify 10+3 x 2—8+4+410+54+184+6x2—30+2. 
15,/What is the area of a rectangle if the length is twice 
the width, and the perimeter is 36 feet? 


~ 
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16. It is decided to build a circular track one-half mile 
long: What must be the radius of the circle? (C = 2 ar, 
where 7 = 22 and r is the radius.) 


“1?. There are two numbers such that the first is five 
times the second, and the first is 32 more than the second. 
Find the numbers. 


/18) A father who is four times as old as his son is also 
24 years older than his son. Find the age of each. 


ig. There are two numbers such that the larger is twice 
the smaller. If 12 is added to the larger, it will be six 
times as large as the smaller. Find the numbers. 


20. x circular pond is being constructed in a certain 
park. Assuming that the bottom is level, how much water 
will it hold if the pond is 70 feet in diameter and is filled 
with water to the depth of 5 feet? What would it cost 
to fill it with water at ninety cents per 500 cubic feet? 
(V = ar°h.) 

21. Find the horse power (H) of a 6-cylinder engine in 
which the diameter (d) of a cylinder is 5 inches, if the 
formula for the power of the engine is H = d’n/6, where 


mn is the number of cylinders. 
AN, 
Pane men standing on the edge of a perpendicular 


cliff wished to know how far it was to the stream of water 
at the foot. They dropped a rock over the cliff and saw 
the splash 4 seconds later. How high was the cliff? 
(S= where a = 82, and ¢ = the time in seconds.) 

23. A certain rectangular playground is twice as long 
as it is wide. Its perimeter is 270 yards. Find the length 


and width. 


CHAPTER VI 


SUBTRACTION 


37. Subtraction of monomials. In arithmetic it was found 
that subtracting 7 from 10 involved finding what number 
added to 7 would give 10. Similarly, to subtract —2a 
from + 7 a, we find the number + 9 a, which when added 


to —2a will give+ 7a. 


1. From +104 
take at 5a 
Result + 
2. From 
take —8ax 
Result 10 ax 


These examples illustrate the 


EXAMPLES 


3. From — 10 ay* 
take ~+ 8 ay? 
Result — 13 ay? 
4, From — 12 xy? 
take — 82%y! 
Result — 9 x?y! 


Y gf © Rute. To subtract one number from another, change the sign of 
Y the subtrahend and add. 


EXERCISES 


Subtract the lower number from the upper: 


1. +104 
—3a 

Re Aare 
— 5arxy’ 


5. 10a3 


10 a®xy?z® 
— 10 a*xy?z* — 3° 
7 ay 6 Bay! 


+ 2 ay — 5 xy4 
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 6ax? 9. — 6 ax? lie 26 ay? 
— 3 ax’ — 3 ax — 8a>y'* 
8. 4 ary? 10. 17 ayz 12. —- 7 ay® 
- —ary* — 12 ayz ame ay? 
\Bobiract: 
Nis. — 3 ax from — 7 az. 17. 9 ab® from — 8 ab®, 
14. — 6 ax from — 2 az. 18. — 6 a7b* from 8 ab‘. 
15. 4 ay’ from — 3 ay’. 19. 10 axy* from 4 azy’. 
16,.—7 ax? from 3 az’. 20. 8(a + y) from 6(2+ y). 


21. 7(a — b) from — 4(a — b). 

22. — 3(w+ v) from — 2(w+ 0). 
23. — 11(a? — y”) from 5(2? — y’). 
24, 2Vx +3 from 3Vx +38. 

25. 5V2? — y? from — 2Vx? — y°) 


38. Subtraction of polynomials. Subtraction of one poly- 
nomial from another is illustrated in the following 


EXAMPLE 
Subtract32—4y—52+4fromx+7T7y—4z. 
Solution. a+ Ty—4z =the number from which 


something is subtracted, 
or the minuend. 
82— 4y—52+4= the number subtracted, or 
be the subtrahend. 
—2x2+1lly+ 2—4= the difference. 


Check. Difference + subtrahend =the minuend. Adding the 
difference and the subtrahend in the solution above, we obtain 
x+7y—42z, which is the minuend. 
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This example illustrates the 


Rue. Write the subtrahend under the minuend, so that similar 
terms are in the same column. 

Then, changing mentally the sign of each term in the number to 
be subtracted, add the similar terms_algebraicaily. 


CuEck. As in arithmetic, difference + subtrahend = minuend. 


EXERCISES 
vst tract the first number from the second: 

WN 143,044. 7. 6 xy, 42y —b. 
2.a—A4/a — 7. 8. Tax—4y, 8a’x. 
8.102+ 7, 7x— 10. 9.6a°,5a—Ta?. 
—4,.8a,8a—2. 10.5a—7 a’, 6a*. 
5.3a—2, 3a. 11.4ab—7,Q, 

6. 4 ry — b, 6 xy. 12. 0,4ab—7 


Subtract the first polynomial from the second and check — 
the work: 


13.¢+2y—82,87+2y4+22. 
4.8e¢—T7y1+32,34—4y—5z. 
15.2a—3b),5a+6+8¢. 
16.8b—4c+5d,3b—5e. 
17.22—2e—5,32°+7T2— 3. 
w.ate—y,b+at+y. 
19.4a—36+2c+7,5a—26+ 6c. 
20.2a—2c—4,a—3b42. ‘ 
21.3a—42+5¢,52—4a—10. o 
22.2 +y—24,z2—-—xX—-Y. 
23.30?—4ab+207,40?—6a?+ 5b. 
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24.3 a? — 3 ab — 8 ab’, 4.0°b — 5 ab? — B°. 
= 226. c§ — d? — __ Ao a 
Sh 26. 3 ¢c®+ 6 cd? — 2 a7b — 6 c’d, 3 ab? — 3.a°b —6 cd + 6 cd?. 
NU pPt1—224+824+¢°4+327,6e8482¢—-—522+ 
16+62°—4 2%. 
& NOR 62° 4+ 2—2?—9a4,4e—32?—144 825, 
SN 429. 3 2°+92°+3—27,7+52 —2+28-2a?—4 24, 
+80. Subtract the sum of 6? + 2 be — land 6? + 12 bc — 20 
from 6? + 18 be — 30. 
1. Subtract the sum of b—3c+dand4b+5c—6d+4 
\ from 6 — cfd — 2. 
® . 
y32. From the sum of Tr+42°y—16 xy? and —8x— 
13 ay? + 8 yx’? take 12 ¢4—42°%y4+ 8 ye. 
) 88. From the sum of 5 abc” — 4 abc + 8 a’be and 5 abc? — 
4 ab’c — 3 a’b’c subtract 2 abc? — 4 a’bc + 8 ab’c. 
a ( 34, From the sum of 4x —5x2y—3zand82y—5z—42 
i: take the sum of 4z—3 zy — 2 a?be and 9 x — 5 a’be — z.) 
Ass. From the sum of a*+ a’c? + c* and 2 ct— 3 a’c? — 4 a4 
‘ take the sum of 2 a4+ 3c*+ 3 a’c’ and a4 — 2ci— 4 are?) 
36. From the sum of 8a+56—cand3a—5b-+c take 
ay sum of 2a—b+cand b—c— 2a. 
\ 8%, From the sum of 7 a?— 5a +2and5a—7a?’—2 take 
the sum of 3.a?-+4.a-+6 and — 10 - 8a—4a?’. 


a Pees eo tb 8c, 2a-8bte,—c 
; ) —2b—3a,and4a—3b— 4c, take thesum of a—6+¢, 
b+c—3a,and—c+2a—20. 

39. From the sum of 6 a?y — 6 ay?+ y’, a? —3 a’y+ 3 ay’, 
A —3a’y, take - sum of 4a’¥y4+38ay’?+2y', 
— 3 ay’, and — 2 a’y — 


oe rage 


CHAPTER VII 


IDENTITIES AND EQUATIONS OF CONDITION 


39. Kinds of equations. By definition, an equation is 
the statement of equality between two equal numbers or 
number symbols (p. 12). 

1 A literal equation in which the ono members are alike, 
term for term, or can be made so, is called an identity. 

An identity is true for any value of the letter or letters. 
An equation involving only numbers is always an identity. 

Thus 2+4=38-2, 4x+2=827+2+2, and 2x2+2= 
4x— x are identities. The latter equation is an identity, for, 
by combining terms, the equation reduces to 3x = 3x. 


~ An equation is called an equation of condition if it is true 
only for certain values of the unknown involved. 

The equation 4x = x+ 9 is true when x = 3, for if 3 is sub- 
stituted for x, the equation becomes 4-3 =3-+9, or 12 = 12. 
Clearly the statement is false if 2, 5, or any value other than 3 


is put for x. The equation 4 x = x + 9 is true on condition that 
xz be 8, and on no other. 


ORAL EXERCISES 


State which of the following expressions are identities: 


15+2=8-1. 5. 2y=4y—8y4+y. 
2 2G, 6.a+7=8+a—1. 
8.3b—5=20. 73w—l1lt+wt+1-—4w=0. 


4.%—-2=2%-—1. 8 wt4—38wt2=6w-B8. 
72 
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In the following, select from the group at the right of 
each equation those numbers which satisfy that equation: 


9.4a—12=0. to2376: 
10.26=6+2. A eablsae 
11.d+3=4d-6. ngeea less 
122.3a—4=2a+1. — 2,1, 5. 
13.2+6=32—10. 8, 5, — 4. 
14.m+1—2m+3=0. 7, 8, —3. 
15.s?—48s+4=0. 2,0, —2. a 
16.2a7—8a+8=0. 2, —2. 

17. 7° —92?4+27x—27=0. 3, — 3. 
18.07—5a+6=0. 2, oy Ui 


_ 40. Root of an equation. A number or a literal expres- 
sion is called a root of an equation if, after substituting it 
for the unknown letter in the equation, the result is or 
can be reduced to an identity. 


Thus 3 satisfies the equation 4x=2+9 and, similarly, 
2 a satisfies the equation x —-5=2a-—5. 


. A number or number symbol ts called a root of an equation 
af it satisfies the equation. 


ORAL EXERCISES 
Is the number at the right of each of the following 
equations a root of that equation? 
1.3a—24=0. 8. 5. d?—16=4d+5. fig 
2%.44-9=%. 3. 6. m+7=6m—1. 4, 
3,57 --12=r. Qi 7@0+5a+4=0 —2. 
4.0°+5a—6=0. 4. 8 m+3=2m—-1. —3. 
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41. Transposition. In solving the equation 5x —2=18 
we add 2 to each member. If we indicate this addition, the 


equation becomes 
5a—24+2=1842. 


In the first member, —-2+2=0. Hence these two numbers 
may be omitted, and the equation becomes 


5x2=18+2. 
Comparing this with the original equation, 
5a — 2 = 13; 


6 
we see that — 2 has vanished from the first member of the 
original equation and +2 has appeared in the second 
member of the new equation. The number + 2 has really 
. been added to both terms of the equation. 
Again, if we subtract 2 y from both members of 


6y=2y+ 12, 
we get theequation 6y—2y=12, 


which differs from the original equation only in having 
—2,y in the first member instead of + 2 y in the second. 
Hence a term may be omitted from one member of an 
equation if the same term with its sign changed from + 
to — or from — to + is written in the other member. 

This process is called transposition. 

Hereafter, instead of going through the details of sub- 
tracting a number from both members of an equation (or 
adding a number to both members), the student should use 
transposition. He should remember, however, that the 
transposition of a term is really the subtraction of that 
term from (or addition to) each member of an equation. 

Like terms in the same member of an equation should 
be combined before transposing any term. 
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Note. Our word algebra is derived from the Arabic word for 
transposition. The process by which one passes from the equation 
px —q =x" to the equation px = x? + q was known as al-jebr. This 
is the first word in the title of an Arabic book on algebra which was 
translated into Latin. For some reason only this part of the title 
remained, and by the early part of the seventeenth century al-jebr, or 
algebra, was the common name given to the whole subject. 


ORAL EXERCISES 


State the term or terms which must be added to both 
members of the following equations in order to transpose 
the underscored terms. What does each equation become 
after the operation is performed? 


1.2 —5=3. 7.3a+38+4a+5=34+4. 
2.n+12=8. 8. 52—38—474+7=8—2z. 
8.2—-4=2. 9.P+2r=—4. 

4.7 +6n=4n—38. 10.3d—2=—2d. 

5. 2 +4e=5, “1. 52—-82=52-2. 

6. av? +38a4+2=24a—83. 12. 67 —7? = 2— 27’. 


EXAMPLE 
Solve the equation 
82n—1384+7n+9—4n=7n+16412n+4+12. 
Solution. 32n—134+7n+9—4n=7n+164+12n+12. 
Combining like terms, 85n—4=19 n+ 28. 


Transposing, 85n—19 n= 284+ 4. 
Combining like terms, 16 n = 82. 
Dividing by 16, ee 


Check. 382n—184+7n4+9—-—4n=7n+16+12n+ 12. 


Substituting 2 for n, 
64—184+144+9—8=144+16+ 24412. 


Combining, 66 = 66. 


ON, 


Ih 
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EXERCISES 
x wh (Solve the following equations and check: 
“142—2=3242. 11.8h+9+5h—33=0. 
82+5=2—5, 12.387—20+82—24=0. 


2. 
38.—Ty—2=1—10y. \13. 6h—19+2h4+3=0. 
4,.6*%1+3-—382=21. 144,h+2—5h=9h+15. 
5.8yt5=6+2y. NLD AUR 15+2h+6. 
6.4h+1—2h=5. 46. 3h+5+h+3=0. 
7.16+4h-—4=h4+12. 17.9—8n+2=3—-4n. 
8.4h—-15=15—h—-5. 18.8—5n+2=547n. 
9.5h+11—2h=6-4. 19. 8%—38n=15n+4—138n. 
10.2h-1=29+7h. 208+ 7n—-18=n—27— Bap 
eh Se 1b — 100 a ee — 2h 
22.18+5n—6—2n4+14+38n—25=0. 
23.0=18—4n+274+9n—3+416n. 
24.5¢t-8+4t+5=7t-—38-—2t+5. 
25.0=4p—15—11p—18+4 16 p— 17. 
26.5p—6+394+18—2p—254+1=0. 
27.3p+18-—2p—8=Tp—5—4p-+8. 
, 28.0=6—8p4+8—2+4p. 
Wn 29.3p+5+4+8p+50=0. 
3052 — 24+32—8=22-2. 
aie ve “31. 2d4+848d4+5=4d4+6, 
af SF 32.20+8a14=2a%4+ 2a. 
: 33.3s?+128s=38°+6s—12. 
34.¢a+4+a07+2a—6=a—8-4 a7. 
35. —n+1l=n?+n-—1. 
36. r?$—r+6=7r!+7—-—6. 
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ORAL EXERCISES 


Represent a number: 


1. Greater by 5 than 4. 7. Ninemorethanz+y. 
2. Greater-by 5 than z. 8. Two less than 4. 

8. Greater by 5 than y. 9. Four less than x. 

4. Greater by x than yi ° 10. Four less than x ie Yy. 
5. Greater byxthantwicey. 11. Less by 7 than x. 

6. Nine more than y. 12. Less by y than x. 


13. Less by y than twice z. 

14. Less by y than three times x. 

15. Three times p. 

16. One half as great as p. 

17. Three more than half of p. 

18. p less than three times x. 

19. p less than x+ y. 

20. p more than y less z. 

21. One part of 10 is 6. What is the other part? 

22. One part of x is 6. What is the other part? 

23. One part of x is 10. What is the other part? 

24. One part of n is a. What is the other part? 

25. One part of a is n. What is the other part? 

26. One part of n-++ pis 1. What is the other part? 

27. The sum of two numbers is 15. One is 10. What 
is the other? 

28. The sum of two numbers is x. One of them is 3. 
What is the other? 

29. The difference between two numbers is 5. The less 
number is 3. What is the other? 


EEE i ed 
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30. The difference between two numbers is 12. The less | 
number is 17. What is the other? 


31. The sum of two numbers is ». One number is p. 
What is the other? 


32. The sum of two numbers is n. One of the numbers 
is three times as large as p. What is the other? 


33. The difference between two numbers is 12. The 
greater number is 17. What is the less? 


34. The difference between two numbers is x. The 
greater number is y. What is the less? 


35. The difference between two numbers is 17. The less 
number is 4. What is the greater? 


36. The difference between two numbers is x. The less 
number is ». What is the greater? 


37. By how much does 12 exceed 8? 15 exceed 10? 
17 exceed 11? x exceed 3? «x exceed 10? x exceed y? 


38. How much less is 6 than 10? x than 20? «x than y? 


39. By how much does n + 6 exceed 6? m+ 6 exceed p? 
382+ 6 exceed 2n? 5n—8 exceed 4? 


42. Translation of problems into equations. In the solu- 
tion of problems the writing of the equations is merely 
translating the statement of the problem from ordinary lan- 
guage into the language of algebra. Sometimes it is pos- 
sible to translate the original statement of the protien 
word by word into algebraic symbols. ‘ 

For example: 


Three times a certain number, diminished by 6, 

? ¢ Ay a ab 
gives the same result as the number increased by Taner: 
~ + 14 


4 7} a\ + / ¢: 
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PROBLEMS 


Solve the following problems, making direct translations 
foc a of algebra whenever possible: 
hat ssi increased by 12 is equal to 30? 
ie What number increased by 20 is equal to 30? 


3. “3. What number increased by 10 is equal to twice the 
number? q 


4, wile oe diminished by 20 is equal to 9? 


acne diminished by 12 is equal to twice 
the ee 


es 6. To what number must 20 be added so that the result 


y be 303) 
‘Y/To what number must 20 be added so that the 
| ¥ result will be 15? “7 ,a = f 2 — 


8. From what number must 10 be Bi eedetel so hae 
the result may be three times the number? 


9. A certain number is doubled and the result increased 
by 10. The sum is 14. What is the number? 


. 10. Three times a certain number less 25 equals twice 
- the number less 15. What is the number? 


11. Five times a certain number increased by 14 equals 
eight times the number diminished by 4. Find the number. 


12. Four times a certain number increased by 7 equals 
five times the number diminished by 7. 


_ 18--What ae iD is as much less than 80 as it is greater 


than 2627" Wise ¢ vy 
14, What nu Mes As as much less than 100 as it is 


greater than 503 ') >, pte fo~tsF 6 
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Ais.) What number exceeds 20 by twice as much as 50 
exceeds the number? 
‘16. Y certain number added to 17 gives the same result 
as that obtained when twice the number is subtracted from 
62... What is the number? 
(ar. Twice a certain number added to 30 gives the same 
result as three times the number subtracted from 90. 
MS That is the number? “1 ~~ & 
ie \ wt The sum of two numbers is 54, and their difference 
\is 12¥ What are the numbers? 
Solution. Two numbers are to be found. Their sum is 54, 
their difference 12. 
Greater number + less number = 54. 


ASEAN 
Ne . 
> ti \ie 
| 
) 
{~ 


If n = less number, 
then | n + 12 = greater number. 

Placing these symbols in the principal statement above, 
we have 

n + 12 +. = 54. 

Combining, 2 Wee 54, 

Transposing, 2n= 54 — 12. ce 

Combining, Bide =A 

Dividing by 2, n= 21); 
and: n+ 12 = 33. 


hes 21 + 33 = 54, 33 — 21 = 12. 


(tp, The sum of two numbers is 75, and their difference 
# 4. What are the numbers? ‘\ Y 


(.20, The sum of two numbers is 14, snd) ee ditrstenne 
ii 30. What are the numbers? © + 

vr | yl. The sum of two numbers is 50, and their difference 

s.- 1s three times the smaller number. Find the numbers. 


wy +4 
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. (x 
) He The sum of two numbers is 10. The Sgr’ is 14 


more than the less. What are the numbers? / 


| fy )23.-The sum of two numbers is 57, and one exceeds the 
other by 15. What are the numbers? ~ 


y #4 The sum of three numbers is 115. The second is 7 
. Sexe than the first, and the third is 8 greater than three 
) times the first. Find the numbers. 


. \35='The sum of three numbers is 37. The first is 5 less 
* ‘than the second, and the third is 2 more than twice the 
second. What are the numbers? 


A 26. A triangle whose perimeter is 45 inches has sides in 
the ratio of 2, 3, and 4. Find the sides. 
27. The first side of a triangle is 3 inches less than the 
second, and the third is 2 inches more than twice the first. 
| The perimeter is 37 inches. What are the sides? 


Yea. A rectangle whose perimeter is 36 feet is baiee as 
long as it is wide. What are its dimensions? ¢ ~ 


29. A rectangle whose perimeter is 56 feet is three times 
.. as long as it is wide. What are its dimensions? )~ “/") 


"he the four sides. The garden is four times as long as it is 
» wide. Find the length and width of the garden. 


31. A real estate dealer can afford to spend only $80 per 
~ — week for office help. If the weekly salary of the office boy is 
$10 and that of the stenographer is three fourths as much 
_as that of the bookkeeper, how much should he pay each? 


» 32. A man can allow his three children all together $2 a 
week for spending money. James needs 50 cents per week 
more than Ruth, and Charles requires only half as much 
as Ruth. What allowance will each child receive? 


co: - Swe 6 esc eee ee 6 eer ee —-— 
E ‘ > 


oq ps0. A certain garden requires 3820 yards of fencing for- 


82 
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* 33, Mr. James paid $12 for tickets for himself and his 


wife and half-fare tickets for John, aged 10, and Frank, 
aged 7. What is the price of one full-fare ticket2?— 5\ 


_ 34. Find two consecutive numbers whose sum is ieee 
nal) a2. had three cone OS numbers whose sum is es 


SUNT: Let n = the first number, and n + 2 the second number. 


G8! “Find two consecutive odd numbers whose sum is 108. 


39. Find ‘three consecutive odd numbers whose sum 
is vile ft Y 


(40, ) Find four consecutive odd numbers whose sum is 192. 
41. Find two consecutive even jumbers whose sum is 46. 


42, Find three consecutive even numbers whose sum 
is 108. 4 


f 43) Find five consecutive even numbers whose sum is 60. 


mL 
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CHAPTER VIII 
PARENTHESES 


43. Removal of parentheses. In solving exercises and 
problems it is often necessary to treat several terms as 
though they were one term. This is done by inclosing the 
various terms in a parenthesis. 


Thus, if m represents an even number, the sum of three con- 
secutive even numbers might be represented as follows: 


n+ (n+2)+ (n+ 4). 


Sometimes it is necessary to inclose a number in a 
parenthesis along with other terms inside a second paren- 
thesis. To avoid confusion in such cases, different paren- 
theses, such as brackets [ ] and braces { }, are used. 
Parentheses, brackets, and braces are sometimes called sym- 
bols of aggregation. For convenience, where no confusion 
arises, braces and brackets are spoken of as parentheses. 

In the solution of equations and in other algebraic work 
it is often necessary to remove all signs of grouping. This 
removal, although it depends upon the principles govern- 
ing addition and subtraction, must be given some spe- 
cial study if the required speed and accuracy are to be 
attained. 


44, Removal of parentheses preceded by the sign +. The 
value of 10+ (4— 1) is the same as that of 10+4-—1. 


Similarly, a+ (0 -—d)=a+b—-d. 
83 


x 
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The plus signs preceding the parentheses (4— 1) and 
(b — d) in the above expressions disappear with the paren- 
theses, but the signs of the terms within the parentheses, 
whether expressed or understood, are always supplied when 
the parentheses are removed, as in the case of 4, 1, b, and d, 
in the above expressions. Since in adding one expression 
to another the signs of the terms added are not changed, 
we have the following 


x ted 


PRINCIPLE. A parenthesis and the plus sign before it may be removed 
from an expression without changing the signs of the terms which were 
inclosed by the parenthesis. 


45. Removal of parentheses preceded by the sign —. In 
the expression 10 — (5 — 8) the sign before the binomial 
shows that (5 — 3) is to be subtracted from 10. To sub- 
tract (5 — 8) we change the signs of the terms subtracted 
and add the resulting terms to the minuend. 

Thus, 10 — (65—38)=10—5+3=8. This is correct, 
since 10 — (5—3) =10—2=8. 

Similarly, a — (¢ —d) becomes a — c +d when the signs 
of (c — d) are changed and the result is added to a. 

The minus signs preceding the parenthesis in 10 — (5 — 8) 
and a— (c—d) disappear when the parentheses are removed. 
The plus signs understood before 5 and ¢ in the parentheses 
are changed, asis the sign of each term within the parentheses, 
when we write 10 — (5—3) =10—5+8, anda— (e—d) = 
a—c-+d. Since, in subtracting one expression from another, 
we add with their signs changed the several terms to be 
subtracted, we have the following 


PRINCIPLE. A parenthesis and the minus sign beforesit may be 
removed from an expression, provided the sign of each term which was 
inclosed by the parenthesis is changed. 
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ORAL EXERCISES 


Remove the parentheses and where possible combine 
terms in the resulting expressions“ 


1,7-+(4—1). \>6. x — (w+ 2). 

FH 4+ 172 ha {w— or. 

3. 7—(—4+1).) * 8. 2+ (—w—?). 
4.%¢+[w+]. 9-2 —[—w —2} 

5. ati {w— ov}. 10.3845 («—2y+5). 


46. Removal of two or more parentheses. If neither of 
two parentheses is within the other, both parentheses may 
be removed at the same time, proper regard being given to 
the principles governing the removal of each. 

If one parenthesis incloses another, the inner parenthesis 
should be removed first, in accordance with the following 


Rue. Rewrite the expression, omitting the innermost parenthesis, 
changing the signs of the terms which it inclosed if the sign preceding 
it is minus and leaving them unchanged if it is plus. 

Combine like terms within the new innermost parenthesis. 

Repeat these processes until all the parentheses are removed. 


EXAMPLE 


Remove the parentheses and collect terms: 

12 —[15 —8a+ (8—9a)]+2. 
Solution. Removing the inner parenthesis first, 

12—[15-—8a+18—9a]+2. 
Collecting terms, 12 — [83 —17a]+ 2. 
Then removing the remaining parenthesis, 
12 —384+17a+2. 

Collecting terms, 17a—19. 
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EXERCISES 
~O- Remove the parentheses and combine like terms: 
- 1.10 — (6-8) — 
ie 2.12+ (7— 4) — (8-6). 
% 3. (8 —5+2) —(4—2)+7. 


x _ 4. 10a a—8a) + (Ta—a). 
.2n—5 0) — @Qn—- p—6). 

\ jee-@-9+ Be-Sp. 

\§ Dp “Km — p— (m—q) + (n—p) — (m=). 
“A fe =P) {2p—3n}+ (n—4p). 

: 2 — (n—p—q) — oo ae 
J wh10. (1 — p) —- 6n—2p) tle p— 2) — 

11108 19 (4 10) eee), 

4199-5 —(4. 6) ee 


\ 

13.1 4£—(8)-16):— [Gea eh 

‘ alt 15 — [8 — (2—5)]4+ (8—5) — (8-8). 
Xu. p—[2n— (8p —5)]. {4-2 a> 


16. [(n+p)—n]—p.—~¢ * 
“ 1¢. [(o-4¢-p) ee — oe ater ieee 4h 
ye: (—r—s)-[2r—s)+ (r+s). 4 - 
+; 9 Oa ~ +9) Ge) ee 
20. 20.0 + [8a—(4a—2b)]+(3b— 2a)> 
~“2la+[4a—(8x2—-—2a)]— (4a—52) pe. IS =e 
2a—[6a—(5n—4a)]+ Ba=7n). or 
23.\(52 —6y) —[—42— (4z—y)]—2z. 
24/[3 p— (2n+a]—[- Bn—2p)+5p), 
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In the following, remove the parentheses, retaining the 
LE cets, and simplify results as much as possible « - “o 
+ SU\Lte 
L(+ p) +4], L(w-+ p) — 1}. Lov + 
Ges (8r+5p)], [4n—(@8r—5p)}. 
27. [(n— p) + (p— 2 n)], [(n— p) — (p—2n)]. 
28. [(8n—2p)+ (2p—3n)], [(8n—2p)—(2p—8n)]. 
29. [(n—2p)+ (8r—s)], [(m—2p)— (Br—s)]. 
30. [(4n—3) + (5p—7)],[4n—3) —(p—7)]. 
S1y[(n* — p*) + (° — 2p), [(n? — p*) — (? — 2 p?)]. 
47. Inclosing terms in parentheses. Obviously, 12 ae 7-3 
= 12+ (7 —83), for each equals 16. 
Similariy,c +d—f=c+(d-—f). 
That the expressions in the illustration above are equal 


may be seen by removing the parentheses according to the 
first principle on page 84. 


Thus, 12 + (7 — 3) =12+7—3,andc+ (—f)=c+d-f. 
This process of inclosing terms within a parenthesis 
illustrates the 


PRINCIPLE. One or more terms may be inclosed in a parenthesis 
preceded by a plus sign without changing the sign of any of the terms. 
ORAL EXERCISES 


Inclose in a parenthesis preceded by a plus sign the last 
three terms in each of the following: 


1447-63.) 5.a+b—c—d. 
2.8H4+7—2.) 6.3a+4b—c—d. 
99 a= 7 +43: 73n—4p—q—38n. 


4,.a—b+e+d. 8.n7—-2p+p7+1. 
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The expression 15+ 7—4=15-— (—7+4), for each 


equals 18. 
Similarly, 2#+y—z=x2-—(—y+2), 
and x—-yt2z=x2-—(y-Z). 


That the right member in each of these cases is another 
form of the left may be seen by removing the parentheses 
according to the second Principle on page 84. 

Thus, 15 — (—7+ 4) =15+7 —4, the original expression, 
and «— (y—z)=x-—ytzZ. 

This process of inclosing terms in a parenthesis preceded 
by a minus sign illustrates the 

PRINCIPLE. One or more terms may be inclosed in a parenthesis 


preceded by a minus sign provided the sign of each term thus inclosed 
be changed. 


EXERCISES 


Inclose in a parenthesis preceded by a minus sign the 
last three terms in the following: 


AeA te Gee 8. n? +2 p— p?— 1x 

2.71+3+6—-2. 9.p?—4n—n?—4. 

Rie ta 4—7+2. 10. p? -—2np+nr?—n+n+1. 
~a—b+c4+d. 1l.pt+tq—-r—38n+4m. 

Breen ea 12.p+q+trtn+m. 


6. 3p+4n—q—r. 13. 2p—q+38r4+2p—q— it Oe 
Qt. 8p—4n+q-8r. G4 4p—4¢ +0? +2 pnt PW 
a the following, inclose in a parenthesis preceded by 19% 


plus sign all the terms containing x or y, and inclose in a 
parenthesis preceded by a minus sign all the other terms: 


7B. “¢? —a? — 3a. 17. y — B+ 2 ab — a’. 
16. 10 a+ 2? — 25 — a. 18. 20 ab+ x? — 4 a? — 25 B. 
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19. 2°—- 0 —40?+2y—@?—2a2y—y¥. by 2 Ava tH ) 
20.—4ab+2?—-B+4y—4a?—4ay. > | 
21.427°—@—8ay—4+4a1+4y. 

22. 2° — 9 6 — 10 xy + 36 ab — 36 a? 4 25 y’. 
23.4ab—4e7?4+e%+4aey—P44y’. 

24. 77 — 16 zy— p?+16p4+62y—6x. 


X yn’ +a + 2ab+ 8 ay +2 be+16y—2ac—H— ec. 


v 


REVIEW EXERCISES 
In the first four exercises, is the number to the right 

a Ser 8 the corresponding equation? 
Ree 6 So PA (420). 2, 
2.a7— (2a—3)=a— (7—2a)+ 6. 3. 


i 8. (4—22)—(82—12)+(4e—10)=42—20-——4z). 8. 


4. (32+6)—(4—7Txz) =19x— (ll x—4). ™ 
5. Indicate the sum of 2 2 and (x + 3); 3 and (a — 5); 
(7+ 2) and 6x%—2. 

6. Indicate the difference found by subtracting (4 x — 7) 
from (62+ 8). 

7. Indicate (9x+2) diminished by (8x—1) plus 
(2—52). 3 

8. Indicate the sum of (3 x+2), (5246), and 9a— 3)] 
diminished by the sum 4 ag — 7) and (82+ 2). a, 

9. Indicate the ages of three boys if the first is twice 
as old as the second and the third 83 years younger than 
the second. Write the equation if the sum of their com- 
bined ages is 21. 

10. Find three numbers whose sum is 34, if the first two 
are consecutive even numbers and the third is twice the first. 


CHAPTER IX 


Ty MULTIPLICATION 


Se 


48. Product of terms containing unlike letters. The » 
student is familiar with the fact that the factors of a 
product may be taken in any order. 


Thus, 3S: 2 4=4.. 952 2 aes 
Similarly, @2b—)- a, 

Again, 2m-37=3 m’-277°=2-3 mn? =6 mn’. 
This illustrates the 


Y Rute. To multiply terms containing numbers and letters, write 
the product of the numeric coefficients followed by the product 
of all the literal factors. 


49. Product of terms containing like letters. By the defi- 
nition of an exponent (p. 17), v=2x-2,andz?=2-2-2. 


Therefore 27-23 = (4-2) + (@- 2-2) = =oets, 
Similarly, . 
a-a?-a°=a-(a@-a-a):(@-a-a-a- climes Sate hoe : 
In like manner, 

3°. 34-3°= (8-3) -(8-3-3-3)-(8-3-3-3-3) 


= 31 — 324445 


Also, np’ - p= np = np**8, 
3ab-20?=6a°b =6a'+%b, 
and 3. x7yz" . Bay? = 15 x3 yte? = 15 x2 Hy! + 822, 


90 
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Therefore we have the 


\ Principye. The exponent of any letter in a product is equal to the 
sum of the exponents of that letter in the factors. This is reese 


in general terms thus: 
nix n= = ne + b, 


The law of signs for the multiplication of positive and 
negative numbers, given on page 41, applies to literal 
terms as well. 


_ Thus, (+3?) -(45n*) =4 15 n', 
(+3 n’) -(—5 n?) =— 15 n', 
(—3n2)-(+5n*) =— 15 n', 
(—3n?)-(—5n’)=+15 n°. 

For the multiplication of two monomials, we have the 


x Roe. Obeying the rule of signs for the multiplication, write the 
product of the numeric coefficients followed by all the letters that 
occur in the factors, each letter having as its exponent the sum of the 
exponents of that letter in the factors. 


ORAL EXERCISES 


Perform the following indicated multiplications : 


1. (8)(— 5). 6. n?- n°, 11. n° =n" 

2. (— 2)(6). Wine, 12. — n*- (n4). 

8. (— 7)(— 8). Sn 1", 13. — n*- (— n?). 

4. (— 427) (8). 9. n?- n?. 14. — n?- (+3 n). 

5. 3/x - Qa. 10. n® - n’. 15. — n(2 n°). 
“16. (— 2 p”)(3 p’). 19. (— 3 p*)(—4 p’). 
17. (3 p*)(— 2 p’*). 20. (— 6 b’)(4 Bb). 


18. (4 p?)(— 5 p*). 21. (— 3 x)(—2 x). 


~, 
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22. (+2a7)(—4a7x). 
23. (— 4 a°x)(+ 3 x’). 
24. (— 5 ax) (— 4 ax’). 


25. (+ 8 a’r?) (3 ar). 
26. (— 3 n)?. 

27. (5)(— 74a). 

28. (3 a)(— 7). 

29. (— 2 n)?’. 

20. (1 @) (=O), 
31. (— 3 np)’. 

$2. (8 a)(— 7a). 
33. (5 npq). 

34. (— 10 x)(4 2). 
35. (5 x)(—4 2). 
36. (— n)?. 

37. (— n)?. 

38. (— 2 n)”. 

39. (— 2 n)?. 

40. (2 ax)’. 


41. 
42. 
43. 
. (n®)(— 16 n). 

. (—4n*)(— 67). 
-43 p49 5 


(—2n)(—4n?). 
(5 m*)(9 m?). 
(Soe 


f 


-(+3p)% 74 

- (4: p)(5 n)(6 np). 
. (8 p)(—2n). 

. (—3 np)’. 

. (8 22)(—k). 

. (5 np) (— 2 n°). 
. (— 5 xy’)?. 

~ (— 5 x3y?)8, 

-(—2 pnp, 
. (2 np)’. 

. (5 n’)(— 4 n?)(— 8 0). 
-(—2k)(8 bk). 

. (— 2 a’)3(5 a)?. 


50. Multiplication of a polynomial by a monomial. The 
multiplication of a polynomial by a monomial may be 


illustrated as follows: 


45+3)=4x5+4x38=204 12=22, 
and 3(6+4)=38x6+3x4=18412=30. 


Similarly, 


b(x + y) = ba + by, 


and 2Za(e+y)=2axr+2 ay. 


Sir William Rowan Hamilton 
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For the multiplication of a polynomial by a monomial, 
we have the 


\Lrute. Multiply each term of the polynomial by the monomial and 
write the resulting terms in succession with their proper signs. 


The actual work of multiplication may conveniently be 
arranged as in the following 


EXAMPLE 
Multiply 27”?—38nyt4y—3p—6 by 2 np. 


Solution. +27n7?—-—3ny+4y—3p-—6 
+2 np 
4 n®p — 6 n’*py + 8 npy — 6 np? — 12 np 


BIOGRAPHICAL NOTE 


SIR WILLIAM ROWAN HAMILTON. It is strange that of all the 
topics treated in this book the last to be thoroughly understood by 
mathematicians are those appearing in the first chapters. But in all 
the sciences it is often most difficult to answer the questions that at 
first sight seem quite obvious. Any child can ask what electricity is, 
but the wisest scientist cannot tell. He can only explain what elec- 
tricity does. It is easy to ask how the earth came to be revolving 
around the sun with the moon revolving around it, but even the 
deepest students of astronomy differ in their theories of how it came 
to be. And so in mathematics, long after many of the more com- 
plicated processes of algebra were completely understood, the simple 
laws of operation of numbers were only slightly understood. One of 
the men who did most to clarify the nature of these laws was Sir 
William Rowan Hamilton (1805-1865). He was born in Dublin, 
Ireland, where he lived most of his life. He was a precocious boy, and 
at the age of twelve was familiar with thirteen languages. He devised 
kinds of numbers that do not follow the same laws as those that we 
use in algebra, and so threw a flood of light on the nature and proper- 
ties of these common numbers. Most of his works are very advanced 
in character and are difficult to read. 
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EXERCISES 

Multiply : 

1.%+ 2 by 3. (8. 4? —2n—A by n2.. 
2.2—3 by x. 9.—47°+6p—5 by 6 p”. 
3.2°7+4 by 32. 10.2p°?—3p—38 by —4p’. 
4. 202+ 5 by 2a. 11. p?— 3 p?— 4 by —5 pt. 
5. 27—382 by x”. 12.82—42°—32*by—32'. 
6n—38n+2by3n. 18. 7xy?—ax+y by 2 xy. 
7.p?—5p’?+3p—lbyp*. 14.2°—2ayt4y by —2 xy. 


15. n* — n?p* + pt by — n?p*. 

16. — n’*p? -—2np+7q@ by — 4 npg. 
17.82°—7T2?+11lx¢2—5 by —3 2%. 
18. — 8a?— 10 ax + 40 2? by 5 az’. 


Perform the indicated multiplications : 


19. 8(2 « — 38). 25. — 8(v?7 —2n—6). 

20.4 “(4 — y). 26. 5 np(p? -6p+9). 
21.—7(3x—6). 27. —2n(np —rp— 8 sp’). 
22. —8(— 8a+2 5). 28. (n — an + a”)(— 3 an). 
23. —2x2(8x—6). 29. — 6 be(ba? — cx +d). 
24.52°(8 22 —3 2). 30.38 ¢77(—22+32?— 2.x!) 


31. What is the area of a square whose side is x inches? 
2x inches? 3 x inches? 4 x inches? 


32. What is the area of a rectangle whose length is 3 x 
and whose width is 2 2+ 3? 


33. What is the volume of a rectangular solid Gifiose 
dimensions are x + 1, 2x, and 5x? 


5 Ga. The edge of a certain cube is 3 « inches. What is the 
total area of the cube? its volume? 


~ J 
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51. Multiplication of polynomials. Clearly, 
(6+ 3)(74+4)=9x11=99. 
The multiplication may also be performed thus: 
(6+ 3)(7+ 4) = 6(7 + 4) + 3(7+4 4) 


= 424 24+ 214+12=99. 
In general terms, 


ae aay ae 9d) 4 ea) Sab had 4 be Led. 


EXAMPLE 
Multiply 2%—5 by 3242. 
Solution. igi 5 
32+ °2 é 
Multiplying by 32,62?—152 = first partial product. 
Multiplying by 2, + 42 —10=second partial product. 


Complete product, 6x? —11x2—10=sumof partial products. 
This gives for the multiplication of polynomials the 


Rute. Multiply each term of the multiplicand by each term of the 
multiplier in turn, and add the partial products. 


EXERCISES 
Multiply : 
l.z+3by2+2. @M2e«+ybyrx+2y. 
2.22+4by2+8. 83m+4n by 3m—5n. 
3.32+6 by 22+3. (9382 —2 by 24-3. 
B22—5by 42+7. 10) —3n+11p by 5n—p. 
5.32—2 by 32+8. 11. nx — px by gx + rz. 
6.5 —4a by 4a—7. 12. — nx +p by gx — na’. 


tne 
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43. 32-—2yby5r+4y. 
(Me, n?—5n+6 by n—8. 
.3p?—-8p—Thy2p+4. 

wit) }a—ab—bbya+b. 

Gh. bx? — aba + 4 b? by bx + 2 BD. 
GQ 22 —222-—52 by 2227-427. 
(1) 2°—87r+12 by 2?—387r—4.. 
@Q. 2 —2ay—B8y by 2 —2ay—3y. 

Expand *, 

S21. (222-4a4—1)(2 2-2). 

92. (n? —38n—2)(n?9—2n+3). 


Yes. (p?>—38p+2)?. 27. (4m — 2 m* — 5)”. 
24. (n — n* — 3)”. 28. (8n? —4n—7)*. 
28. (p?—-2p +4)? 29. (3 n2?—10 np +8 p)*. 
26. (3 p — p? — 2)°. 3d. (2 be? — 8 be + 1) 


a. 
, $452. Powers. A power of a number is the product obtained 
\Sy using the number as a factor one or more times. 


For example, 4, or 22, is the second power of 2; 27, or 3°, is 
the third power of 8; 64 x°, or (2 x)§, is the sixth power of 2 x. 


58. Arrangement. A polynomial is said to be arranged 
according to the ascending powers of a certain letter when 
the exponents of that letter in successive terms increase 
from left to right. 


Thus, 8+32—52?+ 2 x‘ is arranged according to ascend- 
ing powers of x. 

Again, y2—3y+4 and yt — 3 zy? + 3 zy* — x are arranged 
in descending powers of y. 
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‘Whenever it is possible, the multiplicand and the multi- 
plier should be arranged in the same order with respect 
to some letter, as the addition of the partial products is 
then more easily performed. 


54. Check of multiplication. The work of multiplica- 
tion can be checked by giving a small numeric value to 
each letter involved and finding the corresponding numeric 
values of the multiplicand, the multiplier, and the product. 
The product of the numeric values of the first two should 
equal the numeric value of the product. 

The smallest number which gives a reliable check is 2. 
This is true when only one letter is involved. If more 
letters are involved, the check is not certain if 2 is used. 


The number 1 is sometimes convenient for checking, but it 
will not check exponents, since a? = a? = a= a), etc., ifa = 1. 


EXAMPLE 


Multiply 223—7—42+3 2? by «?—6—5z, and check. 


Solution. Arranging both terms in descending powers of x 
and multiplying, we obtain: 


If v2; 

2074+ 32?7-— 42 —- 7 =164+12-8-T7T= 13 
v— 5a — 6 = 4—10-6 = — 12 

2x2°+ 82'-— 423° -— Tx? — 156 


—107*— 15 23+ 20 2? + 3852 
— 1273-18 27?+ 242+ 42 
22°— Tat—31ee— 52°+ 5924 42 


Check. 64 — 112 — 248 — 20 + 118 + 42 = — 156. 


Since —' 156 is obtained in both parts of the check, the 
result is probably correct. 
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EXERCISES 
Multiply and check: 
“1.22—382-—8by22—-—4. 
2.3m—2m+7 by 2m’—3m+3. 
3.2¢°+2—4 by 2’?+24+2. 
4.3n—8n—lbyw+2n—8. 
5. 32°—54—2 by 38x°—5a—2. 
(¥ 6. 82-4442 by itself. 
mae," kh+k? by h? + kh+k’. 
8. n?—n+1 by n?—-2n4+2. 
9 30° 1+42?-—224+3 by 2’?-—3824+4. 
d ah s—2s+s—8by8s?—2s+1. 
il wll. 8 n— n* + 6 by 4n — 3 0? — 5.) 
air, Arrange both expressions in descending order. 
4 ENON: sbya Moped 
13.38¢7—22°+27-—S8by4—2?—42. 
14.38nr7—5n'+n+1 by 5—r7?+7n. 


Expand: 
PMG 52—20— @o—bayb2—20+ Can beh 
ti \16. (83a—4e@4+6+0')(2+ 43-2048 0°). 
{17 82-44725)\(7-47°+2 05-82). 

\_18. (n? —2np+3 p’)(W? +2 np +3 p’). 

19, (x’y — yx) (3 xy — 4 ay) (2 ay — xy’). 
20. (n+ p+ — mp — nq — pq) (m+ p+ 9)-) 

- Sel. +040)". 

122. (2n—3p+4r). 24. ER 5 
\os,(80—5b+6). 2. a 2p +3r—de}) 


CHAPTER X 
PARENTHESES IN EQUATIONS 


55. Simple equations involving parentheses. In dealing 
with algebraic expressions involving parentheses great care 
must be exercised at all times. Accuracy in such work 
demands especial care in removing any parenthesis that is 
preceded by a minus sign. 


EXAMPLE 
Solve the equation 4(2 7+ 1) — (4z—6) = 22. 
Solution. 4(22x%+1)—(4x2--6) = 22. 
Removing parentheses, 8x2+4—427+6= 22. 
Combining, 4x7+10= 22. 
Transposing, Alri te 
Dividing by 4, Tito 
Check. 4(2-3+1)— (4-3-6) = 22. 
Simplifying, 4 — 6 =22" 
or 22a 
5 EXERCISES 
é. and check : 
1. 8(2 +3) = 15. 2 propia Tide sae 
2. 5(a —1) = 25. § 7A ¢—2)-2=22,7 


3. 8(¢+ 6) =12.- 2 8. eo ere 9 
4, 88-2) +2=—1f ayy gg 8(6 — 2) — ie WF 
5. 5(a@ —4) + 14= iM edna es 


100 NEW FIRST COURSE IN ALGEBRA 


11.4(82—5)4+20=3(%+ 9). 
12. 8(2+5)4+7=5(84+ 2). 
13. 8(¢ + 4) = 5(a + 8) + 4. 
\u4. T(n — 8) — 208 —n) =0. 
15.9 p— 38(2 p— 4) = 2(—p)4+7. 
16.3 p—9(8 p+ 4) =38(p+ 9). 
\Yiv. 7 p—12—2(p —6) =2 p—15. 
ae 5(8n—1)—Tn=3(n+ 6) —8. 
us, (0 - (p+ 8) =7- @-p)+8). 
Solution. Expanding, 
p+4p—382=T7T—(6—p-—p”’). 
Removing parentheses, 
p+4p—82=7—-6+pt+p 
Transposing and combining, 


3p = 33. 
Dividing by 3, Peat 
Check. (11 — 4)(11+ 8) =7 — (2—11)(11 4+ 8). 
Simplifying, 7-19=7—-— (—9-14); 
that is, 133 = 7 — (— 126), 
or 133 = 133. 


J 
PNG (n+2)?— (n+8)?=—17. 
S07) (n + 2)? — (n — 8)? 10 =0. 
p22. (8 x — 6)(4 4 — 8) =12 2? — 96. 
SS (n + 3)(n + 5) = (n+ 15)(m — 10). 
(p+ 2)(p + 5) = (p— 4)(p— 7). 
i253 (n — 7)(6 + n) — (n—5)(n +6) +16=0. . 
(x — 5)(@+3)\(e+2)—5=(@’?—2—-1)(a+)). 


R27 (x? —24+4)(2?+2x2+44) — (442) = (x24 2)? + 20, 
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ORAL EXERCISES 


1. The length of a rectangle is x + 2 and its width is 
3. What is its area? its perimeter? 


2. The length of a rectangle is J and its width is w. 
What is its area? its perimeter? 


_ 8. A rectangle is x + 2 feet wide and 2 x + 8 feet long. 
What represents its area? its perimeter? 


4, A rectangle is x feet wide and 3 feet longer than it 
is wide. What represents its length? its perimeter? 
its area? 


‘sy One book costs a cents. What represents the cost 
of 3 books? 5 books? x books? x + 2 books? x — 3 books? 


6. Represent the total area of two rectangles whose 
bases are x + 2 feet and x+ 38 feet, and whose altitudes 
are + —3 and x+ 5 feet respectively. 


7. Represent the area of a triangle whose base is x feet 
and whose altitude is 3 feet more than the base. 


8. Represent the combined areas of two triangles, one 
of base x + 2 and altitude x + 3, and the other of base 
2x —1 and altitude 2x+ 38. 


9. What would represent the volume of a cube whose 
edge is x inches? whose edge is x + 3 inches? 

10. A is x years old now. What will represent his age 
2 years from now? 2 years ago? m years from now? 
nm years ago? 

11. A and B each have n dollars. If A gives B 10 dollars, 
how much will each have then? If A gives B x dollars? 


r ‘. 12. A and B each have x + 10 dollars. B spends d dollars. 


A earns twice as much as B spends. What will represent 
the money they then have? ‘ 
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‘56. Problems involving parentheses. Two or more un- 
knowns and the use of parentheses are involved in the solu- 
tions of the following problems. One unknown can always 
be represented by a single letter and the others by bino- 
mials involving this letter and one or more numbers. In 
some problems it will be necessary to inclose these bino- ~ 
mials in parentheses and to think of them and use them as 
if each represented a single number. 


EXAMPLE 


The sum of two numbers is 47. Three times the less 
number is 4 less than twice the greater. What are the 
numbers? 


Solution. Here 3 x lessnumber = 2 X greater number — 4. 
Let n = the less number. 
Then — 47 — n= the greater number. 
Substituting these symbols in the foregoing statement, 
3 n= 2(47 — n) —4. 
Removing parentheses, 
3n=94—2n—-A4. 
Transposing and combining, 
5n= 90. 
Dividing by 5, (a lth 
Check. 47 —n = 29. “ 
3x 18=2x29-4. ee 
Multiplying, 54 = 58 —4, : 
Combining, 54 = 54, 
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PROBLEMS 


aQ) The sum of two numbers is 58. Twice the greater 

equals seve a the less minus 11. What are the 
numbers ? / Li ¢ 

2. \The sum of om Paviterst is 830. Three times one of 

then? minus Vier the other equals 10. What are the 
numbers? / &# - 


Find, three Eabutive numbers whose sum is 78. /-” 


4, Findthr eeconsecutive odd numbers whose sum is 87g - 
5. The"s abe of fies numbers is 110. The first is 12 
more than the second, and the third is 2 less than twice 
the second. What are the numbers? 
<8. The length of a hall is 12 feet more than three times 
the width. It requires 120 feet of base board f for the hall. 
What are the dimensions of the hall? / ff 
7 . Twice a number plus 4 equals nee times the num- 
ber ioe 19. What is the number? 2 7 
8. A father is 2 years more than five times as old as 
his son-The sum of their ages is 38. How old is each? 
9. The perimeter of a rectangle is 224 feet. It is two 
fifths as wide as it is long. What are its dimensions? 
10. Twice a certairi odd number plus three times the 
next consecutive odd number is81. What are the numbers? 
1) The altitude of a triangle is 2 inches shorter than 
its base. What are its dimensions if its area is 2 square 
inches more than half that of a square whose side equals 


'« the altitude of the triangle? 


Ad The sum of two numbers is 15. The difference of 
heir squares is 15. What are the numbers? )' . 


yi The difference of the squares of ee consecutive 
umbers is 31. What are the numbers? /4 ' pe 


o>, 
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14. The difference of the squares of two cone uate even 
numbers is 108. What are the numbers? » @ ; v 


15. The product of two consecutive even numbers is 76 
less than the seo of the greater number. What are the 
numbers?3 6 ' : 


16. One pete exceeds another number by 4, and its 
square exceeds the square of the second number by 48. 
Find the numbers. § ; 1 


Solution. (Greater number)? — (less number)? = 48. 


Let G = greater number. 
Then G— 4= less number, 
and Y X. C-— G—4=4,; 
or \@ — 1 — 8 G+ 16) = 48. 


Removing parentheses and solving, we obtain G = 8. 


17. Find two numbers such that their difference is 7, 
and the difference of their squares is 119. } ot 5S 


18. Find two numbers whose sum is 18, nat the differ- 
ence of whose squares is 108. 


19. Find three consecutive odd integers such that the 


product of the first and second is 154 less than the square 
of the third. 


20, Find four consecutive odd numbers such that the 
product of the first and third is 72 less than the product 
of the second and fourth. 


~ 21, Find three numbers such that the second is 7 more 
than the first, the third 3 less than the first. The sum of 
the first and the square of the second is 103 more than the 
square of the third. . 


22..The difference ieee the squares of two consecu- 
tive odd numbers is 144. What are the numbers? 
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\s\s room is 4 feet longer than it is wide. If the length 
is‘increased by 4 feet and the width decreased by 2 feet, 
the floor area will be increased by 8 square feet. Ho 
large is the room? (pt t 4)( a -2) ~ (V+ Ne 9 
The length of a lot exceeds its width by 15 feet. If 
each were increased by 5, the area would be increased by 
700 square feet. Find the dimensions of the lot. 
ind a number such that if 6, 15, and 25 are in 

turn added to it, the product of the first and third sums 
will be 470 more than the product of the number and the 
second sum. 

[Ri Pivice $253 among eight men, four women, and five 
children, so that each woman shall receive three times as 
much as any child, and each man $6 more than any woman. 

2% The value of 11 pieces of money, consisting of nickels 
and dimes, is 75 cents: How many of each are there? 


Hint. Value of the nickels + value of the dimes = 75 cents. 


Let n = number of nickels. 

Then 11 — n= number of dimes. 

Now 5 n = value of the nickels in cents, 
and 10(11 — n) = value of the dimes in cents. 

Therefore § 5n+410(11—mn)=75. 


ls! The value of 23 coins, consisting of nickels and dimes, 
is $1.60. How many of each are there? 

J 29/The value of 37 coins, consisting of nickels, dimes, 
and quarters, is $4.25. There are twice as many dimes as 
nickels. How many coins of each kind are there? 


30.)A boy has 53 coins, consisting of nickels, dimes, and 
quarters, amounting to $5. He has twice as many nickels © 
as dimes. How many of each kind has he? 
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31. There are 27 coins, consisting of nickels, dimes, quar- 
ters, and half-dollars, amounting to $5.95. There are 
2 more dimes than nickels and as many half-dollars as 
nickels. How, many of each kind are there? 


82. A recess is the same width as a square, but is 
2 feet longer. The difference between their areas is 32 
square feet. What are the dimensions of each? 


33. A certain rectangle is 5 feet longer than it is wide. 
If 2 feet are taken from the width and 3 feet from the 
length, the resulting rectangle is 24 square feet smaller 
than the original rectangle. Find the dimensions of the 
rectangle. 


34. The radius of one circle is 2 feet more than that of 
another circle. The area of the first circle exceeds the area 
of the second circle by 88 square feet. Find the radius of 
each circle. 


35. There are 18 steps in a certain stairway. The depth 
(tread) of each step is twice the height (rise). How deep 
is each step if 9 yards of carpet are required to carpet 
the stairs? ; 


36. The radius of one circle is 2 feet less than the radius 
of a second circle. The difference of their areas is 22 square 
feet. What are the diameters of the two circles? > __ 


37. The side of one square is 7 feet less than the side of a 
second square. If two other squares be constructed, one with 
a side 2 feet greater than the side of the smaller: square, and 
the other with a side 2 feet less than the side of the larger . 
square, the difference of their areas will be 69 ore 
Whai are the dimensions of the original squares? ™ 


38. A is three times as old as B, and C is 8 years. ade 
than B. The sum of their ages is 48 years. How oldis pasa tH 


¥ Sie 
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39. A is 5 years older than B, and C is 7 years younger 
than B. Five years ago the sum of their ages was 43. 
How old is each? 


Hints. (A’s age — 5) + (B’s age — 5) + (C’s age — 5) = 48. 


Let 6b = B’s age in years now. 
Then . b+ 5 =A’s age in years now, 
and b — 7 = C’s age in years now. 


Substituting these symbols, we have 
6+5-5+6-5+b—-7—-5=43. 
Combining, 36—17= 48. 


40. A is 5 years younger than B, and C is 10 years older 
than B. In 10 years the sum of their ages will be 110. 
How old is each now? 

@) A is now 63 and B is 33. How many years ago was 
A three times as old as B? 

42. A is now 38 and B is 59. How many years ago was 
A half as old as B? 

43. The sum of the ages of A and B now is 30 years. 
In 9 years A’s age will be three times B’s age. How old 
is each? 

44, A is four times as old as B. Five years ago he was 
three times as old as B will be one year from now. How 


old is ii: 
eh ocer has 20 ands of coffee worth 50 cents per 

5 ae How many pounds of 35-cent coffee should he mix 
with it to produce a mixture worth 40 cents per pound? 

46,A dealer has on hand walnuts priced at 45 cents a 
. pound and Brazil nuts priced at 38 cents a pound. How 
many pounds of each should he take to make a mixture of 
147 pounds which will be worth 39 cents per pound? 


ay , fe 
Wo ‘ee — 
= 


CHAPTER XI 


DIVISION 


57. Division by a monomial. Division is the process of 
finding one factor (the quotient) of a product of two fac- 
tors (the dividend) when the other one of them (the 
divisor) is given. 

Thus, the product 6 divided by the factor 3 gives the other 
factor, 2. Also 5 x divided by 5 gives 2, etc. 


As in arithmetic, the indicated division may be written 
as a fraction and often simplified. 
Thus, 2 divided by 5= 2; and 9 ch by 12 is $ = 3. 
Similarly, bron’, and 6a + 8 bis 22 or =5F 
By the definition of an exponent (p. 17), 
e=a-a-aanda°=a-@-a-a-a, 


5 did Qs 2 
Then a" _@-a-a-a-a 


rum erer aac 
Similarly, e = S:5 Bee a = 33 — 35-2 
Also, Le = aot oi ppt aes 
Again, Mla a ee tas m= nn?—, 
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These examples illustrate the 


‘PRINCIPLE. The exponent of any letter in the quotient is equal to 
its exponent in the dividend minus its exponent in the divisor. f 


This principle expressed in general terms is 
nitne=ne-s, 


What the above formula means when 6 is greater than a 
will be explained later when the need for such division arises. 
It will be seen then that this case is no exception to the prin- 
ciple expressed by the equation. 


From what precedes we see that 


ae 
mnp® 
eae = m np = mnp. 
Also, an? + x7’? = a. 


Hence a letter which has the same exponent in divisor 
and dividend should not appear in the quotient. 
The law of signs in division (see Chapter III) may be 
indicated as follows: 
+ bx divided by (+ 6) =+ x. 
+ bx divided by (— 6) =— «x. 
— bx divided by (+ b) =— 2. 
— bx divided by (— 6) =+ 2. 
Now — 16 n divided by 8p =—=. 


Here the quotient is a fraction and the minus sign indicates 


that the fraction is negative. 


; 4 
Similarly, 8 x divided by (-2y) = — Sat 


4 2. 
and - — 20 n?p divided by (— 5 g') = + <2. 
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For the division of monomials we have the 


RULE. Divide the numeric coefficient in the dividend by the numeric 
coefficient in the divisor, following the rule of signs for division. 

Write after this quotient all the letters of the dividend except those 
having the same exponent in the dividend as in the divisor, giving to 
each letter an exponent equal to its exponent in the dividend minus its 
exponent in the divisor. 

If there are any letters in the divisor unlike those in the dividend, 
write these under the preceding result as a denominator. 


ORAL EXERCISES 


Divide: 
G20 by 2: 14. 8 x? by (— 22). 
2.15 by (— 8). 15. — 24 «° by (— 6 2%). 
8. — 32 by (— 4). 16. — 35 a?x* by 7 ax. 
Ae Dies iG. W15 ax’ by (— 3 be’). 
5. a° by a’. 18. 14 a°b by (—Tab).) “7 
6. — a” by a®. 19. — 27 n>p® by (— 3 n*p?). 
iv byi(— x). 20. — 27 np* by (— 9 np). 
8. — x8 by (— 2”). 21. 77 x®y® by (— 7 xy8). 
9. np® by (— np). 22. 18 a’c*x? by 2 axe. 
10. — n*p° by np. 23. 49 ax by (— 7 bx). 
11. — nap by xp. 24. — 38 xy° by (— 2 xy°). 
12. n?x*p* by np. 25. — 28 n®p? by (— 4 n'p*), 
13. —9 a® by 3 a’. 26. — 45 ntxp® by 9 nap.) 
15 n2n4 2 11326 Ey a6 
a7. ae OF. 30. ee 33. Se 
AB n2456 — 11 ah 22 Bayon 
28. ar 31. =, oe sg ae 
jad 98 Tal 


Tp rt 7 —16n p> 
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58. Division of a polynomial by a monomial. In multi- 
plying a polynomial by a monomial (p. 92) we multiply 
’ each term of the polynomial by the monomial. In division 
the steps of multiplication are reversed and each term of 
the polynomial is divided by the monomial. 


Thus, ear pa) 2 = 2S 4 En tp. 


oe 
9 x4 aglow 21 oF 


Again, = 3 3 


—327°+427-—7. 


Therefore, for the division of a polynomial by a mono- 
mial, we have the 


Rue. Divide each term of the polynomiai by the monomial 
and write these results in succession. 


ORAL EXERCISES 


Perform the indicated division: 


Creo. iF K) 8 az — 10 a2? 
ae aaa ss ae ae 
a’y — x3 5 9 ax* — 12 a*x? 
2. ee ah ee age 
re — x4 ab + ad 
Sec ree Seas 
4 Ou Ar, 9, re + 30 axy* 
: hea — 5 xy 
5 9a2—18 2° 16 np’ — 36 n?p? 
a 13 ¢ f 4 np° 
8a— 120% 21 x*y* — 28 xy? | 
6. Ta ne 12. Te Ley 
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8 aty — 12 xy? + 16 ey 
A uty 
rt’ — st? + qt? 
ye ‘ 
12 a?b* + 9 a4b? — 27 a®b* 
— 3 a’b 
16 a*b’ — 24 a°b§ — 32 ab" 
— 8 ab 
75 xyz — 45 x’yz* + 90 yee 
15 xyz 
d(@ + 3) + d(x + 8) 
x+83 
38(a+1)—-2a(¢+ iL) 
x+1 
(a+b) — 20+), 
a+b 
S60 et) = Meer 4) 
3e+4 ‘ 
(a— b)e — (a— b)d_ 
a—b 


13. 
14. 
15. 
16.. 

ie 
18. 
19. 
20. 
21. 


22. 


~) (x — y) —38(@ — y) 
93.  (—O(GR aia 


g4, 16(8 x — 4)*} 24(8 x + 4)° — 48(8 x — 4)? 
e — 8(8244)! - 
— 5(ac? — 2 d)?+ a(ac? — 2 d) 
5(ac? — 2d) - 


v—y 


25. 


26, 
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59. Division of one polynomial by another. In arithmetic 
the work of long division is commonly arranged as follows: 


2276 Quotient 
_ Divisor, 346|787496 Dividend 


692 Check. 2276 
954 . 346 
692 13656 
2629 9104 

2422 6828 
2076 787496 
2076 


It should be noted that in the above 


Dividend ‘ 
ree ee 
and Quotient x Divisor = Dividend. 


These relations hold in algebra as in arithmetic. 
In algebra, division by a polynomial is carried out in a 
similar manner, as is seen in the following 


EXAMPLES 
1. Divide 2 2? — 10 x + 12 by x—2. a. 
Solution ; Check 
22-6 Quotient 2x2—6 
Divisor, a 2[2 xv?—10x2+12 Dividend x—2 
Ve See Me =(e7—2)-2x%. 227-62 
—~ 62412 —42%+12 


— 62412 =(¢@—2)-—6. 227-102+12 


i Seong 
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2. Divide 164+ 12 a? — 15 — 22 a? by 2a—3. 


Solution Check 
6a? —2at+5 6a — 2a+5 
2a— 3/12 a2 — 220°+16a—15 2a— 3 
* 12 a —~18 a? 12a®— 40?+10a 
— 4¢+16a —18 a+ 6a—15 
= 407+ 6a 12 a8 —22a7+16a—15 
) £100 — 15 
+10a—15 


The method of dividing one polynomial by another is 
expressed in the 


Rue. Arrange beth the dividend and the divisor according to the 
descending (or ascending) powers of some common letter, called the 
letter of arrangement. 

x Divide the first term of the dividend by the first term of the divisor 
and write the result as the first term of the quotient. 

X Multiply the divisor by the first term of the quotient and subtract, 
being careful to write the terms of the remainder in the same order as 
those of the divisor. 

., To find the second term of the quotient, divide the first term of the 
remainder by the first term of the divisor, and proceed as before until 
there is no remainder, or until the remainder is of lower degree in the 
letter of arrangement than the divisor. 


‘. CHECK. Quotient X Divisor = Dividend. 


60. Numeric check for division. The following numeric 
check for division is often useful. 


‘. Rue. Assign a small numeric value to the letter or letters of 
' the dividend, divisor, and quotient. Then divide the numeric value 
of the dividend by that of the divisor. The result should equal the 
numeric value of the quotient. 
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\phis check has certain advantages over the check stated 
in the general rule for the division of polynomials, as it 
is shorter and involves a totally different series of opera- 
tions from those used in the work of the division itself. It 
should be noted, however, that while 1 is the easiest num- 
ber to use, it does not check errors in exponents. Hence 2 
or 8 are better numbers’ Any number which makes the 
divisor zero must never be used. 


This method of checking division is illustrated for Ex- 
ample 1 (p. 113), as follows: 


4 


Check. Let x have a numeric value of 4. 
Then 2 x? —10 «+12 will have a value of 4 (Dividend), 
x — 2 will have a value of 2 (Divisor), 
and 2x — 6 will have a value of 2 (Quotient). 
Here 4+2=2. 


It will be noted in the example cited that the value x = 2 
would have made the divisor equal to zero. The value x = 3 
could have been used, but it gave a value of the dividend equal 
to zero, and was avoided for the sake of clearness. 


EXERCISES 
Divide the following and check as directed by the teacher : 
ia? + 100+ 24 by a+4. 4.2p?-3p—2by2p+l. 
(2 2 +n —6 by n — 2. ‘6.n? —2n—15 by n+8. 

Bib w+ In+2by n+. 6. 5 n?—22n+8 by n—4. 

7.30°+82—-—88by2+3. 
8.6n7+19n—Tby 38n-1. v/ 

9.3 p? —ap—2a7 by p—a. 
10. n? —1lln—6 by n+8. 
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11.4p?—8np+3n by 2p—3n. 
12. 8n3 —12n2?+6n—1by2n—1.) 
13.¢°—14a—8bya—4. 
14.n3?—11n+4+ 6 by v7 +3n—2. 
15. p? — 15 p? + 65 p — 63 by p — 7. 
16. p> —11 p+6 by p—3. 
i7.a°+307b4+ 3ab?+ 0? by a+b. 
18.2n?—147n?+14n+12 by 2n—4. 
19. 3 n* + 28 n? + 89 n — 240 by 3n — 5. 
290." 87 p +6 p? — 24 — 23 p* by 2 p — 3) 
21.—40 p— 31 p?4+21+4 p*+4p' by p? —347 p. 
22.n° +8 by n4 2. 27. n> — p? by n— p. 
23.8 p?' +1 by2p+1. 28. n°+ p> by n+ p. 
24.8n3—125 p> by2n—5p. 29. n°+ 348 p* by n?+7 p. 
25.4125 p> byn+5p. 30.24—16by 242. 
26. 27 n? +8 p® by 83n4+ 2p. 31, x*— 16 by x — 2. 
61. Inexact division. In division it frequently happens 


that the divisor is not contained in the dividend exactly ; 
that is, without a remainder. 


Thus, 25 divided by 4 gives a quotient of 6 and a remainder 
of 1. This is expressed in 


Similarly, —— = 3.¢ +2. 


The result of division when there is a remains can be 
expressed in general terms thus: 


Dividend _ ; : Remainder 
Diver = Partial Quotient + Dnaore 2 
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EXAMPLE 


Divide 6 a? —18a+8 by 8a—-2. 
3 
2a 3 ae 
Solution. 8a—2[6a?—13a+3 
6a*—4a 
— «9a + 8 
— 9a+6 
=3 
Check. (2a—3) X (Ba—2)—-8=6a@2—18a4+6-8. 
=6a?—134a+3. 


62. General check for division. (a) When the division is 
exact, multiply the divisor by the quotient. The product should 
be the dividend. 

(b) When there is a remainder, multiply the divisor by the 
partial quotient and add the remainder to the product obtained. 
The result should be the dividend. 

NoTE. We saw on page 2 that it is customary to represent the 
product of two letters by placing one after the other with no sign 
between them. Thus, ab means a times 6. But addition, not multi- 
plication, is implied by placing the fraction 2 after the number 3. 
This practice comes down to us from the Arabs, who denoted all ad- 
ditions by placing the number symbols in succession without any sign 
of operation. The later Greeks also had the same notation. 


EXERCISES 
Divide the following and check as directed by the teacher : 
(i, 6n?— 180-6 by 2n—3. 
79.19 p+ 12 p? +21 by 49-8. 
3.6 7?+ 117 — 35 by 2n—7. 
4. 25 p*+ 30 p?—7 by 5 p?— 7. 
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5.—-2n?—8+7'+4n by n—-2. 
6. n’ — 15 n? + 65 n — 66 by n— 6. 
7 p>—8 p'e+ 3 pe? —c® by p—c. 
8.1027? +10x—502°?—1 by 527-1. 
—69. 6 p> —18 p+ 12 by p—1. 
10.3 p?'— p?+5p4+9 by p?—27p+9. 
11. a3 + 28 a? — 18 a— 180 by a— 38. 
42, 23 x? — 87x — 24-6 x by 2243) 
“13.7 +5np—2n+10pbyn+5p. 
14.4n7+3en+ 8an+6ac by 4n+3¢e. 
“15. 5389+ 8— 538 p? +12 p? by 4p°—-Tp—-1. 
16. 25 p? — 10 p*+ 86 p+ 72 by 5 p— 6. 
17.2an+52y—5ny—s8ax by 3x2—2n. 
SIS>3 nt +11 n'—3n? +17 n—4 by n—3 nr? —4, 
_—19. 23 n? + nt — 55+ 11 n? — 140 by n? — 5. 
—20.4p?+1+p°+4p+6p by 2p+p?+1. 
21, 21+ 40 p — 31 p*?+ p*—4 p? by p? —3—Tp. 
_— 22.n4'—8ni+ 24 nv? — 32 n4+ 16 by n?—-—4n4+4. 
* 93.1224 n — 42 n? + 10 n* — 27 n? — 419 by 942 n?—5 n. 
24; 0®§ —5aet+9a2 —6a2?9—24+ 2 by 227-3242. 
25. 30 2+ 4+ 11 2? — 82 2?—12 24+ 48 by 27—448 2, 
26. 138 y — 86 — 142 y3+ 56 y*— 70 y’ by 4y?—18 y+ 6, 
27.12 2° — 3024+ 8234+ 142?—1424+4by62°—-22742, 
ves. 4g? — 16 y +2 y!+24—14 y? by y2+2—6y. 
29. 28 «4 — 90 x*y + 156 xy? +90 xy? +28 y* by 42°+ 10 zy, 
‘go. ni — p> by n— p. 33. 7 + y® by n+ y. 
31.n®'—1 by n—1. —~34, n° + p*® by n— p. 
32.n®—1l by n+1. 35.n° — p> by n+ p. 


‘¢ 
|S. 
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36. n° — p> by n — p. 
BA p* — 5 py? — 3000 by p—5. 

38. 64 n° + 27 p® by 4n? +3 4, 

39. p—2np+n?—a by p—n+a. 

40. 81 p* — 256 by 27 p* + 36 p? + 48 p+ 64. 

41.6 n*— 7 n> — 28 n? + 8n— 21 by 8n?—5n—7. 

42. p*+ pn? + n4 by p?+ pn + nn’. 
Y 43. 8p? — 50 p? + 32 by 4 p?+ 6 p— 8. 

ni — nip — np + p> by-n?—2np+ p= 

45,738 — 3 npr + p? +73 by n+p+r7. 


a7 ffs 


REVIEW EXERCISES 
Name the factors in: 
fant A aayz®. 2.7 a®bc'd®. 28. 10 aryl... ~ ay Qe l0yas. . 
What is the coefficient of x in: 
5.9abe’. 6.3aye. 7.15 awe’, 8. 10 abcr*yz. 
9. What is the coefficient of a in Exercises 5-8? 
10. What is the coefficient of b in Exercises 5-8? of y? 
of z? 
What is the exponent of x in: 
41. az’. 12. 6 xy’. 18::9'a*m: 14. xac?. 


When x = 2, y = 3, z=5, find the value of: 

15. V2—y?. 17. (2+ y +2)’. 19. x? + 2°, 
16. Vy +z. . “4s, (@+yP—(@—y). 20. Vyz+ 22. 
ei Ve + yo. 22. V3 yz + 22. 
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a ag ee Om ae find the value of 3 xy’; 5 xy; 
2a’y>; Tay —4 xy. 

\ a ee the sum of a2a2-+a2?+ 3 ay, 4a°x—2ax"+5ay, 
Tax? —6ay, and — 4a’ —3 az?+3 ay take the sum of 
5 aa —8a2?—5 ay, —120?x+2ax?+7 ay, and 7 ax’— 3 ay.- 

Simplify : 

25.2Vxe—y—8Vae—ytTVe—y-—b6Vae—y. 

26. a(a+ 6) + bia + db) -- c(a+ b) —3(a+4+ 9). 

27. 6(4 —2y)+38(a—2y) —5(a—2y)—a(x—2y). 

28. 2ab(w+v) +3 ab(w+v) —T(w+) —abw+?). 

29. (x — y)Vab + 12 Vab — 4-Vab — (« — y)Vab. 

TifA=@+4ab—80'?*, B=20b4+40—-—38¢,C=P4 
2a?—3 ab, D=a*—20’+ 2c’, find the expression for : 

(30. A+B—C—D. 31.4—B+C-—D. 

1 32.-2A+B+C—2D. 


Find the values of the unknown in: 


38.2m+5=im+7. \86/ 2(6— 3) =b 41.4 
34. 6(n +3) =4(4+6). 87. 2et+S+a=de— 2. i | 
35," F° 3 n—10. 98. 3(¢ +2) = 4(@e— a) | 


Which of the following equations are identities and 
eee are equations of condition? 


39.8a—7=2a. Magy, 
40.%-—3=327—-4. | 
41.3(¢a+1)=32+43. : 
42.3(¢—8) =5ete—4+24+1—2@ 46). 
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Remove the parentheses and collect like terms: 
@3.32—4y—[8z2-82—(2y—82z)—9xr427], 
(44.4a—[8a— (8a+2b)+4]— (86-6). 

45. (44+ 82—4y)]+[42—- (82-4 y)]. 


Multiply and check: : 
46. a—2—a?+2a@ by 2a—a—1. 
\ Gs. @y = 2 Fa) (ey — 5 ay) (8 a'y — ay). 
(a—364+2c)*.. 


49. ae ae } 
50. (2x—4y)?— (2243 y)’. 
51. [a+ (2a7+3)][a— (207+ 38)]. 


Solve for the unknown: 


52¢ (k —7)(4+k) —(k—5)(kK +8) = i Al 
(30—5)(44—2) =1222—172. ~ 
54. (6b — 5)(26+ 3) +21 =2(6—5)(6+ 5). 
Divide: 
5, 4(we— 2 d)? + x(a?e — 2 d) — 2(a’e — 2.d)3 © 
2(a’c — 2 d) 
oe + 4 2’y? — 2 xy* ae 
Ly Vk a Y 
57. Aw @ aan bequeathed $10,500 to three charities. To 
the second she bequeathed two fifths more than to the first, 
and to the third $60 less than twice the amount given | to. 
the first. How much did each receive? / * Cott? Vis Cotte 
58. A man and a boy together earn $55. The man re- 
ceives three times as much per day as the boy. How much 
does each receive if the boy des 10 days and the man 
works 4 days? , oy ~~ Ae v4 


ae Ne rohey iy) 


ary yy, daw 4 aia ay’ Ly ¢ 
Pera iii NaF 
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‘4 A certain number is reduced by one half and then 
by three eighths of its eae Se The result i is 125. | 
Find the number. 4 ~.7** yes : 

60. There are 112 bushels a corn in 2 bins. i one bin 
there are 17 bushels less than half as many as there are in 
the other. How many ushels are there in each? 

61. A boy “bought orariges at the rate of 3 for*2 cents 
and gained 50 cents by selling them 2 for 3 cents. How 

_ many oranges did he buy? 

62. A cow and a sheep together cost $125. The cow 
cost $5 more than three times as much as the sheep. Find 
the cost of each. 

~>4 63. An estate of $97,800 was left to three men. The 
second received $1200 more than the first, and the third 
$600 less than the first and the second together. How 
_ much did each receive WW) D. 

64, Three men have together $2000. The first has $275 
more than the second, and the second has $300 more-than 
_ the third. How much has each? 

7h A65. Three men receive a certain sum of money. The first 

receives twice as much as the second, the second twice as 

JA et as the third. The difference between the amounts 
received by the first and third is $7500. How much does 
, each receive? 

A \jU66. A stick 117 inches long is to be cut so that the first 
piece is 2 inches more than twice as long as the second, and 
the second 5 inches less than three times as long as the 
dies. Find the length of each piece. a My - $s 

/(\\\67. Four boys together sold 100 papers. ’ The Pa sold 
‘twice as many as the second, the third 5 more than three 
times as many as the second, and the fourth 4 less than the 
first and second together. How many papers did each sell ? 

ee ; 


er “A 3 , i , ; 
We oul i @) vf 4 B AKA SLA yoo Le 
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_~X‘ 68. Find three consecutive numbers such that the prod- 


uct of the first and third exceeds the product of the first 
and second by 27. 


686s Find three consecutive numbers whose sum is 84. 


“ 70. Find three consecutive even numbers such that the 
product of the second and third less the product of the 
first and third is 16 less than three times the first. 


71,Find three consecutive odd numbers such that the 


product of the second and third exceeds the product of 
the first and second by 220. 


CHAPTER XII 


EQUATIONS AND PROBLEMS 


63. Equations involving literal coefficients. In the most 
general form of a simple equation in one unknown the 
constant term is represented by a letter and the unknown 
has literal coefficients. The simplest general form is ax = 6, 
in which x is the unknown and a and 6 are known numbers. 
The solution of such equations involves no new principle. 
It is merely necessary to perform the usual operations with 
letters instead of with arithmetic numbers. 

In solving equat’shs whose coefficients involve letters 
the answers obtained will usually involve these same 
letters. Only in exceptional cases may one expect to 
obtain the root of such an equation in purely numeric 
form. 

In the following exercises the unknown is represented 
by a letter near the end of the alphabet, as x or y, and 

the letters in the coefficients and terms supposed to be 
known are taken from the other letters of the alphabet. 


* 
, ie 


ORAL EXERCISES == 
Solve for x, y, v, or 2: 


l.x—c=0. 4.¢—Tm=2m. 7. az-+ab=ac. 
22+8b=8b. 5.2x—3m=1—M. 8.nz—an= bn. 


Sar b= ¢ 6.3z—-—6b=9m. 917—6a=12a4. 
124 
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10.5v=10m. 16. 3cy=9c—6c?. 

11. 2 av= 6 a’. 17.4ay—2a?=6a?. 

12. mv — 3m? = mM’. 18. 3cy+C?=7¢. 

is. a0 = 4 0°: 19. (m+ n)x=m-+n. 

14. ay = ab+ a’. 20. (m— n)y = (m — n)?. 
15.2y=4m—Nn. 21. (m+n)z=2a(m+n). 


22. (n+ t)(n—t)r = (n+t)(n—2). 
23. (n—t)(n+t)y=2c(n+t)(n—?t). 


EXERCISES 
Solve for the unknown, and check: 
1.52%—2a=104+4+ 82. 


Solution. 5424—2a=10a+3-4. 
Transposing, 52—827=10a+2a. 
Combining, eA a 
Dividing by 2, ee OkG. 


Check. Substituting 6 a for x in the first equation, 
5(6a) —-2a=10a+ 3(6 a) 
80a—2a=10a+18a, or 28a= 28a. 


2me+m=5m. X10.5axr—100?=5ac. 
3. © m=m+n. 1l.am— mxz= 8am. 
iatte=m—e 12. 3(a-+ 2) = 64a. 


M5. 3 ma —5m=T7Tm. 418. 4(a— x) = 10a. 


6 — am = ae. X 14.12 ¢ — 3(e — x) = 0. 
7 my—m=5m’. 15. ay— (a—c)=8a+e. 
8. 3 br —F = 8 6’. 16. 3 ay — ab = 2 ay — ac. 


AQ. mn + nz = 5 mn. x 17.4 nz—Tn?m = 3 nz+ 6 mn’. 
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18. 3ax+2ab=6ab+2axr—8 ab. 

19. mz +n? = 4 m? — (mx — nn’). 

20.07 +5a=a7°+6+4+3¢. 
Solution. ax+5a=@+64+32. 
Transposing, ax—38x=a—5a+6. 
Uniting the coefficients of x, 

(a—3)t=a@—5a+6. 

Dividing both members by a — 3, 


@—5at+6 


en a—3: 


Performing the division, 
e=a— 2. 


Check. Substituting a — 2 for x in the original equation, 
a(a—2)+5a=@+6+ 3(a—2). 
Simplifying, a2 -—-2a+5a=e+6+3a-—6, 
or @?+3a=a?+38a. 
{ 21. ax + be = bx + ac. 23. ay +2 ab = 2 a? + by. 
22. my+1l—m—y=0. X2%4.ne+1—-—n?—2=0. 
25. ax —2a8-Ll=a@—x. 
26.2—-5n7?=2n?—2 nx —1. 
27.6me+ar+tan=3am+2cx+2 en. 


28. 2a(a+¢) +3 nx = a(8 n+ 2 x) 4 

Hint. Remove parentheses first. i _ 
29. (y—a)ytn)tan+ a= y+ ne. y 
30. 1B(y — 2) — BY +m) = 35 n— 3 yap! 
s.42—c2 844 Be =D le, 


32. 2ny—2n=1-y 
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64. Uniform motion. If a man rides for 8 hours at the 
uniform (unvarying) speed of 20 miles per hour, he will 
travel in all 8 x 20, or 160, miles. This example illustrates 
uniform motion. In all problems of uniform motion the 
elements involved are 

(a) Time, measured in seconds, minutes, hours, etc. 

(b) Rate of motion (speed), or the distance traveled in 
a unit of time (one second, one hour, one day, as the case 
may be). 

(c) Distance (total), measured in feet, inches, miles, 
meters, etc. 

If a body moves at a constant speed r for a time t through 
a distance d, then d, r, and ¢ are connected by the equation 

C= Tt, (1) 

This relation or formula gives an insight into the power 
of the algebraic language. By means of arithmetic num- 
bers alone we can express the relation which holds between 
the time, the speed, and the distance only for a particular 
case. By means of the literal equation (1) we express the 
relation which is true not merely for one case but for 
countless cases. In fact, it holds whenever we are dealing 
with uniform motion, whatever numeric values d, r, and 
t may have. 


_ ORAL EXERCISES 


1 i Somcbite ran 85 miles per hour for 7 hours. 
How far did-it run? 
2,.An automobile runs 320 meee in 8 hours. Find the 
average speed. 
3. A steamship travels 1920 Piles | in 4 days. What is 
its speed in miles per hour? 


™ 
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4, How far does an automobile travel if it runs 


(a) 25 miles per hour for 6 hours? 

(b) 20 miles per hour for h hours? 

(c) m miles per hour for h hours? 

(d) 30 miles per hour for ¢ + 5 hours? 
(e) 2x — 4 miles per hour for 7 hours? 


Sound travels about 1100 feet per second. Light travels 
186,300 miles per second. Therefore the interval of time 
between the occurrence and the observation of an event 
may be ignored in the following problems: 


5. An observer hears the stroke of an ax 12 seconds 
after he sees the ax strike the tree. How far is the observer 
from the woodcutter? 


6. How far is an observer from a rocket if he hears it 
7% seconds after he sees the flash of the explosion? 


7. What is the speed of an automobile if it runs uniformly 


(a) 240 miles in 8 hours? 

(b) d miles in 8 hours? 

(c) d miles in h hours? 

(d) 240 miles in x + 3 hours? 
(e) d miles in ¢ — 2 hours? 


8. The United States Air Mail Service has a schedule 
of 32 hours from New York to San Francisco, a, distance 
of 2620 miles. What is the average speed in miles per hour? 


9. An automobile runs a distance d at a speed of 25 miles 
per hour. Another car runs 90 miles farther at 30 miles 
per hour. Represent the number of hours required by 
each car for its run. If each requires the same time, what 
equation can be stated? 
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10. An automobile runs 25 miles per hour for ¢ hours, a 
second one runs 18 miles per hour for ¢+ 3 hours. Repre- 
sent the distance each travels. If the two cars travel the 
same distance, what equation can be stated? 


11. If the first automobile in Exercise 10 runs 20 miles 
farther than the second, what equations can be stated? 


12. Two automobiles leave two towns 450 miles apart 
at the same time and travel toward each other, one at the 
rate of t miles per hour, the other twice as fast. They meet 
in 10 hours. Represent the distance each has traveled 
during that time. What equation involving t¢ exists? 


13. An aéroplane leaves one city to fly to another 720 
miles away. An hour later another aéroplane leaves the 
second city to fly to the first. The two meet midway 
between the cities. Represent the speed of each. If one 
travels 30 miles per hour faster than the other, state the 
equation involving ¢ which represents the conditions of 
the problem. 


EXAMPLES 


1. A motorist traveling 20 miles per hour is overtaken 
in 12 hours after leaving a certain point by a second motor- 
ist, who left the same starting point 4 hours after the first. 
Find the speed of the second motorist. 


Solution. This is a problem in uniform motion, involving 
the distance, the speed, and the time of the first and of the 
second motorist. By a careful reading of the problem one dis- 
covers that the time of each was a different number of hours, 
that each went at a different speed, but that each traveled the 
same distance. Hence an equation can be formed by expressing 
d in terms of r and ¢ for each and then equating the two ex- 
pressions for d. 
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By the conditions of the problem : 


t, OR TIME IN r, OR RATE IN | DISTANCE IN MILES 
Hours MILES PER HOUR rxt=d 


First motorist 20 GA 240 
Second motorist 82 

and 8 a= 240, 

then ako \) 


Check. 20 x 12 = 240. 30 X 8 = 240. 


2. Two men, A and B, start from the same place at the 
same time and travel in opposite directions. B goes three 
times as fast as A. In 6 hours they are 96 miles apart. 
Find the speed of each. 


Solution. By the conditions of the problem: 


t, OR TIME IN r, OR RATE IN DISTANCE IN MILES 
Hours MILES PER Hour rxt=d 
6 r 6r 
6 3T 18 r 
and 6r+18r= 96; 
then 247 = 96, 
whence r=A and 3 ri=42: 


Check. 12=3-4; 6-4+6-12=96. 


It should be particularly noted in choosing letters for the 
unknowns that it is not enough to say, for instance, let x 
equal the distance or let ¢ equal the time. This means 
little unless the unit of distance or the unit of time is 
stated. The unknown distance is a number of feet or miles 
or some other unit of length, and the unknown time is a. 
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number of seconds or hours or some other specific unit of 
time. This should be borne in mind each time a letter is 
taken to represent the measure of any physical quantity. 


BIOGRAPHICAL NOTE 


Sir Isaac NEWTON. Sir Isaac Newton (1642-1727) was probably 
the keenest mathematical thinker who ever lived. He was the son of 
a farmer of slender means, and as a boy was rather lazy. It is said, 
however, that his complete victory over a larger boy in a fight at school 
led him to feel that perhaps he could be equally successful in his 
studies if he really tried. His ambition and interest being once aroused, 
he never ceased to apply himself during the rest of his long life. 

His most important scientific achievement was the discovery ana 
verification of the laws of motion. In his great work called the 
‘*Principia”’ he showed by mathematical reasoning that all bodies, 
great and small,—the planet revolving around the sun, as well as 
the apple falling from the tree, — follow the same laws. His greatest 
discovery in pure mathematics was that of a method called the cal- 
culus, which is the basis of most of the advances in mathematics and 
in theoretical physics made since his time. 

But important as was Newton’s mathematical work, his most 
significant contribution to mankind was an idea, — the idea that 
the world in which we live is not independent of the rest of the uni- 
verse, but that every smallest particle of matter is connected with the 
most remote planet and star; that we cannot think of the earth as 
the center of all things, but that we merely occupy our place in a 
system governed by universal law. 


MISCELLANEOUS PROBLEMS 


In Problems 1-5, A and B start at the same time from 
two points 168 miles apart and travel toward each other. 
Find the speed of each : 


ts i they travel at the same speed and meet in 7 hours. 


9. If A travels 2 miles per hour faster than B and they 
meet in 12 hours. 
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3. If B travels three times as fast as A and they meet 
in 7 hours. 


4. If A travels 48 miles farther than B and they meet 
in 6 hours. 


5. If they meet in 14 hours and A travels 2 miles per 
hour less than B. 


6. C and D travel the same distance, C in 8 hours, 
D in 10. C’s speed is 3 miles per hour more than D’ ’s. Find 
the speed of each and the distance traveled. 


7. The first transatlantic non-stop flight was made 
by Alcock and Brown from St. John’s, Newfoundland, to 
Clifden, Ireland, in June, 1919. Their speed was 1213 
miles per hour. Had it been 214 miles per hour less, the 
time taken would have been increased 3.42 hours. Find 
the distance flown. 


In Problems 8-11, A and B start at the same time from 
two points 252 miles apart and travel toward each other 
until they meet. Find the number of hours from the start 
until the time of meeting: . 


8. If A travels 6 miles per hour faster than B and twice 
as far. 


9. If A travels 5 miles more per hour than B and also 
travels three times as far. 


10. If B travels 9 miles per hour and A travels 12 miles 
per hour but is delayed 2 hours on the way. 


11. If B is delayed 2 hours and A is delayed 6 hours and 
their rates while moving are 15 and 17 miles per hour 
respectively. 
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12. A starts from a certain place and travels 20 miles 
per hour. Two hours later B starts from the same place 
and travels in the same direction at the rate of 25 miles 
per hour. How long after A starts will B overtake A? 


13. On May 2, 1923, Lieutenants Kelly and Macready 
of the United States Air Service with the plane T-2 broke 
all previous records by flying from New York to San Diego 
in 26 hours and 51 minutes. Had they flown 167 miles 
farther in the same time their rate would have been 100 
miles per hour. Find their average speed and the distance 
from New York to San Diego. 


14. A traveler having 4 hours at his disposal wishes to 
ride out of town on a trolley car whose speed is 12 miles 
per hour and return on foot at a rate of 3 miles per hour. 
On the way back his route is 2 miles longer than that of 
the car going out. How long and how far may-he ride? 


The velocity of a bullet continually decreases from the 
instant it leaves the gun. This is owing to the resistance 
of the air. In the following problems consider the velocity 
of sound to be 1100 feet per second : 


15. A marksman hears the thud of a bullet striking a 
target 880 yards‘: away 4 seconds after he presses the trig- 


__ ger. Find the average velocity of the bullet. 


16. Two seconds after a marksman presses the trigger 
of his revolver he hears the bullet strike the target 60 rods 
away. Find the average velocity of the bullet. 


17. The distance from New York to Chicago is 912 miles. 
The Manhattan Limited makes the run in 22 hours. An 
eastbound train leaves Chicago at the same time the Man- 
hattan Limited leaves New York. The two pass each other 
twelve hours later. Find the speed of each train. 


CHAPTER XIII 


IMPORTANT SPECIAL PRODUCTS 


65. The square of a binomial. The multiplication 


a+od 
a+ob 
a+ ab 

+ ab+l? 
a+2ab+ 0? 


gives the formula (a + b)? = a? + 2ab + b*. 
a This may be expressed in words as follows: 


© 1. The square of the sum of two terms 1s the square of the 
first term, plus twice the product of the two terms, plus the 
square of the second term. . 


Similarly, (a — 6)? =a’ — 2ab + B’, 
_ which may be expressed in words as follows: 


OT. The square of the difference of two terms ts the square 


A” 


of the first term.minus twice the product of the two terms plus 
the square of tthe second term. , 


Study the application of I and IJ in the following 


EXAMPLES 
1 (@+1)?=e?+2a+1. 3. (44+2)?=164+82422 
2. (a—3)=@—64a4+9. 4(8-—y)?=9-—6y4+y. 
5. 8a2+a)?=92?+6ar+4 a? 
134 
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ORAL EXERCISES 
Expand the following Wy ae or II of page 134: 


1. (x +1)? (9. O47 7° 17. (T2—1). 
2. (a+ 2)?. 10. (a + t)?. 18. (11 m+)2. 
3. (x — 5)2. 11. (x — #)?. 19. (4 + .2)?. 

4. (y+ 7)’. 12. (m — y). = 20. (t — .8)2. 

5. (2—2). 2 t)?. 21. (Bt+.4)% 
6. (10 — a)2.) /- 9 nip 3t—a)?. 22. (t+ .05)?. 

7 (4+ a)/b AE. (52+m)2. 28. (2t—.09)2. 


8. we, i er er UN ee see 2 
ce ae acl binomials ee product i oa 


wre t+2e+1. bera—4a4+4. 29. pene 
262° +6049. \28.2—10t+25.. 30.36 — 124+ 2) 
Pte. j ae 


i 
Expand and find the value of : 


31. (8 + 3)”. 
Solution. (8 + 3)?=8?+2-8-34+32=64+484+9= 121. 
32. (7 + 1)%. 33. (9 + 3)”. 34. (114 2). 
35. (11 — 5)? = (11)? — 2-11-54 5°=121 —1104 25 =86. 
36. (10-3), ,,-4 89. (21). 
37. (11-—4)% pir. (21)? = (20 + 1, ete. 
$8. 12 —3)2. 9! 40. (31). 
AQ) 43, (52)?. 45. (71)?. 47, (92). 
42. (41). 44, (63). 46, (85)?. 48. (101)?. 
49. (19)?. 50. (38). 52. (78)2. 


Hint. (19)?=(20—1)?,etc. 51. (29). B83. (199)?. 
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EXERCISES 
oe the following : 

1. (22+ 38)?. 7. (8a+11 0). ays. (5 xy — 3 x2)". 
2. (82 —5)*. 8. (82°+8t), 14. 102°y—T ay’). 
3.(2t—4m)*. 9. 8627—d5ay". 16. (oa 4749)” 
4.(4y—8t)% 10. (423—Tx)*. 16. (4a%4+ 6a). 
5. 10x—3y). 11. (8ar+4at). 17. (4t—.8 x)*. 

6. (7a+6b)% 12.(—-2a+3 02). 18. 10 x— 3 t)*. 


What changes must be made in the following so that the 
numerator will be the square of the denominato 789 4 


= @ ab +0 9 x? » Te 
: a+b  gehee got —2 
iran a—att+e 4 8. © Filet 
ee ee L 2ur-s 
a a +10a+ 100° = BC one 4 9 
: a+ 10 * bea 
ob P+62—9 on eG 
‘ r+3 : 5t— 
a? 1184+ 81 9 x eee 
23. ————__————__ g1, 2 12 ae + oF 
x+9 2a—3%2x t 
e~TK 16 16 2? — i 
24, ———_—___—__- 99, — eee 
Ss ce ea A 28 alt 16 
; a—5 ‘ x— A 
4/40) nit 
a®—Ta+ 49 4? + .01 


Ce) ta Sb 2 ee 
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66. The product of the sum and the difference of two terms, 


The multiplication a+b 
a —D 
a* + ab 
— ab — 
a rege 


gives the formula (a + b)(a — b) =a’? — b*, 


, hia. may be expressed in words as follows: 
I 


II. The product of the sum,and the difference of two terms 
quals the difference of their squares, taken in the same order 
as the difference of the terms. 


Study the application of III in the following 
EXAMPLES 


1. (a@+2)(a—2)=@7—4. 3.(m4+)(m—-t)=m—-?. 
2.(7—2)(7+2)=49—27. 4. (4a—t)(4a+1)=160?—-P. 
5. (22° +7) (22-7) =421-— 49. 


ORAL EXERCISES 


Perform the indicated operati 
. (w+ 8)(x — 8). mV caeunaatean 


1 

2. (a+ 5)(a — 5). N 11. (a? + 12)(a? — 12). 

3. ((— 6)(t+ 6). 12. (4%—8y)(424+3,y). 
4, (1+a)(1—a). 13. (2a+7t)(2a—7Tt). 
5. (¢+x)(¢— 2). 14. (4am — 3)(4am+8). 
6. (1+3827)1-—32). 15. (ax + 7)(ax — 7). 

7. (c+5t)(e4— 52). 16. (a? + 5)(a? — 5). 

8. (4a—t(4a+2). 17. (a* + 12)(a*.— 12). 

9. (7x+a)(Vx—a). 18. (xy — y*)(xy + y’). 
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19. (8 at — t?)(8 at + @). 
20. (52 —t)(.52+2). 


22. (v7 —4) + 
23. (9 2? —1) + 


(x — 2). 


+ (8241). 


21.(9a—.7t)9a+.71).}) 24. (49 a*— 36) + (6+7a’). 


State two binomials whose product ie 

95.07—4. S31. .01—2. 37. 

26.2—25. © 32. a?—.09. 38. 

27. 36 — x’. 33. m? — .0016. 39. 

28. y? — 64. 34. .16 a? — 25. 40. 

29. 49 — y’. 35. 27 — 9 ?. 41. 

30. 81 — 2’. 36. 16 a? — 25 y’. 42. 

Find the value of : 

43. (11+3)(11—3). 47. 21-19. 

44, (20 — 1)(20 + 1). 

45. (80+ 2)(80—2). 48. 22-18. 

46. (50—1)(50+1). 49. 29-81. 
EXERCISES 


by 


100 a? — 1. 
64 ax? — 25. 
1 — 36 m’. 
25 — 49 a*. 
100 m? — 16. 
36 xy! — 2’. 


HINT. 21-19 = (20 +1) (20—1), ete. 


Perform the indicated operations: 
l.[e+yt+it[o+y—?]. 
Solution. This is similar to (a+ b)(a — b) =a? — b? if we 
regard x+y as replacing a, and ¢ as replacing b. Inclosing 
x + y in parentheses to indicate this we have 


le+y+dlety—-g=(@+y)+hle+y)—4 


Sr 0) 


=’+2aey+y—#. 
2. [(x + y) +2] [(¢ + y) — 2]. 
3. [x +3—a][x+3+a]. 

(4 [e+ 4+4+c][u+4—c¢]. 
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6. [8a2—t—5cl][8x—t+ 5c]. 
7.(2t+a—4e2][2t+a+47]. 
8.[5a—b+2c][5a—b—2c]. 
9[at+te+ylla—xz— yl]. 
Solution. [a+2+y][a—x—yl=[a+ @w+y)][a—-(et+y)] 
=@— (ety)? 
=@— (?+22y+y’) 
=@—2v-2a2y-y’. 
10.{t+x+al[t—xv—a]. 12.[t+a—az][t-—a+q]. 
11. [t+a+3][t—a—83]. Hunt. This may be written 
[t+ (a—-2x)][t — (a —2)], ete. 
/13. [xe —a+2][7+a-— 2]. 
14.[38+2+ y][8—2—y]. 
15.[4a+2y—2][4a—2y4+a]/ 
16. [10 —¢+ 5s][10+¢—5s]. 


67. The product of two binomials having a common term. 

The multiplication 

xt+a 

x+b 

x? + ax 

+ bx + ab 

xv?+ (a+ b)x+ ab 

gives the formula 
(x+a)(x +b) =x? +(a+b)x+ ab. 

This may be expressed in words as follows: 

IV. The product of two binomials having a common term 
equals the square of the common term, plus the algebraic sum 
of the unlike terms multiplied by the common term, plus the 
algebraic product of the unlike terms. 


Z. & 
ot MSC 


6. [2a—b)+c][Qa—b)— ch ,2 Vat +64 
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Study the application of IV in the following 


EXAMPLES 

1. (2@ + 2)(2 +38) = 2? + (24+3)¢r4+6=274+527+4+6. 
2. (x —'5) (2 — 8) =2?4+ (—5—38)e4+15=2°?--82+15. 
3. (x +4)(2 —7) =2?+ (4—7T)x —28=2°—3 x — 28. 


ORAL EXERCISES 


Perform the indicated operations : 


oonrianwrr © YH 


Se eS = SS 
a fF Oo WO KH CO 


fe 


-(a+1)(a+8). 
.(a+8)(a+4). 
. (a+ 2)(a+ 4). 
. (x + 5) (x 4 4). 
. (x + 7) (4 + 8). 
. («+ 5)(4+ 6). 
~(¢+4)¢+7). 
.(a—1)(a—4). 
. (a—2)(a—5). 
. (a—8)(a— 4). 
. (a— 5)(a— 8). 
. (a —6)(a— 5). 
. (a— 5d5)(a— 7). 
. (4 — T)(a#— 8). 
-(@—5)(4+ 2). 


25 


16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 


oh (227+ 72+10)+(@+5). 


(a — 6)(a+ 8). 
(x + 4) (4 — 5). 
(a — 8)(a-+ 4). 
(¢+a)(¢+ 6). 


(« — b)(x +8). 
(v?+3a+2)+(a+2). 
(?+52+6)+(@+2). 


. (@—-6a+8) + (a—4) 
. (@—a—6)+ (a—8). 
. (@ —a—12) + (a—4). 
. (+ a—20) = es 5). 
. (@+a— 42) + (a— 6). 
. (?—at—6a’) + (t—3a). 


31. (a? + 4 at— 21 a Sa 
82. (+ Taey—18 y?) + (w@4+9y). 
33. (? — at — 90 a?) + ¢@—10a). 


(t+ m)¢—a).t ton 1 
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Supply the missing term or sign and then carry out the 
following as exact divisions: 

“34. (®@ —t— 30) + (¢+7?). 39. (x? —34%—40) + (475). 

35. (?@+¢—56) + (¢4+ 72). 40. (77+ 34 — 28) + (x74), 

36. (a? —4a—382)+(a—?). 41. (@w? -—52—24)+(x+72), 

87. (@+2a—48)+(a—?). 42. (2? +32—10) + (4?5). 


38. (a? —a— 72) + (@?9). 43. (uv? — x — 42) + (4 — 2). 


68. The product of two binomials of the form (ax-+b) 
(cx +d). The multiplications 


as med. 


62?+152 acx? + bex 
—14x—35 and + adx + bd 
627+ x-—85 acx? + (bc + ad)x + bd 


show that-in the product of any two binomials of the form 
(ax + b)(cx + d) 

(a) the first term is the product of the first terms of 
the binomials, 

(b) the second term is the sum of the cross products, and 

(c) the third term is the algebraic product of the second 
terms of the binomials. 


EXAMPLES 


1. (20+) (32 +4) = 622+ 92-+4+824+12=622+ 172 +12, 
G 


2. (3t-+5)(4t—1) =128 + 20t—31-5= 124.1715. 
| aaa — ee la : 


3. (5a+2)(2a—7) =100?—31a—14. 
SS ee ESS ee | 


iu f 


Tf 


+ 
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‘EXERCISES 


Write the products of the following : 

12. (42+3)(x4 — 5). 

13. (4¢—5)(f— 8). 

14, (4t¢—1)(¢+5). 

15. (3 a — 2)(a — 4) 

16. (2a—1)(8a+2). 
17. (2%+3)(82—1). 
18. (32 —2)(42 +43). 
19. (5¢—62x)(4t+ 572). 


Cr 


2. 


eo ont DO — 


(24+3)(2a+1). 
(2a+2)(2a4+8). 


. (8¢—1)8t+4+4). 
. (2¢+3)(2t—5). 
. (2t—38)(2t+5). 
.(2%—3)(22+4+ 4). 
.(2x—1)(2x2+4+ 5). 
.(2a—3)(a—1). 
. (2a—2)(a— 8). 


10. Gt DE—D, 


a" 
— 


.(8a4—5)(a+2). 


-(4a—30(6a—-T7D. 


21. (5x—2a)(7x+ 8a). 
22, (4%—9t)(24—52). 


ORAL REVIEW EXERCISES 


Perform the following indicated operations: 


eo onrnrononanr Ww Ww 


— — 
-_- © 


-(h4+2 k)?. 

. (8h-—k)?. 

- (n— 4h)’. 
-(2m+8 k)*. 
-(m—4r)?. 

- (m+ 3r)?. 
-(n—8r)(n4+8r). 
~(h-—4n)(h+4n). 
~ (8 Wh+2h)*. 

. (5 m? — k?)?, 
-(8n—5h)(Bn+5h). 


(12. 
13. 
14. 
15. 
16. 
a: 
18. 
19. 
20. 
21. 
22. 


(5 n? — 4 wh)2, 

(7 n? — h)(7 n? + h). 

(— 3 wh — 2 h?)?. 
(29), = 74S 
(11). 0 Hf. 
(89) 
(M+ 7)(W+48).y2 110 oe? 
(n — 8)(n—8). 

(n — 6)(n +9). 

(7 nr — 3)(7 nr + 8), 
(2 + 16) (2 — 16), 


& 
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23. (4? —9)(44 9). 
24. (n—t)(n?+#)(n+1). 


Hint. Multiply the first binomial by the third and this result by 
the second binomial. 


25. (n — 3)(n? + 9)(n+ 8). 

26. ¢+1)@+1)(t4#+1)(¢—1). 

27. (n — 2)(n? + 4)(n* + 16)(n 4+ 2). 

28. (m + 2)(m — 2)(m? — 4).K 
(29. (a — be) (a + be) (a? — be). 

30. (x + 2)(a* + 4) (x — 2) (x* + 16). 

31. @ +7) — y+ y)@*— y’). 

82.{[n+r4+¢t][n+r—f?]. 

83. [n+7—5][n+r4+ 5]. 


34. (2n+38r)(n+7r). 39. (4k — 6 nt)(7k + 2 nt). 
35. (2n—8r)(2n+7). 40. (n?— 3t)(4n?+ 52). 
36. (8r—5n)(2r—n). 41. (4?+h) (4 —h’). 


37. (Brn —2t)(4rn+2). 42. (4°?—2n')(4°4+8n). 
38. (Br’n-+h)(2r'n—3h). 48. (n2 +2 nt+e) + (t+n).) 
44. (n® — 20 nt + 100 #?) + (10t—n). 
45. (n§ — 81) + (n‘+ 9). 
46. (?+3¢4+2)+(¢4+2). 
47, (n? —5n+6) + (n— 8). 


Indicate the simplest way to obtain the products of the 


following : 
48. (n+ t)(n+d(n—t)(n—?2). 


49. (nr? +7°)(n+1r)(n*+r4)(n—1). 
50. (4 2+ n?)(2t+ n)(16 t*#+ n4)(2t—n). 


CHAPTER XIV 


FACTORING 


69. Definitions. Factoring is the process of finding two 
or more expressions whose product is equal to a given 
expression. 

Many simple exercises in factoring were solved in the 
preceding chapter in connection with the rules of multi- 
plication there given. In fact, the process of factoring is 
the reverse of multiplication. 

The subject of factoring is extensive. In this chapter 
we shall consider only the more common forms of factor- 
able expressions, and usually seek only such factors as have 
integers as coefficients. ~ 

If a polynomial cannot be expressed as the product of 
expressions other than itself and 1, it is said to be prime. 


Thus 2x+1,3a—5, and x?+ 1 are prime. 


70. Square root of monomials. In factoring it is often 
necessary to find the square root, the cube root, and other 
roots of monomials. 

The square root of a monomial is one of aie two equal 
factors whose product is the monomial. 


Since +2-+2=4 and —2-—2=4, the square root of 
4 is + 2, which means both plus 2 and minus 2. ~ 
Similarly, the square root of 9 is + 8 and the square root of 
@ista. 
144 
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That is, Every positive number or algebraic expression 
has two square roots which have the same absolute value but 
opposite signs. 

It is customary to speak of the positive square root of a 
number as the principal square root, and if no sign precedes 
the radical, the principal root is understood. 


Thus, V4 = 2, not ~ 2; eee OF not + 2. 


When both the positive and the negative square roots 
are considered, the double sign must precede the radical. 


Since 23-243 = (— x3)(— x3) = x, then + Vx* = + 23. 


That is, The exponent of any letter in the square root of 
a monomial is one half the exponent of that letter in the 
monomial. 

Hence for extracting the square root of a monomial 
where both positive and negative factors are desired we 
have the 

’ Rue. Write the square root of the numeric coefficient pre- 
ceded by the double sign + and followed by all the letters of the 
monomial, giving to each letter an alae equal to one half its 
exponent in the monomial. 


‘A rule similar to the preceding one holds for the fourth 
root, sixth root, and other even roots. 


Thus, 4 V81 8 = 43, and + Va8 = + 0°. 


In this chapter, and also in Chapter XVI on Fractions, 
where square roots arise, only the principal square root will 
be considered. 

_ According to the definition of square root, the two factors 
of a term either of which is its square root must be equal. 
Consequently they must have the same sign. 


is 
ry 
) 


~/ ' 
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ORAL EXERCISES 


Perform the indicated operation in the following: 


VB. 
WEE 


—y 


V4 02. 
BLO 2: 


OP PAR se Pw P 


WV 25 2°. 


—_ 
f=) 


V2. 82, 
.Vae-?, 


NV 16 2757 


V9 oe. 


20. 


si 4 oer; 

. V36 aa’. 

. V64 afate 

7 W449 at* 
.V81 ae. 
. V169 a®x?. 
.V144 28. 

. 6V100 a. 
oN Aza. 
2196 avert. 


21 
22 
23 
24 
25 
26 
27 
28 
29 


30. 


. 225 ata’. 
V8? - 16+ Ba 
i N4zA(GyrS <~ 
E 3V x4(y3)2.< ? 
ax (x + a). 

. 8VA4(a = a)?. 

. V9 2(a +a)’. 
2V.(3 x — 2)?a4, 


71. Polynomials with a common monomial factor. The 


type form is 


Since 


ab + ac — ad. 


ab + ac—ad=a(b+c—d), 


we have, for factoring expressions having a common mono. 
.mial factor, the following 


\\\ Rue. Determine by inspection the monomial factor which is 


_ term of the polynomial. 


/ \\the product of all numeric and literal factors common to every 


Divide the polynomial by this monomial factor. 


Write the quotient in a parenthesis preceded by the monomial 


factor. 


EXAMPLE 


Factor 6 a®x — 15 a. 


Solution. The common monomial factor. of both terms is 
Dividing the binomial by 3 a? the quotient is 


seen to be 3 a?. 
2ax— 5. 


Therefore 


6 a’x — 15 a? = 3 a?(2 ax — 5). 


Ir Qaorb= < (wre ) 


yp 


SMa-4 


FACTORING 147 
ORAL EXERCISES 
Factor the following : 
G. 22-2. 11. ax — cx. 21. 2.ac + abe. 
2.2x2+4. 12. ac— c’. 22. 3 ax — 6 acx. 
8.34 — 6. 13. 3ax — 6a. 23. 4ac— 12a. 
4,.5x—10. 14.4 a?— 124. 24. ax — ba. 
§S.ax+a.-(% 1..27R—2ar. 25. a’x+ ax. 
6.3ar—6a. 16.ax+acz. 26. 2ax—4ab. 
7Ta—21., 1%.3axr—6 ax’. 27.30r+6bx.. | 
8.9—38a. 18. 5 ax? — 10 x”. 98. 2 ax? + arn a7 2 
9.522+1027. 19.120x—10 bx. 29. acxr—3act+e.- rG i 
10. cv — 2c. 20. 2 a’a + ax?,) 30. am + an+ az. 
Gls FI 
EXERCISES ‘; 
Write the prime factors of : 
1.2a+6. (6.2rr—27a. 11.ab—ax— ac. 
2.ax+ 2. 7. ab — ab’. 12. tR*h + arh + wRrh. 
3. a* + a’. 8. 27 Rl + 2rrl. 18.2a—4a?+ 64%. 
4.3ax—1507. 9.3ax—6ay. 14.0°+a’—-— a’. 
§.2a°+6a. 10.4a?+16ab. 15.8c2—12c—18c'*. 
16. ax — a’x? — a®x. 19.8¢°—15c+ 6c’. 
17. ay — abe — aby. 20. a'— a’ +a7?+4. 
18. a? —2ar+a. 21.8 a?—4a°+ 12a? — 6a) 


- 92. Solve for x, ax =a(b+c). 
23. Solve for x, ax = am— ac. 
24. Solve for y, my = ma-+ bm-+ cm. 
25. Solve for y, ay = ab — abc — a’. 
26. Solve fora, az = br —cx+ x”. 
27. Solve for z, az =a? — abe — 2a. 
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Factor, then compute the numeric value of: 
28.3-5-17—3-5.- 4°, 
Hint. 3-5-172-—3-5-43=38-5(17? — 43), ete. 
29. (8.1416)196 — (3.1416)121. 
30. 7 - 18(81)? + 5 - 18(81)? — 3 - 18(81)?. 
1, 27(21)? + 2714)? — 27(21 - 14). . 
92. 3.1416 - (18)? + 3.1416(65) + —E 
re 
72. pole els having a common Lee factor. The 
type form is 
ax + ay + bx + by. 
Plainly, ax+ay+br+ by=a(e+y)+ bia+y). 


Dividing both terms of a(x + y) + b(2+ y) by (21+ y), 
the quotient is a+ 6. 


Therefore ax + ay + bx + by = (x +y)(a+b). 


EXAMPLE 
Factor 2 ac + 5 bx + be + 10 ax. 


Solution. 2ac+be+5bx+10 ax=c(2a+b)+52(6+2 a) 
= (2a+b)(¢+ 52). 
The preceding example illustrates the 


Ruie. Arrange the terms of the polynomial to be factored in 
groups of two or more terms each such that in each group a 
monomial factor may be written outside a parenthesis, which in 
each case will contain the same expression. 

Rewrite, placing these monomial factors outside parentheses. 

Then divide by the expression in parenthesis and write the 
divisor as one factor and the quotient as the other. 


q ou: ~~ —" F-~ —— 
| oe 
: ae : : 
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Polynomizis which may be factored by grouping terms 
according to the foregoing rule usually contain either four, 
#ix, or Gight terms. 


_ It i important to note that one can obtain two apparently 
different sts of factors for 2 given expresion. Thus 


fa-—b)@-Zy)=b-—aBy—7), 
for each pair by actual multiplication gives 
—be—-2ay+3ah. 


An inspection of the expression shows that the two binomials 
Of the first pair are the negatives respectively of those in the 
second pair; hence either pair of factors is correct. 


The relation that the process of factoring bears to the. 
| processes of raultiplication and: division of monomials and 
polynomials should be kept constantly in mind. In multi- 
plication we have two factors given and are required to 
find their product. In division we have the product and 
one factor given and are required to find the other factor. 
In factoring, however, the problem is a little more difficult, 
for we have only the product given, and the insight which 
can be obtained only by experience will enable us to deter- 
mine the factors. To gain this insight rapidly one must 
keep dearly in mind the typical products of Chapter XIII 
and must study carefully certain typical forms, two of which 
have already been presented on pages 146 and 148. 
There is no simple operation the performance of which 
makes us sure that we have found the prime factors of a 
given expression. Here, again, only the ability which comes 
with practice and experience enables us to find prime fac- 
, tors with certainty. 
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A partial check, however, that may be applied to all _ 
the exercises in factoring consists in actually multiplying 
together the factors that have been found. The result 
should be the original expression. 


ORAL EXERCISES 


1. Divide 3(a— 6) + c(a— 6) by a—b. What is the 
quotient? What are the factors of the first expression? 


Give the binomial factors for : 
2. 3(a— b) + c(a— bd). 4,.x(a—2b)+y(a—2b). 
3. a(x + 2) + b(@+ 2). 5. a(m — 2n) — b(m—2n). 


Factor : 


6. c(a— 6) + y(a— BD). 9 (s+ix+¢+s)y. 
7.2n(a—7)+(a—7). 10.a(n—7)—db(—7T+7). 
\8. (¢ — a)a— (c—a)e. ll. x(r—t) +2y(—t4+r 

| 12. b(a — x) — (a— 2). 

13. 2 m(a—2t) + (a—22). 

14.3 m(a—2c)—n(a—2¢). 

15. (x —y)m+ n(u— y). 

16. r(é— x) — (f{—x)m. 

17. 2 a(a@—m) + (x — m)5 bd. 

18. 4a(2x%—7) -—38(24—7). 

19.2a(a—3c)+(a—38ec)z. 

20. 7x(a — 6) —8(a— b). 

21. a(x — y) + b(a@— y) — c(a@— yy). 

22. x(a — 8) + c(a — 8) + (a — 8). 
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EXERCiSES 
Factor the following: 
1.2m+bm4+2z2+62. 8 a +1+a+a%. 


HINT. Collecting the coeffi- 9.4 x(a - = ¢) 4 3 aa - @). 
cients of m and z we have 


(2 + b)m + (2 + b)z, ete. 
2.ax+2x+ay+2y. 
8. 7x + ry+sx+ sy. 10. ‘(ce —t) —a(t—Cc). 
4.azr+ay+2x+2y. ll.reatut+art+a. 
(5. ay + az + cy + cz. 12.ac+ar+2-+¢. 
6.0h+ bh+ak+ bk. 18. 28ac+9rx+21ar+12 cx. 
Bx +e ee + 1. 14.2ax+70?+16 bx + 56 ab. 
15. 36 by + 45 bd +4y+ 5d. 
16.52°+102724+ 527+ 10. 
17.360+5 by? +6hy+ 10 hy*. 
18. a(r —t) —c(t—71). 
19.2 x2(c—t)+38(¢—c). 
20. 3 ax — 6 bx — ay + 2 by) 
Solution. 38 ax — 6 bx — ay + 2 by 
8a2(a—26)—y(a—2b)=(a-—2bd)(8x—-y). 
021. az +3a—br—30. 
22.6ax—2ac+3u—c. 
23. ac — ax + ba — be. 
24.2an+ 9 bm — 3 am — 6 bn. 
25. m?—at+tamt—m. 29. 7° + at? + rat + rt. 
96. 6rx—4rc—6c+9x. 30. The —T7hz —de+11 dz. 
27, @8@—2ax—@at2e. 31. 12a2°—6ar'—42°+2 2%, 
28. a’c—aca--acx’?—arcx. 32.4dr—4rs+ dst — d*t. 


HInt. nis’ can be Aes rl 


4 x(a —c)— 38(a—c), ete. 
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33. 16 acxy — 40 bx?y — 6 abc? + 15 bez. 

34. 36 axy + 45 acy —4 xy —5 cy. 

35. Solve for x, x(a + 1) = b(a +1)+c(a+l1). 
36. Solve for x, ax + br =ac+be+2a+2b) 


Hint. In the preceding equation, and in similar ones, the value 
of the unknown should be obtained by the use of factoring. In the 
final step of the solution mental division should be employed, not 
ordinary long division. 


37. Solve for 2, aba.e Seen ee 

38. Solve for y, ay—38y=am—38m—6+2a4. 
39. Solve for x, 2ax+ cx =2 ab+cm+bc+2 am. 
40. Solve for x, ax + be = a® + ab — ac — bx. 

41. Solve for x, ax+2c=ac+38a—6427. 


73. Trinomials which are perfect squares. Here the type 
form is a + 2ab + b%. 


This, as on page 134, ecu us the two expressions: 
v?+2ab+0?= (a+ b)’, —2ab+0?= (a—)?. 


If an algebraic expression is the product of two equal 
factors, it is said to be a perfect square. 

A trinomial, arranged according to the descending 
powers of one letter, 7s a perfect square if the first and third 
terms are positive and tf the absolute value of the middle term 
as twice the product of the absolute values of the square roots of 
the other two terms. 

Thus, as the type form above, the middle term 2ab= 
2.Va- 

ee the trinomial 25 a4+ 60 ab + 36 8? is a perfect 


square, since the middle term 60 a2) = 2+ V25 a!. V36 R= 
2-5a7-60. - 


Sais me eee 
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ORAL EXERCISES 


Form perfect trinomial squares by supplying the missing 
term in: 


a+ (?)+1. 7.0¢+2cx+(?). 18.°+8c+(?). 
a+(?)+m. 8.2?+4ar4+(?). 14. eMac (9, o 
a’?+(?)+4, 9. 2?+100r7+(?). 15. 24+1227%ce+(?). 
e’?+(?)+25. 10.a?—6ar4+(?). 16. e*—122?+(?). 
e+(?)+90. 11. n?-—18"4+(72). 17.427+42+(?). 
1+(?)4+16c?. 12. a@—14ax+(?).18.92?-—62+4+(?7). 
19.4 2?—20cx+(?). 24. (7?) +1224 36. 

20. 16 a? — 16 ax+(?). 25. (?) —16 2+ 64. 
21.92?—18ar+ (7). 26. (2?) —24ac+9c?. 


(22.94? + 24 cr+(?). 27.162?—(? 47? 
2 ( ) ihe Ay ies haul 4H 
23. 16 x? — 82 mz + (2g 28. 25 a’ a+?) 
For obtaining one of the two equal factors of a perfect 
trinomial square we have the 
Rute. Arrange the terms of the trinomial according to the descend-_ 
ing powers of some letter in it. 
Extract the square roots of the first and third terms and connect the 
results by the sign of the middle term. 
Before applying the foregoing rule one should never 
fail to observe whether the expression to be factored is a 
perfect trinomial square or not. 


ORAL EXERCISES 


Factor the following : 

Lw—4e+4. 4.0°—120+436. 7.9°—12¢+4+4. 
(O@ef4+624+9. 5.40?—4a+1. 8. 0?—140449. 
3.27—107+25. 6.90?+6a4+1. 9.9x'—182°+4+9. 
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10. @4+4—A4e. (19. 2 4-2 ct +1. 

ll. 2? + 9-6-2. 20.9#2—42t+ 49. 

12. 86 # —12t+1. 21. 25 2? — 20244. 

13. 64 — 16 m? + m4. 22.92— 30¢+ 25. 

14. 81—18#+4 ?¢°. 23. 1217—44t+4. 

15. 100 — 207+ 2. 24.f9— 42°+ .04. 

16.1+67+49 #4. 25.2 +a+4. 

yio8 Aa oe 26.427 +a-+ 4/5. 

18. 10-425.) 27.9a?—2at+4 

EXERCISES 

Factor the following: 

(1, 2 2iag Py’. 12. 144 # — 120 at + 25 a?. 
9. a? —2 at +. 13. 169 2? ++ 78 ax + 9 a?. 
3. a? — 10 at + 25 #. 14. 36 m? + 25 n? — 60 mn. 
4.162—8at+a’. 15. 2¢+ 4 y!4+ 4 ay’, 
5.427—12ay4+ 9 y’. 16. 4 a7 —4 aft +1. 

6. 25 2? — 20 ay+4y’. 17. 12 a4? +4 a8 4+ 9 £6, 

7. 9a?— 30 at+ 25?. 18. 121 x? — 110 ex + 25 &?. 
8.4a7— 28 at + 49 2. 19. 9 «* — 66 x? + 121. 
9.92—12at+4 a2. 20. 23 +5441, 
ett a+. 21.y+y4h. 

11 99 ax + 121 x) 22. 360 +12a+1, 


23. 121 xz? — 220 taz + 100 #. 

24. 169 a? — 156 az + 36 22. 
Solve for x: 

25. (a+ d)ea=a?+2ab+ b% 

26. ax — cx =a? —2ac+ ec. 

27.0x—2ix=a?—4at+4F, 
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Solve for z: 
28. nz—4z=n?—8n+ 16. 


29. azz—c? =a? +2 ac— cz. 
30.az+2an=e?+4+ nz+ n?. 


It is only in the beginning of factoring that polynomials 
are classified for the student. In the practical work of 
handling fractions and solving equations he must deter- 
mine for himself the type of the polynomial to be factored. 
It is therefore very important that he fix in mind the 
various types and the manner of factoring each. More- 
over, he should remember that the polynomials which arise 
_in practice often have three or more factors. Miscellaneous 
review exercises afford excellent practice in recognizing 
types.and in determining all the prime factors. 
At this point the suggestions given on page 167 will 
prove helpful, though only the first two of the types there 
given have as yet been considered. 


REVIEW EXERCISES 


Separate into prime factors: 


(1.3 47+ 18 «+ 27. 9. 8a? — 40 at + 50 al’. 
2.a°+2a?+ a. 10. 5 at* — 70 at? + 245 a. 
3.24—1274 18. 11. 32 af® — 48 at® + 18 at*. 
4,6—4t4+4¢2°, 12. 7 t* + 28 ? — 28 2’. 

5. aa? —2 ax + a2. 13. 14 ant — 7 n — 21 bnz. 

6. 122+ 36 t+ 27. 14.2 at + 2an+2 bt+2 ba, 
7,2c?—20c?+ 50c. 15.3ct—3cx+3 at—38 ax. 
8.42?—16cx+ 16 c'4. 16. at —a+t—1. 


156 NEW FIRST COURSE IN ALGEBRA 
fir. e+e+ete. 
18.2a°—2a'+2a*— 2a’. 
19. 830 at—154a+17c— 34 ct. 
20. 6 atx + 6 btx — 10 aty — 10 bty. 
21. 56 x7 + 63 xc — 40 xt — 45 ct. 
Solve for x: 
22. (a+ b)x=c(a+ db) —d(a+ db). 
23. ax — ber = a? —20ab4+ &. 
24. ax —cx = ab + an — cn — be. 
25.ax+8x2=—ab—6t4+3b—2at. 
6.tr—4C°=—4ct+2 cz. 
27. at + t+ me=am+ m+ te. 
28. 2 bet = bi? + be? — bex + bix.) wie 
Factor : 
29. TR? — ar’ +47(R+1r)*. 
30. [wR? + 7r(R +1)? — ar] 2h. 
31. (wR? + ar’) 2h — (wR? + ar*yh. 
32. wh(R — vr)? — rh(R + 17)? + thR?. 


74. A binomial the difference of two squares. The type 
form is 


— b?. 
By page 137, a?— b?= (a+ b)(a— B). 
Hence we have the 


Rue. Extract the square root of the absolute value of each term 
of the binomial. 

Add the two square roots for one factor, and subtract the second 
From the first for the other. 
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ORAL EXERCISES 


Factor : 

1. a? — x. 9.9? — a?. 17. 144 #? — 49 7”, 
2. 27-1. 10. rR? — ar. 18. 64 2? — 169 ??. 
827-4. 11.9t—4 27, 19. 81 r? — 121 m’. 
4,.4¢7—1. 12. 25 @— 36 m?. 20. .81 2 — 1.96 r?. 
5. a? — 9. 13. 49 # — 64 7”. 21. 169 r* — .36 ??. 
6. 1 — m’. 14, 100 x* — 81 #. 22. sts — .04 x”, 
7.16—?. 15. 100 # — 9 x”. 23. .25—F a. 
847-9. 16.47R*h—arh. 24. m?— 28, 

25. 2.25 a? — 1.44 b”. 28, 2? — 4. 

26. $6 2? — $2 7’. 29. Bene 

27. .360°%—.25c. - 30.4y°—.162. 


Solve for x: 
31. x(t —2) =? —4. 34. (m — 6)x = m? — 36. 
$2.2(8c+1)=9C—1. 35. (2t—3)e=4P—-9. 
33. (n — a) = n*?— a’. 36. (4r—5 n)x = 16 7? — 25 nr’. 


EXAMPLES 
1. Factor: x*— 81. 


Solution. x«*— 81 = (x? + 9)(x? — 9), by application of the rule 
= (x? + 9)(x + 3) (x — 3), by application of 
the rule to x? — 9. 


2. Factor: 16 x? — 81 a™. 


Solution. 16 x8 — 81 a” = (424+ 9 a°)(4 x*- 9a‘) 
= (424+ 9 a®)(2 2? + 8 a’) (2 x? — 3 a3). 
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EXERCISES 
Factor : 
1. a4 — x4. 6. 1s— 16 m*. 11. «* — 625. 
2.a*—1. 7. 16 — a’. 12. a® — b+. 
3. 1*— 16. 8. a’ — 81. 13. y* — a’. 
4, ¢4— 81. 9. tt — 256. 14. a* — 16 b+. 
(ys. SL 8 10. 16 ¢*— 81. 15. a4#8 — 81. 
} 16. (a+<2)?—-—?. 
aay HIntT. (a+ 2)?—-#=[(a+2) +?][(a+72) —#], ete. 
Y 47. @ tar’ 81. 16 a2 — 9(m +. 8)2. 
18. (« — 3)? — m, 32. 25 2? — (a—2 x)”. 
19. (22+02—9a2 883 4 72 — (2r —1)2. 
20. 4(x — 2. a)? — 25. 34. 36 at? — (at — 2 x)”. 


21. 9(7¢ +3 2)? —4 m’. 35. 
22. 25a?(« —t)?—16 m*. 36. 
(23. a? — (22-1). 37. 
24. m?>— (8a— Cc)’. 38. 
25.447 — (2a+ 3)”. 39. 
26.16 m?— (5a—~2)%. 40. 


27. 25 x? — (a+ 7). 41. 
28. ax? — (a — x). 42. 
29. a? — (t-++.a)?. 43. 
30. 9 a? — 4(t — x)”. 44, 


16 m? — 4 a?(x — 1). 

81? — 16(2t—3 x). 

64 x? — 9(4 — 3 tt)”. 
(a+a2?—(6+y)* 

(4 =x)? 3 @ <p" &) 

(a —2ajeee ee 
(2a—t)?— (2"—m)*. 
(8t—<2)?— (m+ 8a). 
(2a—306)?— (8ce—22)%. 
(82—1)?-—(—2y)2. 


Factor, then find the numeric value of : 


45. (12.7)? — (9.8). 


Solution. (12.7)? — (9.8)? = (12.7 + 9.8) (12.7 — 9.8) 
= (22.5) (2:9) = 65.25. 
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46. (7.3) — (4.3)*. 50. (9.4)? — (6.3). 

47. (8.6)? — (5.6). 51. (14.1) — (7.8)? 
48. (11.4)? — (6.4)”. 52.7 —2-7-54 5 
49. (13.7)? — (8.7), 53. 49 —2-7-9-+ 81. 


54. If w = 3.1416, r= 7, and R = 11, find the value of 
wh — zr. | 
55. If t= 27, R=4, and r =8, find the value of 
3 
Some polynomials of four or six terms may be arranged 
as the difference of two squares and factored as in the 
preceding exercises. 


EXERCISES 
Factor: 


1.@—20b+ 0 — 2’. 
Solution. a? —2ab+?—x= (a— b)? — x 


Ay sr fi A = ar ‘a bx x). 
«2, a? + 2at+ 0 — 2 Be Wye tee +9 xt: 


3.07+2ac+e—4m. 10.427?—25y+9?—12¢2. 
4,.@°—4ar+42—9, 11.2°—t*+ 16m’ — 8 mz. 
5. 49?—-A42+1—m?. 122.1—4at—?+4a7#. 
6.25—101—4m? +f. 18. 12ab—4 m+ 9a +40 
7. a — 16.0? — Ate+4t. 14.9 m?—25n?-—6mt+2e. 
/ ay—P tat 2 xy. 15. 12 at —4 027-924 m*. D 
/ Solution. 12 at —4a?—9#+4+ m’=m?— (4@7—12at+9?) 
Paes ey 2a — 80) 

| \ ip 4 [m+ 2a-3i]lm— 2-84] 
: =(m+2a—3t)(m—2a+ 3?) 
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Cie. m?—a?—2at—#. 20,42°—a? +4at—42. 
17.n7—b0?—2bd—d. 21.6m+92?—9—m’. 
18.?—6?+4bc—4c. 22.4ab—4a°+4m'— OB. 
19.2t¢—?—2?+a*. 2.07+20b4+0?—2?-—2tr—?. 
244.07—42t+4P—-—9ea?+6a—-1. 
25.14+2be+2a—c—b?+ a4) 
2.07 —1+?—m+2ai+2m. 
27.407+10 2 — 25 —12 am — 2°? + 9 m. 


REVIEW EXERCISES 


Factor : 

(toa. 11. tn® — fn. 

2.¢¢—20+1. 12. 86a — 12 a+ a", 

3. 24— 822+ 16. 13. 5; atm+ 3 at. 

4,.a—a’. 14.°—#—4¢+4. 

6. 8-241, Qs. 3 of +32 —27t—27a. 

6.a°—18a°+8la.. 16.20% +3 a%r—8 ax —122. 

7.08—a+ox—2x. 17. nv — nt? +4nt—4n. 

8. 2. a° — 18 at) Dios 29a 

9. t—102+49. “19. 2 24 — 40 2 + 200 — 18. 

10. 24+26+0. 20. 5 a4 + 20 a3 + 5 a> + 20 a2. 
21. ab? — by? — 407? +4 2. 
#.Gtr+n—e2t fF) 

Solve for x: 

23. ax = a®b — ab. 26. ax —4?=a?—4at4+ 2 te. 

24. ab = ax —4 at. 27.?2—BP=tr—t. - 


25. ax + bu = a? — by 28. x(t — 3)(? + 9) = ¢*— 81. 


4 
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75. The quadratic trinomial. The GF es is 
x + bx +e. 


For many trinomials of this type two binomial factors 
may be found of the form (x+7)(x+ 3s). The method 
of factoring to be used is the reverse of the method of 
multiplying two binomials given on page 139. From a 
study of the four examples there given it is evident that 
to factor a trinomial of the form x?+ bx +c we must, if 
possible, find two numbers whose product is c and whose 
sum is b. Let these numbers be called r and s. 

Then the required factors arex+rand2z-+s, 


since (a+try(x+s)=2?+(r+s)x+rs. 


EXAMPLES 


1. Factor x? + 12 x + 382. 

Solution. x? +122+ 82 = (x +?)(x2 +2). 

It is necessary to find two numbers whose product is + 32 
and whose sum is + 12. 

Now go 1 da = 2-16 = 4-8, 

The first two pairs are rejected, for each fails to give the 


sum +12. The third pair of factors of 32, namely 4 and 8, 
gives the correct sum. 


Therefore 27+122+ 32=(¢+4)(a+ 8). 
2. Factor a? — 11 a+ 24. 


Solution. Since 24 is positive, its two factors must have the 
same sign; since — 11 is negative, both factors must be nega- 
tive. Now 24=1-24=2-12=3-8=4-6. By inspection 
of these products, — 3 and — 8 are found to be the required 
numbers. 


Therefore o?—lia+24= (a — 3)(a— 8). 
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3. Factor c? — c — 42. 


Solution. The product — 42 is negative; hence the required 
factors have unlike signs. Since — 1 is negative, the negative 
factor of — 42 must have the greater absolute value. Now 
421. 42 =2-21=3-14=6-7. We see that 6+ (—7)=—1. 


erefore ef—c—42= (c+ 6)(c¢—7). 


EXERCISES 
Factor: 


1v+3274+2. 18.a7—9a+14. (05. 2+34—10. 
Q2¢7+42+3. 14.n°+6n49. 26. 2 —2t—165. 
3¢+52¢+4 16n74+7n4+12. 27.°4+2¢—15. 
4.a7+624+5. 1677+8h+15. 28.?—4¢t—21, 
&2+72e4+6. 17.27-9274+20. 29.2+4t—21. 
6.227—S8a+7. 18.0—45441. 30. ? —4¢—45. 
7¢—9x4+8. 19.n?—-1874 42. 31. 2?—11274+.8. 
8.07+4a+'4. 20.?—t—6. 32. ?+ .5¢+ .06. 
907+5a+6. 21.?—t—12. 33. 2 — .7¢+ .12. 
10.07+6a+8. 22. 2?+ 2 — 20. 34. v?7+ .24—.15. 
ll.a?+7a+10. 28. 2?—2— 30. 35. v7 —1n-+ .09. 
12.a7—8a+12. 24.h7>—38h—10. 36.2?—162—.8. 
37.— 27+ 4+ 20. 
Solution. —x?+2+20=-— (a — 2x — 20) 
=—1(¢r#—5)(4+4)=(5— Shee). 


38. — n?—n +12. 42. 2 + t4— 110. 
39.9-—8n—n?. 43. a?b? — 3 aby — 28 y’. 
40. —22—27+ 63. 44, n®— 11 3+ 18. 
412800 =e 45. aU? +10 aba? — 24 2°.) 


pg eg ) we 
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46. 9 ta*y® + x3 — 22 y?, 49. (a—x)?— 5(a— 2x) — 14, 
47. 33 n* — a’x? — 8 anz. 50. n? + (a+ b)n+ ab. 
48. (a@+2)?+38(a+2)4+2. 51. n?+ (20a+5)n+10a. 
52. (a—2t)?— 8(a—2t) +15. 
53. 16 —17(2¢-— x) + (2t—72)*. 


| 


ve REVIEW EXERCISES 


v Factor : 

PG. «8 — 42. 12. 56¢+P—#. 
2.4 ax?—4a. | 13. 4 ax? — 16 a’. 
3.a'+6a°+ 9 a’. 14, 162 a— 2a’. 
4.80—5?+ 6t. 15.4¢+4t4+ £3, 
5.3 n?—9n— 30. 16. 5 an* — 20 n’. 
6. 8af—3at?—6at.  17.8—17t*+ 16. 
fae ot 04, 18:81 a — 180° + a’. 
8. ntt—Tn2®+12n 19. nt— 148 n? — 144. 
9.ai4—Tal—18a. 20. 4 a5 — 92 a* — 200 ad 


10. at — 18 a? + 36. (21. 5 an*t— 5 an? + 5 an? —5an. 
11. 12 21 n?— 54 n*. 22.4 at? — 8 at? — 24 at+ 48 a. 
“23. 10 abe — 380 bc + 20 ac — 60¢. 

24. 60+3c+18 atn+ 9 cin. 

25.4 a°— 4 ay? — 8 ayz — 4 az’. 

26. Solve for x, (a—3)4=a?—5a+6. 

27. Solve for x, 42+ ax =a’? — 16. 

28. Solve for y, ny +42 = n?—n—6y. 

29. Solve for y, ayt+a=a’?+5y— 20. 

30. Solve for z, az+8ac=a?+2cz+2c) 
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Factor : 

31. wh(R +1)? + rh(R? — 7°). 

32. 2 wh(R? — 1°) + 3 rh(R — a 
33. 5 w(R°h — 4h) +2 7(R+4+ 2)*h. 


Simplify and factor : 

34. (wR? — mr*)h + (aR? + 27°)3 h. 

85. 5 w(R? — r°)h — 2 h(rR? — 217°). 

36. [7R? + ar? + r(R+1r)*Jh —[rR? + ar? + rRrjh. 


76. The general quadratic trinomial. The type form is 
ax? + bx +. 
For many trinomials of this type two binomial factors of 


the form (hx + k)(mx +n) may be found. The method of 
factoring such trinomials is illustrated in the following 


EXAMPLES 
1. Factor 3 2?+72+4+2. 
Solution. 32°7+72+2 


Ae tT  (1 
=(22+2(22+2). bs Sif 5 


To obtain the correct factors we must 827+ 2a 
supply such numbers for the interroga- +?2+2 
tion points in (1) and in (2) as will give 8e+72+2 


3 x for the product of the first two terms of the binomials, 
+ 2 for the product of the last two terms of the as and 
+ 7 x for the sum of the cross products. 


Now Sia Sai Ee, 
and +2=1-2. wane 
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The factors 1 and 2 may be substituted for the interrogation 
points in (1) and (2) in either of the following ways: 

82+2 8a+1 

rte (Incorrect) te 


The first pair is rejected, for it fails to give a product hav- 
ing the required middle term, + 72. The second pair gives 
the correct product. 


Therefore 32°+7x2%+2=(82+1)(4+2). 
2. Factor 3 x? —13 2 — 10. 


Solution. 327=32-x. 
—10=1--—10=-1-10=2--—5=-2:-5. 
Test the following pairs of binomials: 
82+1 e¢4+1 34-1 ew-1 2£4+2382-2 x«-23827+2 
x—-103x—-10 2x+103%4+10 84-5 4+5324+5 2x«-5 


(Correct) 


Only the last pair gives the desired product. 
Therefore 3227—132%—10= (x — 5)(8x+ 2). 


After a little practice it will usually be found unnecessary 
to write down all the pairs of binomials that do not produce 
the required product. 

If none of the pairs gives the required product, the given 
trinomial is prime. 


EXERCISES" 
Factor : 


1.22°+52+2. (630?+100+43, 11.2n?-3n—2. 
2.3¢24+5¢4+2. 7.2n+7n+6. 12.20—5t-3. 
3.20 +hit3. 8.3°4+8¢+4. —18.20?—a—3. 
4.2¢74+774+3. 9.204+904+9. 14.227?—2-6. 
» & 3247442. 10.324+112°+6 15.8a?+2a-—1. 
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16.3 2?—5t—2. 29.144 412415 #4 
17.370 —8n—3. 30.6+ 35 x? — 312. 
18.3a?+a—2. /31. 35 a? +a —6. 
19.37°+4¢-—4. $2. 152 — 24 at+9 a’. 
20.3 n'+ 7 n?—6. 33. 11 ab? — 80 abe 4 21 27. 
21.322—1l27+6. 34. 18 a2x? — 41 anx — 10 nr. 
92.38?—14¢+ 8. 35. 35 at? + 62 abt — 33 ab’. 
\g3. 3a2—17a+410. 36. 10 an? — 59 arn — 89 ar’. 
24.6 n?—n—2. 37. 6 2? — 252-51. 
25.67? —138r+6. 38.. 12 a7? — 53 at + 30. 
26. 10 m*—19 m+ 6. 39. 35 1° — 102 x + 55. 
27.15 a°—4a'— 4. 40. 26 a?n? + 81 an — 35. 
28. 10 n? — 89 n+ 14. 41. 36.7 —9a 10 


77. General directions for factoring. Since no general 
method of factoring can be stated in a few simple rules, 
the process must be learned by means of such type forms 
and typical solutions as are given in the preceding pages. 
When these have been once thoroughly mastered, readi- 
ness in factoring expressions which are represented by 
them becomes a matter of experience. Generally a student 
finds it comparatively easy to factor a list of exercises 
classified under a particular type form, yet a list of mis- 
cellaneous exercises he finds difficult. This usually indi- 
cates inability to determine the type of an expression from 
its appearance. Until the student, by careful study of the 


type forms, has acquired the ability to do this, he will 


make little progress. There are many types that are not 
included in this book, which the student who continues 
the study of algebra will meet later. 


a 


FACTORING 167 


The following suggestions will prove helpful in solving 


_ the types here considered : 


I. First look for a common monomial factor, and if there is 
one (other than 1) separate the expression into its greatest 
monomial factor and the corresponding polynomial factor. 

Il. Then by the form of the polynomial factor determine 
with which of the following types tt should be classed and use 
the methods of factoring applicable to that type. 


1. ax + ay + bx + by. 3. a? — b?, 
2. a*7 + 2ab + B?. 4.x? ++ bx +. 
5. ax? + bx +. 


III. Proceed again as in II with each polynomial factor 
obtained until the original expression has been separated into 
ats prime factors. 


MISCELLANEOOS EXERCISES 


Factor : 
1.2n°—2n. 13. nN? —2n*+1. 
2.3 a°— 75a. 14. 167—82?+ 27°. 
3. art — 81 a. 15. 10 a? — 10 a — 60) 
4. war? — 2 mrh. 16. 2? — lax — .02. 
5. tR? — 3 raR. 17.9-+a*— 10 a’. 
6. ax* — 16a. 18. a4 + 36 — 13 a’. 
ta — x. 19. 24 2 nt? + nit. 
8. 2 2° — 2. 20. wR? + ar? + 27Rr. 
9.3 47— 27 y’. 21. .02 a? — .8a— 2. 
| # 10. n?— n°. 22. 2° — x? — 90 x. 
11. #*#— 642. 23.4 27—2 ay — 30’. 


122.1—27n?+n'*. 94.427 — 20 ta + 25 2. 
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=25. 14 n?+ 16 n*+3. 40.1+n*+n—n’. 
~26.3277+1027—8. 41.25 — 2 + 4—1. 

— 27.2 ab—a?— B. 42.6°+¢t—t—#. 

98.72 02—96 ay+14y%. 43. nt-)n? + 12 an— 2602. 
29. 20 —x— 2. 44.10 a?+5ab—5b) 
30. .522—.32—.2. ! “Bret — 9) Ge — 
41.304+54—28. - a— ba? — 0%, 

32.4 n*—9 n?—9. or — 80 n?+ 225+ 9m’. 
33.n*—3n?+4n?—12n. 48. 289—1002?— ?— 20 tz. 
34. 2a%-+3a%—S8at—12t. 49.234+32°7+324+9. 

35. .12a?— .7ab+ b. G0>a* — —32°4+9a4— 27. 
36. 74 — a’? —a+1. S12? + 3.2 ay + 6 y’. 

37. n° — nt —n? + n2. B27 +3 n4+3 nC 490. 
38. 6a!n — 3 abn — 3 a°b'n. “53718 n?— 6 n?+3n—1. 
39.a4—a+4—16a7. 54.4ac—2c+8ad—4d. 


$5; Solve for x, a? +3 x—axr—9=0. aTF 
\6,/Solve fort, ®+¢C+ct=at+2 ac. “& 
57. Solve for z, m?+2m+32=mz+15. 

58. Solve for z,2a?+32=a+2axr4+3. -. 
59. Solve for t, a? —3a—2t=at—2a+6. / 


é 


‘ . 
K. 


CHAPTER XV 


SOLUTION OF EQUATIONS BY FACTORING 


78. Simple equations. A simple or linear equation in one 
unknown is one which may be put in such a form that 


(a) the unknown does not appear in any denominator ; 
(6) only the first power of the unknown is involved. 


Thus5*2—2=138,3t—7=5t—21,ax+b=0, are simple 
equations. (x+4)(*— 5) = (x + 7)(x— 10) is also a simple 
equation, since on multiplying out it becomes x? — x — 20 = 2? 
— 32 -— 70, from which, after transposing, we get 2x+50=0. 


In the preceding chapters only simple equations have 
been considered. 


kK 79. Quadratic equations. A quadratic equation in one 
unknown is one which,may be put in such a form that 


(a) the unknown does not appear in any denominator ; 
(b) the second but no higher power of the unknown 


is involved. 


Thus 2? -—52x+6=0,722?+4=67+16,ar7+br+c=0 
are quadratic equations. 


\A quadratic equation is often called an equation of the 


second degree. 
- The term in a quadratic equation which does not involve 


‘the unknown is called the constant term. 
169 
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80. Solution of equations. The methods of factoring _ 
given in Chapter XIV enable us to solve many quadratic 
equations. In the solution of equations by factoring, use 
is made of the following . 


\ Principie. If the product of two or more factors is zero, at least 
one of the factors must be equal to zero. 


Two or more, or even all, of the factors may be zero, but 
the vanishing of one is sufficient to make the product zero. 
Consider the equation, in factored form, 


(x — 8)(2 — 8) =0. (1) 


If this equation is to be solved, all the numbers which 
satisfy it must be found. That is, we must find every. 
value of x for which the product on the left of (1) is zero. 
If the product is to equal zero, the foregoing principle re- 
quires that one of the factors be zero. Hence any value of x 
which satisfies (1) must make either x —- 3 =0orz—8=0. 
Hence x must equal either 3 or 8. On substituting 3 for 
x in (1) we obtain (3 — 3)(8 — 8) = 0, or 0- (— 5) = 0. 
Hence 3 is a root of (1). On substituting 8 for x in (4) 
we obtain (8 — 3)(8 — 8) = 0, or5-0=0. Hence 8 is also 
a root of (1). A moment’s inspection makes it clear that 
3 and 8 are the only roots of the equation. 


ORAL EXERCISES | 


For what value of « is each of the following expressions 
equal to zero? 


1. x — 3. 4.2+9. 7 22—5, 
22+ 7. 5.22—10. 8. 7x—11. 
3. x — 6. 6.3 x2—18. 9. ax — bd. 
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10. What is the value of 8 x 0? of 0x 3? of —7x 0? 
ofnx0? of mx 0? 


11. Make a statement which will include all the results 
of Exercise 10. 


Find the value of : 
12. (x — 2)(x — 3) when x = 0, 2,.4. 
. (x — 5) (x — 6) when x = 1, 8, 5. 
14. (c+ 3)(4— 1) when x = 1, 8, —38. 
. (2x—1)(82+1) when x= —, 3, 3. 
16. «(2x — 8) when x =3, 0, 4. 


_ 
co 


—_ 
or 


__ In the following determine which of the numbers on the 
right is a root of the corresponding equation: 


17. (« —2)(a—1)=0. Dea Se 

18. (x — 3)(x — 4) = 0. 8 te 
19. e(22%—5)=0. ee ai 

20. (2¢—38)(¢+1)=0. 0,1, —1,2 


21. (¢—2)¢—3)(¢-4)=0. 5, 2,3, 4. 


What are the roots of the following equations? 
92. (« — 2)(x +2) =0. 
23. x(a — 3) = 0. 
24. (x+3)(x—4) =0. 
25. (2t—1)(8t—2) =0. 
26. (3t+1)(5t—2)=0. 
27. (t—1)¢-—3)¢-H= 
98. (2¢—1)(1—2t)¢4+2) =0. 
29. Is there any one number which will make both fac- 
tors of (y — 5)(y +7) equal to zero? 
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EXAMPLES 


1. Solve x? -—7x= 18. 
Solution. Transposing, xz? —72—18=0 

Factoring (x —9)(a+ 2) =0. 

The value of x which makes the first factor zero is a root of 


the quadratic. Setting x—9=0, we obtain x= 9. 
Similarly, that value of x which makes the second factor 


zero is also a root of the quadratic. Setting x+2=0. we 
obtain x = — 2. 
Therefore x = 9 and x = — 2 are the required roots. 


Check. Substituting 9 for x in x? — 7x = 18 gives 
81 — 63 = 18, 
"AS eAR. 


or 
Substituting — 2 for x in x? —7x=18 gives 


44+14=18, 
or Lor 18. 
2. Solve 3 7? =5-4. 


Solution. Transposing, 


Factoring, 
Setting each factor equal to zero, we obtain x=0 and 
32—5=0. Solving the second equation, x =%. Therefore 


347 — 5a = 0. 
x(8xe%—5)=0. 


the roots are x = 0 and x= 3. 
Check. 3 x 0) =5 x Qvore= 0. 

3 (3)? = 53), or 3h = 3 

For solving an equation in one unknown by factoring 


we have the 
RULE. Transpose the terms so that the right member is zero. 


Then factor the expression on the left, set each factor which contains 
the unknown equal to zero, and solve the resulting equations. 
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It must be kept in mind that a root of an equation is 
a number which satisfies the equation. 


One should never divide each member of an equation by an 
expression containing the unknown, for if this is done one or 
more roots may be lost. 


Thus, if in Example 2 we had divided both sides of the ° 
equation by x, the resulting equation would have been 
3 2—5=0, which, to be sure, gives us one root of the 
given equation. But we have lost the root z=0, which 
corresponds to the factor by which we divided. 


i = 


Cay = 


4, 
16. 


EXERCISES 
Solve by factoring and check: 
bt 12=T7 2. 9.84+22=9 
“6. 7° — 27 = 90. 10. 5 27 = eee 
—7. 2’ + x = 56. 11. 2? — 114 = 26. 


by ee 
DN ie 


49, 


5a. -8.627—18x=0. 12. 2? = 19 + — 34. 


13. 2277+527+3=0. 
14.3277+5272+2=0. 


5. 322=11 274 20. 


16.1027 =132+4+9. 

17. 10 22 =19x—6. 

18. (x +7)(« — 2) = 10. // 

1 («+3)(24—1)—15=0., 

20. (2 — 3)? + (e+ 3)(4— 3) = 0. 
91. (22—1)?4+ (2244+5)2@27-1)= 
92. (82 —2)?-—(8x4—-—2)(a—-—N= 
23.07 -4=32+6. 
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24.7°7—38b¢4+20?=0. 

25. 2°? +axr—cxr=0. 

26. 77 —nx+cx—cn=0. 

a7. 2°’—nx=5x—5n. 

28. (x —a)?— (2x%—1)(#—a) = 0. 
29. (82+2)(4—2n)— (4«#—2n)?=0. 
30.27?—4—327+6=0. 

$1. 27-—a? —cx + ac=0. 


81. Cubic equations. An equation in x which may be put 


in the f 
a ax® + bz? + ce +d=0, 


where the coefficients a, b, c, and d represent numbers, is 
called a cubic equation, or an equation of the third degree. 

Some equations of higher degree than the second may 
be solved by the method of factoring. 


EXAMPLE 
Solve the cubic equation 227+ 227 =427+4, 


Solution. Transposing, 2°+27—4x—4=0. 
Factoring, 2(¢+1)—4(@+1)= (&#+1)(2?— 4) 


= (x + 1)(@ — 2)(x + 2). 
Setting each factor equal to zero, 


x+1=0, therefore «=—1; 
x—2=0, therefore «=2; 
x+2=0, therefore x=—2. 
Check. When x = —1, —-14+1=-444,. 
When 4 = 2; 8+4=8+44, 
When x = — 2, —8+4=-8+4, 
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EXERCISES 
Solve and check the following: 
L2—92=0. 8.28 +2=244+2 27. 
oe = Ae: 9.y+t4y=364 9y. 
3. 2° — 2? —20x7=0. 10. 6 7? —9 x= 54 — 23, 
4, 3° = 74 12 2. ll. y*—5y+4=0. 
6..2° -64=— 5 2°. 12. y4+9=10 y*. 
6.2y°—32y=y'—16. 13. y¥4+36=18 y*. 
wy —I9y=45—-—5y*. 14. x? — ax? = 4 nx — 4 an?. 
PROBLEMS 


1. The square of a certain number plus the number itself 
equals 30. Find the number. 


Hint. Translated into an equation this becomes n? + n = 30. 


2. Four times the square of a certain number equals nine 
times the number. What is the number? 
Hint. Translated into an equation this becomes 4 n? = 9 n. 


3. If to the square of a certain number the sum of twice 
the number and 7 be added, the result is 70. Find the 
number. 

4. If from the square of a certain number twice the 
number be taken, the result is 24. Find the number. 

5. A certain number is added to 19 and the same num- 
ber is added to 25e | The pace 3 the two sums is 720. 
Find the number.(). #/ 2! (+ - 

Nig. A certain number is subtracted from 17 and is also 
subtracted from 31. RSP ep of y= remainders is 240. 
Find the number//~ tA 4 

. The difference between two oe is 7 and the 
i difference of their squares is 203. Find the numbers. 
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2s 
K8. A certain number is added to 23 and subtracted 
from 32. The product of the two results obtained is 92 
more than 14 time the, number,, Find the number. 
22 92-1) © eae 
79. @ ail the! leded Leh times a certain number 
20 times the number be taken, the result will be 16 times > 


ane Find the number. (aL 26 Y =| v) 


0. The depth of a certain lot whose area is 4800 square 
feet is three times its frontage. Find the dimensions of 


t lot {\)Q} | f° i ‘> ¢ 
\ F i i tG 
“All. The area of the floor of a certain tooth is’ 80 square 
yards and the room is 6 feet longer than it is wide. Find 
> ana of the room. 
2. 


The area of a rectangular field is 80° dqitate rods. 
The field is 11 yards longer than it is wide. Find its 
dimensions. £177 0° 7 277% A evmertge ig . 
“13. The sum of the squares of two consecutive numbers 
is 181. Find the numbers. 


~14. The sum of the squares of two consecutive odd num- 
bers is 130. Find the numbers. 


15. The difference of the squares of two consecutive 
even numbers is 76. Find the numbers. | 


16. The sum of the squares of three consecutive odd 
numbers is 155. Find the numbers. 


17. An uncovered square box 9 inches deep has 252 

square inches of inside naee Find its dimensions. » 
NA, Bae es Oe ee 

__ 18. The tire abt’ g ace of a cube is 150 square 
inches. Find the edge of the cube. ‘9 Ai-@-s@ 

19. A rectangular box is four times as long and three 
times as wide as it is deep. There are 950 square inches ~ 

-» 2 in its entire outer surface. Find the ce 


é 4 
a 44 &y ef 
Ks @ 


ty hts o ‘cag Engre hehe ¢ 


bo v4 re 
2 5 y 
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ca 

490. A box is 5 inches longer and 3 inches wider than it is 
deep. There are 180 square inches in its entire outer sur- 
face. Find its dimensions. 


The altitude of a triangle is the perpendicular from any 
vertex to the side opposite. This side is called the base. 


B : B 


P ore C A 

In the adjacent figures, BD is the altitude and AC is the 
base of each triangle. 

If a is the altitude of a triangle and 0 its base, the area 


: . ab 4 
of the triangle is rae i #. me 
In making use of this and similar formulas the unit in 
terms of which the lines are measured must be stated. 


21. The area of a triangle is 42 square feet and the alti- 
tude is 7 feet. Find the base. 


22. The altitude of a triangle is four times the base and 
the area is 50 square feet. Find the base and the altitude. 


93. The base of a triangle is three times the altitude 
and the area is 54 square feet. Find the base and the 


altitude. 

24,,The area of a triangle is 144 square feet and the 
base is eight times the altitude. Find the base and the 
altitude. 
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95. The area of a triangle is 96 square feet and the base 
is 4 feet longer than the altitude. Find the base and the 
altitude. 


Hint. Let x = altitude in feet. 
Then x +4 = base in feet, 
and the area = ae = )905 

or x? +42 = 192, ete. 


26. The altitude of a triangle is 3 feet longer than the 
base. The area is 10 square yards. Find the base and the 
altitude. 


27. Ina triangle the two sides about the right angle differ 
by 5 feet. The area of the triangle is 150 square feet. Find 
the sides about the right angle. 


28. The area of a triangle is 81 square feet and the alti- 
tude is twice the base. Find the base and the altitude. 


29. The area of a triangle is 62 square feet and the 
altitude is 28 inches longer than the base. Find the base 
and the altitude. 


30. The sum of the two shorter sides of a right triangle 
is 34 feet and the area is 120 square feet. Find the base 
and the altitude of the triangle. 


31. The area of a triangle is 12 square yards and the 
altitude is 3 feet longer than three times the pee Find 
the base and the altitude. 


A trapezoid is a four-sided 
figure two of whose sides are 
unequal and parallel. 

The bases of a trapezoid are the two parallel sides, 
bandc. : 
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The altitude, a, is the perpendicular distance between 


the bases. b 
The area of a trapezoid is given by the formula ae) 


82. Find the area of a trapezoid whose bases are 12 feet 
and 20 feet respectively, and whose altitude is 9 feet. 

83. The altitude of a trapezoid is 10 inches, its area is 
135 square inches, and one base is 5 inches longer than 
the other. Find the bases. 


HINT. Let «=the length of one base in inches. 
Then x + 5 =the length of the other base in inches, 
and the area = erate = 135, 
or 20 « + 50 = 270, etc. 


34. One base of a trapezoid is 10 feet, the other base is 
three times the altitude, and the area is 84 square — 
Find the altitude and the other base. 

35. The altitude of a trapezoid is one half the shorter 
base, and the latter is two thirds of the other base. The 
area is 160 square feet. Find the bases and the altitude. 

36. The bases of a trapezoid are respectively 4 feet and 
8 feet longer than the altitude, and the area is 352 square 
feet. Find the bases and the altitude. 

37. One base of a trapezoid is 14 feet longer than the 
other, and the altitude is one third the sum of the bases. 
The area is 54 square yards. Find the bases and the 
altitude. 

38. The area of a trapezoid is 20 square yards, the alti- 
tude equals one base, and the other base exceeds the alti- 
tude by 6 feet. Find the bases and the altitude. 

39. One base of a trapezoid exceeds the other by 12 feet, 
the altitude is 3 feet longer than five times the shorter 
base, and the area is 44 square yards. Find the bases. 
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REVIEW EXERCISES 
1. Does x = 7 satisfy the equation 2 x?7-++ 2 — 66=0? 
Does x = — 6 satisfy it? 


2. Give an example of (a) a linear equation, (b) a quad- 
ratic equation, (c) a cubic equation. 


3. Is zero a root of the equation x7 ++ 5—42=5? Is2 
aroot? Is—2aroot? 


4, Give an example of an equation of the second degree. 
Give one of the third degree. 


5. Is 4 a root of the equation 
root? 


6. What conclusion can be drawn from the statement 
25(7 x — 35) = 0? Explain. 


7. Solve 2 27+52+3=0., 
8. Solve 2 7? + 52% = 88. 
9. Solve for x the equation x? — 2 ax + abx = 2 ab. 


10. Given ¢#? — 64¢=0 and #@— 64=0. If we solve the 
second equation, have we solved the first? Explain the 
point illustrated by these two equations. 


—22=4? Is38a 


x—2 


11. If abe = 0, what conclusion regarding the values of 
a, b, or c can be drawn? What possible values may exist 
for a, b, and c? 


12. The product of two numbers whose difference is 4 
equals 357. Find the numbers. 


13. Four times the square of a certain number minus 
four times the number equals 399. Find the number. 


14. A verbal problem apparently easily solved may pre- 
sent an impossible situation and lead to impossible results. 
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‘Note the following: A double-decked bus carried 25 
passengers. Two more passengers rode inside than on top. 
Find the number of passengers riding inside. 


15. Nine times the square of a certain number of books 
minus 15 times that number is 176. How many books are 
there? Is this result possible? 


16. In Exercise 15 change the word “books” to “days.” 
Are the results possible? Change it to ‘“‘motor cars.”’ Are 
the results possible? 

17. The area of a square in square yards and its perim- 
eter in feet are expressed by the same number. Find the 
dimensions. 

18. Find two consecutive integers whose product is 210. 

19. The product of a certain even number and the second 
odd number greater in value is 550. Find the odd and the 
even number. 

20. The product of a certain odd number and the second 
greater even number is 208. Find the two numbers. 


CHAPTER XVI 
FRACTIONS 


/ 82. Algebraic fractions. In arithmetic the student learned 
the properties of such fractions as 3, 3, 5, .2, .386, etc., and 
how to perform the four fundamental operations on such 
fractions. We must now study the properties of algebraic 
fractions and learn to perform the four fundamental oper- 
ations on them. 


rat ees: , 
The expression 57 in which a and b represent numbers 


or polynomials, is an algebraic, fraction. It is read “a 
divided by 0,” or “‘a over 0.” A fraction is an indicated 
quotient in which the dividend is the numerator and the 
divisor the denominator. The numerator and denominator 
are often called the terms of a fraction. 

Certain operations upon fractions, such as multiplying 
both {numerator and denominator by a number (raising to 
higher terms), and dividing both numerator and denomi- 
nator by a number (reducing to lower terms), are often 
necessary before the processes of addition or subtraction of 
two or more fractions can be performed. 

The change of a fraction to lower or to higher terms, 
and the addition and the subtraction of fractions in both 
arithmetic and algebra, depend on the 


PRINCIPLE. The numerator and the denominator of a fraction 
may be multiplied by the same expression or divided by the same 
expression without changing the value of the fraction. 

182 
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AV yas Bi-12 24 2446.4 
ae eG. ae de 6 
Similarly, ee EO gM 

Geen ei AZ Gain 2/10 


Since 3, °, =, and ‘ are each equal to 1, each of the four pre- 


ceding illustrations is really a multiplication or a division of a 
fraction by 1. This producés no change in the numerical value 
of any fraction, though it may change its form. 


ORAL EXERCISES 


What is the fraction obtained by multiplying the nu- 
merator and the denominator of each of the following frac- 
tions by the number on the right? 


1. = 3. 3. :, 3. Z S 5. 7. ay a 

2. , 4. ora. 6. <1, 8. ag 2m 
How is the second fraction obtained from the first? 
7 eee 


What fractions are obtained by dividing both the nu- 
merator and the denominator of each of the following frac- 
tions by the number on the right? 


3 12 ORs... 38n 
15. 6’ 8) 17. 30’ 6. 19. ro. oO. pale ms ai ee nN 
6 15 n n+an 


8. 55” 2: 18. 55’ 5. 20. ae n. 22. eee ann 
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How is the second fraction obtained from the first? 


6 2 pa na x 
Zoe 9’ 5° 25. 39’ 4° PoE nx nN 

Le A nn 3m? nm. 
Q4, 17° 26. en 28. I ny ny’ 3y y 


83. Reduction of fractions to lowest terms. A fraction 
is in its lowest terms when no factor except 1 is common 
to both numerator and denominator. 

% Cancellation is the process of dividing the numerator and 
‘the denominator of a fraction by a factor common to both 


EXAMPLES 
Reduce to lowest terms: 


63 a*b?c? 
* 84 ab?c* 


3 a? , 
Solution eas abet 1: ait - apg =30, 
* 84 ab’c4 2B -H dio 4¢ 
c 
9 4a’n — 86 n _4na+3)fa—8} _ 4a412. 
“3an—18an+27n 8x(a—8)fa—3y  8a—9 


The pupil should note that a factor which occurs one 
or more times in both numerator and denominator of a 
fraction can be canceled only the same number of times 
from each. 


For reducing a fraction to its lowest terms we have the 


({ RuLE,- Separate the numerator and the denominator into their 
\“prime factors and cancel the factors common to both. 


abs fa Aipu 
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Cancellation as used in the rule means an actual divi- 
sion of the numerator and the denominator by the same 
expression. \Therefore only factors which are common to the 
numerator and the denominator can be canceled. 
| The terms (the parts connected by plus or minus signs) 

_ in polynomial numerators and denominators, even if alike, 
can never be canceled. For example, it would be incorrect 
im ae as the resulting fraction would 
be +4 instead of the true value, +4, or 3. Similarly, in the 
a+2z2+3? 
xrt+2+6? 


We have seen that we may multiply or divide both numera- 
tor and denominator of a fraction by the same number without 
affecting the value of the fraction. But we should never forget 
that adding the same number to or subtracting the same number . 
from both numerator and denominator changes the value of the 
fraction. Also, squaring both numerator and denominator leads 
to a different value. Compare this statement with the operations 
that may be performed on each member of an equation as given 
on pages 56-58. 


to “‘eancel” thus: 


fraction no cancellation is possible. 


ORAL EXERCISES 


Reduce to lowest terms: 


A: ae e ser 9. a 18. one 

2. oe. 6. ee of BE. 14. sa 
B eB 7. BS, t, a 15. sa 
ee ee ty yy AOE Sig 108 om 
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lie —— 20. wae a 86. ee 
18. se 21. aoe 24. — 27. Bees, 
EXERCISES 


Reduce to lowest terms: 


1, 


32. [ 15 an? 14” 
{0 . 2a ee 3. 57 w+14n 
54 12 x?n® Loe Sn —2 
eT 8. Fe ee Wael in 
ad | : 42 a'néc iB x? —4 
"bt 56 ane @— 2 
xn 3 a vV—2n+1 
rn Missa iaa 1 n?—1 
an? 4n—6n ni—An 
Zan ay eee 
10 an?a i 3nx+3 nv ) 2 nv’? +3n—10 
5 ax? 2. 3 n* “W+4n—5- 
et T2*—18 ~~ 3 n? — 32 — 270 
8 eo Oe Sees at 
9, a Oe 8) a —16 
(x+n)?(24+3n) “e—2e?+42—8 
—)25 t n* — at 
al. uae ck eRe 
99. © = 2 ty Gua ba —52r+6 


xv’ —16y¥° 2a tay 


- 
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B28 2 ; pee =a 2 
38a 6an+3 n° 99, 2 (b—c) 


tk @w+boan—T7 nr? “an +bn—cn 

98 ie — 3)°— a 30 4An?—5n?—4n+5 f 
“2x—6+24 “8n*—10n?+12n—15 

Supply the missing terms in the following expressions: 
i 15-7? Ga 218 iz 6 2? 

81.7 =75° 8 ig=qg B= 7 8 g5=9= 85° 


Change the following to equivalent fractions having as 
denominators the expressions given at the right : 


127 m+n 


35. ——» 12 mn. 37 m — n*. 

m m—n 

ab bioeeres. : 
36. ——» abe. 38.5720 14 +138ab+2 6% 


84. Lowest common multiple. The lowest common multiple 
(L.C.M.) of two or more arithmetical or algebraic expres- 
sions is the expression having the least number of factors 
which will exactly contain each of the given expressions. 

If two or more polynomials have no common factor 
other than 1, they are said to be prime to each other. 

The L.C.M. of two prime expressions is their product. 

Thus 72?z and 11 af? are prime to each other, as also 
are3x?—5xand2’?—16. Buta?—16anda’—5a+4 are 
not prime to each other, since each contains the factor a—4. 


ORAL EXERCISES 


Determine by inspection the L.C.M. of: e 
1,4,102% 46,10. 2° 710,252 10.4,12..— 
226,8.2% (5:4, 10.4%- 8.4,140" © 11. 6, 12." 
8.6, 9.9% 6.10, 15.99. 7, 14.\4 12. 8, 12. 


x, 


- | *y 


s 6 O.% 2 2R3~ 


g-3- ¢ 
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13. 10, 12,44 16. 2, 5, 15.32 19, 4, 6, 8. oF 
14, 2, 4, 6.) > 17. 8, 5, 10. 30 20. 6, 8, 12.27 
15. 3, 6, 9. /% 18. 6, 5, 10. 30 21. 4, 9,12. ~ 


22. Give one other common multiple for the numbers in 
Exercises 1-10. ; 


EXAMPLE 
Find the L.C.M. of 18 x?y, 15 xy, 20 2°y4. 
Solution. 18 vy =2-3?-a?-y, 
15 sy = 3 5 2-y', 
20 zy? = 2 2 os yt | 
Since the L.C.M. must contain each of the expressions, 
it must contain as factors 27, 37, 5, 2°, and y*. If it does 
this it will contain the other factors, 2, 3, 5, x; y, x, and ¥’, 
and hence will contain any of the above numbers. 
Therefore the L.C.M. = 2? - 3?- 5-23 - yt= 180 x3y4. 


The method of finding the L.C.M. of two or more ex- 
pressions is stated in the following 


Rue. Separate each expression into its prime factors. Then find 
the product of all the different prime factors, using each factor the 
greatest number of times it occurs in any one expression. 


EXERCISES 
Find the L.C.M. of: 


1.18, 24,36. 4.54, 75, 96. 7. 1°4, nas, Px. 
2, 25, 30, 85. 5. na, n2a?, na® «88. 4 n?, 6 nx, 9 nie. 
3. 24, 36,44. 6. an, a’, n*. 9. 9 n’, 6 n’, 12 n°. 


FRACTIONS 189 


10: 3 ax, 5 a*x, Ta. 15. 12 an, 3 an? — 8 an. 
11.3 a, 4), 6 nz. 16. a? — an, a’n. 

12. 5 x*y, 10 yz, 4 xyz. 17. nx’, 3 n’x, 9 an? — 6 a?n. 
-13. 36 ax’, 42 axy, 63 x7y. 18. ce + cy, dx+ dy. 


14.4 n, n? — bn. 19.3n+32, 6an+6az. 
20. n* — nx, 8an—3 ax. rie 
21. az? —9a, 2?—52+6, 227-4244, 6d i 
Solution. ax? —9a=a(x — 3)(x+ 38). : 


v—5x2+6= (x —2)(x4— 8). 
w’—42+4= (4— 2)(4— 2). 
Therefore the L.C.M. = a(x — 3) (x + 8)(x — 2)% 


22. 2? — 4, 2? -—x—6. > 
(23. 2— ax, x? — a’, 

24. n? — 4, n? — 8n — 20. 
95.27? —2n, 3 n*+ 15 n? — 18 n?. a 
-26. a? + ab — 2 6, ac — 2 bd + 2 ad — be. 


gis a? — a, a —a?—24,a—2a4.~- 


85. Equivalent fractions. Two fractions are equivalent 
when one can be obtained from the other either by multi- 
plying or by dividing both numerator and denominator by 
the same expression. 

Fer example, 2? and +$ are equivalent fractions; also 
NI or 
— and-- 
nN nN 

The lowest common denominator (L.C.D.) of two or more 

fractions is the L.C.M. of their denominators. 
id en EC se 
2) > eee 

re 
i 2 


el 
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Before adding or subtracting fractions it is necessary to 
find equivalent fractions having the L.C.D. 


EXAMPLES 


Reduce to respectively equivalent fractions having the 

lowest common denominator : 
1. 3, 3, and § 

Solution. The L.C.M. of the denominators is 36. Multi- 
plying the numerator and denominator of the first eas ny 
12, of eh second by 9, and of the third by 4, we obtain 24, 24, 
and 22 respectively. 

3a 5n 
a: 4 nx eu 6 ax? 

Solution. The L.C.M. of the denominators is 12 an?x”. By 
inspection it is seen that 4 n*x multiplied by 3 az gives 12 an?x’, 
and 6 az” multiplied by 2 n? gives 12 an’x. Multiplying the 
numerator and the denominator of the first fraction by 3 ax and 


z 9 ax 10 n3 F 
2 ee 
of the second by 2 n? gives ————, ae ate respectively. 
° 2 
Thus, 8a 8a-38ax 9 ax 


4An’x 4n’x-8axr 12 an? 
5. Oe eee ree 


d 
a 6ax 6ax®-2n2 12 an? 


Therefore, to change two or more fractions (in their low- 
est terms) to respectively equivalent fractions we have the 


RuLE. Write the fractions with their denominators in factored 
form if they are not already so expressed. 

Find the L.C.M. of the denominators of the fractions. 

Multiply the numerator and the denominator of each fraction 
by those factors of this L.C.M. which are not found in the 
denominator of that fraction. 
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Transform to respectively equivalent fractions having 
- the lowest common denominator : 


igo lee Gere | tie 16. 2, 4. 
feo Bak, Ss 7.4, 4. 12. , 4. 17. 4, 4, 4 
aes 8.3, 5- «18. 3, ae. 18,4, 3,4 
| 4. 3) ae Sa ee 1.5) Te. 19.4,.3, ay: 
| 8.a,7te 10.3,3- 15.75, 3 20.2, 3,2 
| 124 3 2 hess 
| 21. a a 24. n ne 27. an’ ne 
| a 14 tie 
: eae 25. 5 28.7) 5 
| ae 2 3 “ine 
: 23. aos oa 26. nn se 29. Aa 
: EXERCISES 


Transform to respectively equivalent fractions having 
the lowest common denominator : 


i 5 Be Sam a Sab ee oe “iS 
3 a ne and 7 mPa ig - a A a 
yt) oH. 14 oad, a 
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ER" ECE 
en ae 
Solution. By inspection it is seen that the L. C. D. is the 


15 


product of the two denominators, or (a+ 8)(a— 3). Hence 
the multiplier for the numerator and denominator of the first 
fraction is a — 3, and for the second isa+ 3. Using these, we 


eee 2 2 6 5 5 15 
er _ oa+ 
a+3 @= ae a o— 9 
ih a a n 
Sa Tg ape perme Ta 
x od x+2 24-2 
Me Spans 19. Beamon 
+1 27-2 
0.5 ee a] 
a 3 a 


Hint. The L. C. D. = x(a — 2)(@ + 2). Hence the numerator and 
denominator of the first fraction must be multiplied by x(x — 2),, OF 
the second by x(x + 2), and of the third by (2 + 2) (a — a) 


Le 3 
seater. eH 
gg, 0; ee 
°2 ax ate 
4 3 
a. 8 Dee 
ee ey 
“ax ta’ ata 
gous 


AE St ae: 
v—n extn 


32 52 x 
e—4’6482 4-2 


98. Ze 5 5 


27. 


1 2a—1 8 


32 
"2a04+3' 22452413 
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Note. The problem of operating with fractions presented great 
difficulties to all the early races. The Egyptians and the Greeks, 
even down to the sixth century of our era, always reduced their 
fractions to the sum of several fractions each of which had 1 for 
a numerator. For example, § would be expressed as } + 4. The 
Romans usually expressed all the fractions of a sum in terms of 
fractions with the common denominator 12. The Babylonians re- 
sorted to a similar device, but used 60 for the denominator. In 
some way they all attempted to evade the difficulty of considering 
changes in both numerator and denominator. The Hindus seem to 
have been the first to reduce fractions to a common denominator, 
though Euclid (800 B.c.) was familiar with the method of finding 
the least common, multiple of two or more numbers. 

86. Addition and subtraction of fractions. If two or more 
fractions have the same denominator, their sum is the frac- 
tion obtained by adding their numerators and writing the 
result over their common denominator. 


For example, oes 8 11 and + 


3n 5n_9n- 
ypu Ay ea Ga aa | x 


pire’ 
Tf two fractions have the same denominators, their differ- 
ence is the fraction obtained by subtracting the numerator 


of the subtrahend from the numerator of the minuend and 
writing the result over their common denominator. 


for example; ——=— —-= —; and —— <= 


oy" = 


MY If it is required to add or to subtract two fractions hav- 


ing unlike denominators, the fractions must be changed 
to respectively equivalent fractions having a common de- 
nominator; then their sum or their difference is obtained 
as explained above. 


For example, to find the sum of 3+2+4% we reduce 
the fractions to respectively equivalent fractions having the 


b+ 
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common Ceneramiatr 30, by. multiplying both numerator and 


denominator of % by 10, of 3 : by 6, and of 2 by 5. The frac- 
26 18 


tions become 39, 39, and 23 respectively, "atta their sum is 
The pupil should always reduce fractional results to 
their lowest terms. 
ORAL EXERCISES 


Find the algebraic sum of : 


2. e+e g 248 4,2" _ ote 
ib. 2 
aa 0, 28 16, Soe ee 
5. — a5: 11 ae re 
eee 2, eee 1, ote _ Bate, 


In adding or oh eer algebraic fractions with unlike 


denominators, as - . ® and = we proceed in a similar way, 
as follows: 


Multiply both terms of - by 2, and of < by x. The fractions 
become ~ and = respectively, the sum of which is Ge ety 
XZ 


xd — ny 
yd 


Similarly, © So — na _ ae » which equals 
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EXAMPLE 


: = 382 2-5 22-—yn 
Find the algebraic aed BA eA ie SS a Lo 
8 GSEM Ol et Ibe 3 an 
Solution. The L. C. D. is 15 an?. 


3u 2-5 22¢-—n_32-8a , (4@—5)n? (2x—n)5n 


ie ae RH 3 an 5n?-8a 15a-n 38an-5n 
_ Yar , wWe-—5n® 10nr—5r? 
~ 15 an? Iban ‘Iban? 
— Ian t+ (n'a — 5 n*) — (10 nz — 5 n?) 
15 an? 
_9axr+n?'x4—-5n?—10 nr4+ 5 vn? 
er 15 an? 
_ 9ax+ n?x — 10 nx 
By 15 an? : 


Check. The above solution gives: 


3x2 ,2%—5. 2x—n_9axr+n*x—10 nex 
eee a FS ak 


tb 28 18+ 9 — 30 
45 30 18 270 
De ees Oe abe oma 
90 270 90 90 | 
Therefore, to find the algebraic sum of two or more 
fractions (in their lowest terms) we have the 
Rue. Reduce the fractions to respectively equivalent fractions 
having the lowest common denominator. Write in succession over the 
lowest common denominator the numerators of the equivalent fractions, 
inclosing each numerator in a parenthesis preceded by the sign of the 
corresponding fraction. 
Rewrite the fraction just obtained, removing the parentheses in the 
numerator. 
Then combine like terms in the numerator and, if necessary, reduce 
the resulting fraction to its lowest terms. 


196 


és 


Sa ee 


ss 


—y 
—_ 
e 


13. 


14, 


15. 


+2.3i¢+c% & $t77 Leetso— se 
+2. 4 or +3. & 24+ 475 8 §t7e-F- 
5n , On He Bg 
iui se 16. a ax 
Bn ,2n,4n 2 5 10 zx 
6! 8 115 1. sata aa 
t+3 32+5 “ a+b 2b a 
6 8 ~~ & ab_ 0 
5n—-4 2n+8 abe 
SG Pes ace ita 19.9 eee 
3a-2 5-2 ba 3.4 8 
eet iia Ys ery 
1,1 7 Uses 
rat He Se 
Ps Same oo iri ger Co ERE 
mm” sO ga 
28 awe 
og, DMB _ 2M, Bn-1 
ont an GF 
25 v— 49d? = 9 6—n 
nx 2 nx Bn 
og; Soe eet 4f?—5 
Ge Bit eee 
oY 2n 382-2 4nx+5 
5 ae 10 na 1b ate 


Qn coldo 
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Find the algebraic sum of : 


EXERCISES 
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r+4 2x—3 


eo F—bat6 

Solution. 

7 ae le Feet agi x+A4 x 2x2—3 
—9 2#-—52+6 (—3)(2+3) (&—8)(x—2) 


tee at 4) — 2) a. 7 Cr SB e438) 
(@—3)(@+3)("—-2) (ex—3)(@—2)(4+8) 

_W’+22-—8} (22°+32-9) 

iat (x — 8)(x — 2) (a + 3) 

_v@+2xer—-8—-22?—-—327+9 

ACE NCE Carn. | 

eho ed. Uy ag 

~ @—3)\@—2)(@+38) —-2—-92+18 


(Unless otherwise directed the denominator should be 
retained in factored form throughout the solution.) 


Check. Let x = 4. 


gay. 22-3 1—x-2# 
e—9 w@—5rt+6 w—22°7—9x+18 
pe See ey ee oe 
16—9 16—20+6 64—32-—36+4+18 
Bere 19, 16 | 3519, 
eee? 14’ 14 14 14 


In checking work in fractions we must assign such 
values to the letters as will make no denominator zero. 
This is necessary to avoid division by zero (see page 115). 
For this reason x in the above check cannot be 2, 3, or — 38. 


“g?—4 2?—3824+2 Soy 
pete 4 fi) cae 11 
(0) aoe (39, aa, 
S0r- 5 ‘32 Vtne Nn 


+e 
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3n—Y 5 WES RS: ah ; 
op L—Yy (oo nv —16n+ 55 

5 n+2 2n—1 
4 a6 e925 20 ae =e 
= at2x , é—Sere ota : 
weer aa 26a a—8a+12 
hj Shalom bare Be (a Y—3ar+2 34-40 
io .n+3 29° 4 VJ @—6a+9 4a-12 


n+3 ,2 5—n 
. Saat 2 Seri kena re Tear year 


a+2x a—4x 8a—2 
ut. ae ar 
2x%+3 o 2—832 
Sag 10 oe —" 
veo Ue ee ia te ea a 3a) 
far G Pat ea sae £—a. 


87. Changes of sign in a fraction. The sign of a fraction 
is the plus or minus sign placed before the line separating 
the numerator from the denominator. Hence there are in a 
fraction three signs to consider: the sign of the fraction, 
the sign of the numerator, and the sign of the denominator. 

Now in division the quotient of two expressions having 
like signs is positive, and the quotient of two expressions 
having unlike signs is negative. 


Therefore 
ta +4s +iata; 
-SHa-cHyat4; -EBs-CHats 
Or, in general terms, + eo —F= - T= — te 
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These examples illustrate the 
PRINCIPLE. Without altering the value of a fraction the fol- 
lowing changes in sign may be made: 
\e The sign of the numerator and the sign of the denominator. 
( 
f 


b) The sign of the numerator and the sign before the fraction. 
c) The sign of the denominator and the sign before the fraction. 
Hence any fraction may be written in at least four ways, 
if proper changes of sign are made. _ 
4a —4a —4@ _. 4a 


Mo as ay O° ~~ (CD 8 E Sees 


Similarly, 
a—2n 2a2n—a 
Ba—-yt2z —8e+y-2 
“9 2 Oe a—2n 
— Ba-yte —8a+y—z 


The pupil should note particularly that changing the sign 
of the numerator involves a change of sign in each term of the 
numerator. Similarly, a change of sign of the denominator 
involves a change of sign in each term of the denominator. 


Multiplying one factor of an indicated product by — 1 
changes the sign of every term of the expanded product. 

Thus, (n—3)(n—4) =n?—Tn+4+12. 

Multiplying the terms of the factor n — 3 by — 1, we have 

(3—n)(n—4) =—n?+7Tn— 12. 

Multiplying two factors of an indicated product by — 1 
does not change the sign. of the expanded product. 

As before, (n — 8)(n—4) = w—7Tn+ 12. 

But (n—3)(—Dim—4(-—)D = 8—-n)4—n) 

=n?—Tn+ 12. 
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From these illustrations it follows that changing the 
sign of an odd number of factors in an indicated product 
changes the sign of every term of the expanded product, 
but if the sign of an even number of factors is changed the 
' sign of the expanded product is not changed. 


EXERCISES 
Write as equivalent fractions in three other ways: 
128 agg epee 
Coa er 
ups Ua: 


Write so that the letters are in alphabetical order in the 
factors of the denominator or so that the letter precedes 
the number if but one letter occurs in a factor: 


3 a—2 


B= He+D Gaye) 

12. — Ec a 16 53> ies 
"(a+ 6)(6—a) 6=2 Gaz) 

13 Dal ec eae 17 oo Se 
" (@ + 5)(7 — x) " (a — b)(6 — a)(c —a) 

te —8 
* Goa) * G=a)O—aye—a) 
Perform the indicated operation : 
x—3 32 
eee 5 ae 


HINT. Rewrite so that the common denominator is « — 5. 
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n 43 n—1,38n-2 
a er er a ear 
-.  a—I1,3-a 2a 
erg ye oe 
% ev+tAnxr 
a2 9 
x wtAnxr —2 vr+4e 
ee ae Ga) 2 GC 
3 5 x+A4 2 
eS era nae oe —52+6 ~ sot s 
x+1 «#-1 xv? — tx ep ‘ 
SPO: eae aha OF aa GEER AG Ge Tae 
oe 
"P-—8t+15 5-t 38-t 
29 SA eo See ee 
~ (a—b)(a—c) (a—b)(c—a) 
0 J 
“(n—3)\m—4) (8-—n)(4—N) 
a 
“(a—T(a—c) (T—a)(c—a) 
x—3 2xe2—-—5 


e -G756° 9-2 
- 82-1 8a2—7 
88-92 P—6at9 
Aleyo 2a— 3t oe Tt 4 
—5at+62@ aw—4? 
Pe a ae 
Saas 62—27—8 ' 6—2)2—2) 
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88. Reduction of a mixed expression to a fraction. The 
mixed number 4% really means 4+ 3. It is equal to 
442 oriZz+ 2,= 44. The corresponding case in algebra 


lsat: 
b_ a,b _a,b_act+b 
NOW, Oo it one 
Similarly, 
n+ 2 3 _ (n+ 2)(n — 2) 3 


3 
ae er 1 Roe n—2 Ti ae 
_nv—44+3 wv-I1 

so (te =e 
The process involved in this operation is nothing more 


than the addition of two fractions, one of which has the 
denominator 1. 


ORAL EXERCISES 
Reduce to fractional form: 


1.243. 4.54 4. 73+7%.. 10.6—3 
2.3+ 4. 5.6432. 8.4—2, 11.$—2 
3.4+ 2, 6. 8+ 43. 9.5—3. 12. +44 — 3 
18. 142. 19. 1— (5). 25. 
4.2—. 20. a +(5)- 28, 2-+14+——.- 
| 15.2 —=. aS 42, a. 2—24+—=. 
16. n— =. 22. (8). 28.08 4+——s. 
17. 2+ 93. 0? — ()- 29.n+4— = 
18. 20-45%. 2. 3+ — 25. 30.n—5 —. 
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EXERCISES 


Write as fractions and simplify results: 


5 es b.a—3 45. gett 41. 


ie n—t 
oe = Set gel 
by 6  a+2 
8. m-+n-+—. Bo 53 3 Lex geo eet 


ae Ah Eee ; 
4.4--%—->- Be a Tat 12.5757 + 3atn. 


w—AP 6 a—2 oa 
| ae maa wat 


as ea b? b 
W2n-e— so NB ay aes iu 
ee + 3a a if 
6240412248 0 bao mou 
eit ye Sree iy) 2 Eo ee 
Nis. ft Ey Mas 0-1 eB 1 #—1 
3 gt+3er7+1 
ee et 
2. (2a+3——*,)— i 4): 
Hint. Removing parentheses, 
2a4+38-—*5—a— apes a 
x—8a 
5a+ oa) - («— i: 
23. (5 a 


2) les42,) 
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2. (6n— 22). 
«t—Y r+y 


26. (2n—3t+5"5) 4 (sn+21—52" ). 


M 


ee (m+n——™—)—(m-n+—45): 


98. (n-s- 5%.) —(n+8+=%). 


(+0583) (wea 75) 


89. Multiplication of fractions. In algebra as in arith- 
metic the product of two or more fractions is the prod- 
uct of their numerators divided by the product of their 


denominators. 
Thus, s.A=H. 
Similarly, ; . 5 = 7? 
ee 8 
and Te$=F-$=%. 
In like m Ce 
e manner, n i hae 5 


If a factor occurs one or more times in any numerator 
and in any denominator of the indicated product of two 
.or more fractions, it should be canceled the same number 
of times from both, thus giving the eens of the several 
fractions 1 in lower terms. 


Thus, a. ¥ _ a. 
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EY AMPLE 
BS Bris 8a’ 


x ae 
Solution, 82, 8a _ Bath Soh _ ay? 
dat Way Ag Voxy 2a 
a 


To find the product of two or more fractions or mixed 
expressions we have the 
Roe. If there are integral or mixed expressions, reduce them to 


Fractional form. 
Separate each numerator and each denominator into its prime 


factors. 
Cancel the factors common to any numerator and any denominator. 


Write the product of the factors remaining in the numerator over 
the product of the factors remaining in the denominator. 


ORAL EXERCISES 
Find the product of 


12. ne Cag: Bg ae 4. ($)%. 
git in nti Se 
7. er z. 12. 2 a(2). 17. a + zy: 
3S ad, 13, = ee 18. (Gpa) Ot". 
ie 5 laa ee ee ng 
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EXERCISES 
Find the product of 
1.335. 4.15 - 75, 7.1% - 45, 
2. or os 5.2-4-32-6. 8.25 43, 
3. 3° - 10. 6. 142 - 23. 9. $2 - 32-44 
~~ 10 a?n? 127 eo Be ‘= J ey 
(M6 wie Ta O aanla] 3 
1 Ban 12x°y | (eo se S 
"9x 16n ” Vg MB pss 
20:43... 4.0-2" ry nt2 wW—4n4+4 
ae re se 1 Fn 2" oF il 
2 t\2 9G a+ a? — 2 a 
18. (52 2 ae P+ zor te /) 
1A a 10”. 95 n—-4 Bn 6. 
"NS n/ 40% n+38 8n-—6 
15 Sax 6nx nia ) a+ 32-5 
Oar e LONE. Lee V3 295 ax+7a 
16 a aa bn? 27 82-12 we+3e@ 
ae ebay (eee fr ‘ar+38a nxu—4n- 
16 a2 12° 15 na? EN 5a+5c an?— en? 
Lo aus 4 (28. an—cn @+ac- 
aa DED ee 2n7+6 . 10-23 
1s. (74 16 cy2? 8 Ore 52! 8 nk +9 
Tei RE CRN ee v—x—-6 2+2 
ee) 35 0. poe 2-3. 
ORR 
“7a n x “22-18 2+x—20 
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hee. (14279) (F = 1) 
Hint. (1455 a Ta Path OFT ote, 


= (+725 )(-73,) 
34. (Spt 24)(21-9+5°8)). 


9n? Ginshies 
35. sine (1+ -S)- 
av?t+2axr+4a 12 xy? ( 4 % 
ans eras 


36. > ee 

eer 6 xy 32°+6x+4+ 12 — 
bared, ° 20 — 

ar Ce a 


4 


38. (14), 2 #450 )(y_3 4) 


oe (n+8+ 955 —5)(4- Bete aaa) (ses): 


90. Division of fractions. In arithmetic, 3+4=2-4 
=$¢=75, and #+8=2-4=5. Also, #+ 2% =23+4; 
6, jt oeenO 
Sr Ti 7 es 

@,c_ad_ad a 05 Lae 

Similarly, Bisa Bb pe 7ge tg Se 

a m)_a@,(cd+n\)_a@ dad __ ad 
Also,5 +(c+5)=5 +( d )=5 cd + ny bed + bn 


For division of fractions we have the 


Rue. Reduce all integral or mixed expressions to fractional 


form. 
© Then invert the divisor, or divisors, and proceed as in multipli- 
cation of fractions. 
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Note. Inverting the divisor. The student of algebra will remem- 
ber that in arithmetic the divisor is inverted in division of fractions, 
but he may fail to recall just why. It is worth while for anyone to 
understand thoroughly this particular step of the process of division 
of fractions and why division is then replaced by multiplication. In 
a book on arithmetic the explanation could be made clear by ana- 
lyzing the solution of a simple problem like 8 + 2. To see just why the 
divisor is here inverted consider first 1+ 2. This last requires that a 
unit of one kind (unity itself) be divided by three units of a different 
kind (fifths). Any difficulty of this nature is avoided by reducing the 
number 1 to fifths; then 1+ 2 becomes 2 + 2, and the problem is 
transformed to that of dividing three units of a certain kind (fifths) 
into five of the same kind. This can be done directly and we have 
$+2= 4. But the answer $ is 2 inverted. This means that to 
find how often 2 is contained in the number 1 we merely invert it 
and obtain $. Obviously 2 is contained in 2 twice as often as in 1, 
in 3 three times as often, and in 8 eight times as often, ete. Hence 


8+ 2=8x $= 42. 


= = That is, < is contained in the number 1, = times. In n it wil] 
be contained 1 times as often as in 1. Hence n+ - = 7) x - = a 
f 
EXERCISES 
Perform the indicated operations : 
3.4 3) # T 
Ag i 5. (4 i+ (449) 
57 10 AN 13 
ri a 6. (7475) + (1-93). 
23 115 ao ae 
39 ~ 26 “bo ad 
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ab ae 10 ab? 5b 


~ sy ty Sp ne View Wai ow Bae 14 ad. 
1a # 26 Bay, (8a¥ (2) 
ey ae 2a] ~ \4x2/ °\z/) 
an ( 2an\’ 6 an? Hint. See Rule, p. 29. 
x FS i 
a x an 19 a+ (2H) + 2%. 
et et * "256 2/7" (8n4)? 
13, 2%, Gan, Wan’ © + (2)+(8) (4) 
—~ ARE 2008 ‘Bier “ge Ray as epee Nae) 
145 15. 5a, BM) 91 2n—1__6n—-3 
4n? 2n®° 12a 15 az? 52 
3 — 72 La 
Figs ih Nae ie ao 


"102 5a” 3 by 
(4 n?)? Ge (2 0)? og Ulan Brn 
e. > 6 Oa: ee ae ee ae Te Y 


16. 
n 


ee (3-45) + (8-=45). 


aA x ee 
ee 7) 2+ 38/ 3 
(eat) + sae eae +8) 


29. (Aor) + (8+ grag) (po5 +2). 


ag) otto) Danae 
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9V7+9n _ it tet 

Tela on 3(3m +4+55). 
4—4n*  2n7?+42 ee 
po et SE en Pele ="). 


33. lexssras)e (ore een 
‘(S25 +523) +(e): 
ugh) -(6-M9) 

ie eee i oe a 

ar Ge.) ae at 

w Getets)elerads) 


91. Complex fractions. A complex fraction is a fractional 
expression containing one or more fractions either in the 
numerator or in the denominator or in both. 


31. 


32. 


EXAMPLE 


Solution. Reducing the numerator and denominator to 


simple fractions, 16 16 — x2 
aie = cen 
2 
24 10, is 24+ 10n+e 


- 
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Performing the indicated division, 


16—2x x 
eA oy x8 Age 
244+1024+2 x (2+ 6)(e+457 «+6 - 

i 


Check. If we let x = 2, 


16 16 
Bed tr det becomes al oer dens 
410,17 2+6 210,17 248 
as a oe S. , 402 
or Jere 
6 8 


For simplifying a complex fraction we have the 


Rute. Reduce the numerator and the denominator each to a simple 
fraction. Then multiply the numerator by the inverted denominator. 


Simplify : EXERCISES 

oes 2*—(3) ras 
2-3 pete (e)) ba 

2. 245 5. aah 7 Le 
3 8-008 *3 
gtl oH a 1342 
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17. 


18. 


19. 


20. — 


21. 


22. 


23. 


24, 


25. 


14, 


(@@a—10x.. 
20 ax +2 
2 

a 
ee 
a+t 
gq— Cat 2 x)? 
oF ; 
(Pst Se) Be 
3a ira 


a 
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REVIEW EXERCISES 


1. How are fractions added when they have the same 
ae aes ? 


\2. Is ae + y= + ak an operation of the type referred 
to in Exercise 1? 


XY 3. State an exercise of this type involving letters only. 
4. In finding the sum of 2 + #4, why is it not correct to 
ae denominators for the denominator of the result? 


5. State the principle on which the changing of fractions 

to equivalent fractions in higher or lower terms depends. 
(6. What are equivalent ACH ONs | 
7 When we write 2+4=24+4 22 on what fundamen- 

tal principle is the equality paced ? 

4 8. If 3 is added to the numerator and the denominator 

of Ts 5) will the value of the resulting fraction be equivalent 

to +4? If 8 is subtracted? 


4-9, If 2 
really performed? Does this change the value of the 


fraction ? 


. x+a 
<0. If Smee 
performed? Has the value of the fraction been changed? 

11. Mention an error which must be avoided in simpli- 


fying the fraction 
a+84+ 


= is transformed to -? what operations are 


is changed to aie what operations are really 


—_ 


Ge 
a 


2e+4—-— 


€ 12. Give an example of a mixed number; of a mixed 
expression. 
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\A8. Why is it desirable to write 
\ 1 3 
(@—a)@—b)* @—a)O—2) 

08} ESS eee 
(a—x)(b—xz)  (a—2x)(b—2) 


before adding? By the use of what principle is the second 
form of the fractions obtained ? 


in the form 


of 14. State the arithmetic method of multiplying 2 by 7. 
Is the process the same for algebraic fractions? Lares 


ts. State the arithmetic method of dividing 5 by 2 ae ES 
the process the same for the division of algebraic pee Bi s 


16. What is a complex fraction? 


17. How can the numerator of a complex fraction be 
distinguished from the denominator? Consider 


alate 


Which is the numerator? the denominator? 
18. How is a complex fraction simplified? 


19. In simplifying complex fractions like those on page 
211, which of the four fundamental operations’must be 
performed first? Which one is nea last? 


Glenes 
Qt 


in the shortest way. 


20. In what two ways may 


a 5) i 
aks 


ms simplified ? 


21. Simplify =— GY 


CHAPTER XVII 


EQUATIONS CONTAINING FRACTIONS 


92. Equations containing fractions with monomial denomi- 
nators. If fractions are involved in one or both members 
of an equation, it is necessary to find a number or a literal 
expression by which one may multiply both members in 
order to get rid of the fractions. (Compare Example 1, 
p. 216.) This process involves the application of Axiom III, 
p. 57, which is the only principle employed in this chap- 
ter that has not been used repeatedly in the earlier work 
with equations. 

Especial care is required to avoid errors when a 3a 
tion which has two or more terms in its numerator is 
preceded by a minus sign. 


ORAL EXERCISES 


Solve for x, stating what operations are necessary : 


x Dap x 1 
1.5 = 4. 5, 3 ara 9.7 —7=0. 
Tea8 ay 105 
6 die ic e Be "8 
x ¢ 34> 2e+4 
‘. 8.7 = 2. 7. = 6. 1 5 0. 
x Oa Es ot 10 | 
4. 79 = 3. 8 ge = 10; 12 D) = 0 
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82—A4 Les ae 
13. 5 — = 0. 19.7 =2 %. alk 
e--F ee 3 
14. —=3 20.5 =1 26. 5 = 1. 
e—1 of: a. 
15. 3 ==vile 21.5 =5 ee 
x—2 "5 1 
16. A 3 Ee 22.7 =8 28. 4 = 
32+2 _ Bae, ee 
heat cma 23.575. = 8 apres ae 
iepeek Shay) ie Te 30,2 
3 ba 2. -¢@ 


31. Using the least multipliers possible, clear of fractions 
Exercises 1-10 on page 215. 


EXAMPLES 
2 0. 
se ore 
Solution. Multiplying both members by 35 (L. C. M. of the 
denominators) and canceling, we obtain 


1. Solve the equation 


14%—52%= 815. 
Then O = 315, 
or o == 30. 
Check. Substituting 35 for x in the given equation, 
to — Sb = 9. 
14-—5=9. 
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2. Solve =~ 32 (0 SS 4) ae OE are 


3 
Solution. Removing the parenthesis, : 
< a ee 
3 6+ age + 5 = 14, 
3 ibs Wage Mage 
Collecting, 5 + ae 


Multiplying by 15 (the L. C. M. of the denominators) gives 
52+ 36 x = 246. 


Then 41 x = 246, 
or £6: 
6 3-6/10__ ) ere 
Check, 5 (= AV 38 = 14- 
Defoe oP AP = 14, 
—4418=14. 


For solving equations containing fractions with mono- 
mial denominators, we have the 

Rute. Free the equation of any parentheses it may contain. 

Find the L.C.M. of the denominators of the fractions and 
multiply each term of the equation by it, using cancellation wher- 
ever possible. 

Transpose and solve as usual. 


EXERCISES 
Solve and check: 
joy eat 4.32— 22g 
2. 5+ 57 = 11. B.S +5 + G=9. 
3, 4% 482 _ 19 4-42 7823, 


218 


11. 
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et 13. Pah 

i ae Bee Tos Sa 

6 izes at ed 
Aaa ae Se 
sieh talented 

pity —4i(8—F)=3. h, ee 
joe \s teat 

<p, 2 epee 

JETS a2 (36, 2% ptt +8=2 22,) 

et a4. Gr ites 5+ _. 


CR gee Mt na ite, 


2 ae x+4 
hee Pe Ge Dr ae 


4a ,128a+1)_ (a 14 
AS 4 BOOTS = (§42)+40+ 75 


t+2 ¢48_ 111-428 
‘7-3 poe eee 
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32. 5 2(<2- 3)= 4—3(2 +1). 


_5a—15 2e--2)_ Se=1)) 
Bee ee 


Me &. 
ae qm. 


n,3n_ 5 iat ght: x 
35. x ey She hg a= nt ab +e 


2EDe as a agp x et Aa ee 
36. a n?+4¢ = oe) Smal? = ThaeP RE: 


‘i PROBLEMS 
+ One sixth of a certain number, a of the same 


number, equals 21. Find the number. i %#)« 2 | 


ie 


2. The difference between 2 3 of a certain number and 4 


of the same number is 6. Find the number. oe -xk = i 


erThe sum of two numbers is 216. One tenth of the 
greater number equals § 8 of the less. Find the numbers, 


__4. The width of a aectnele is “2 of its \Sroth, The 
perimeter is 200 feet. Find to a of the rectangle. 


___5. What nim haa | be Pa to the numerator of 
the fraction 42 so that the resulting, fraction will be ¢ of 
the number added? IZED = /s 


on 
“6. Three fourths of a a integer is 4 the sum of the 
ia two consecutive integers. , Find the first integer, 


“7 A certain even integer ditiied by 3 is 10. fice than 
z of the sum of the next two consecutive even integers. / 
Find the first integer. 


7 


I 
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-g, What number added to both terms 0 of the fraction 
7; gives a fraction whose value is 3 3? r* 3 


0! Separate 96 into two ae ae. that ¢ of “their 
difference is 5. 


—~ 10. Separate 17 y into two parts cael that their quotient 
is ¢. ; 


_11. There are two! numbers whose sum is 52. If their 
difference is divided, by their sum, the gue is 75. 
Find the numbers. (A) “tee 


12. The weight of Mars is i A 9 aoe that of 
the moon, and the weight of the earth is about 34 that of 
the moon and Mars combined. Find the seeight of the 
moon and of Mars i in terms of the earth’s weight. 


+ 
: 


——is. ‘A's age is 75 of B’s ae. A 4 years A’s age will be 
71 of B’s age. Find their ages now. 7 } + Fe Re | +L) 


iD y 

14. At the time of her marriage a certain woman’s 
.) age was % that of her husband. Twelve years later her 
) age was 4 of his. Find their ages at the time of their 
’ marriage. 4, Lrl2s ge , | 


22 “yy ii 2 /% ; 
A is 12 years older than B: Ei ee r, AES B was 
ey a 


x as old as A. Find their ages now. 


——16. The denominator of a certain faction i: its 
numerator by 12. If 6 is added to both terms of the 
fraction the value of the resulting fraction is $. Find the 
fraction. 


‘17. Jupiter has 5 more moons than Uranus, and Saturn 
2 more than twice as many as Uranus; Mars has 7 fewer 
than Jupiter, and Neptune 4 as many as Mars. These _ 
planets together have 26 moons. How many has each? 7 | 


7 on" 


if J A/ 4 
A Ly f 
(X . j | es 
wane = F iv 
; 
| ; 
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18. A triangle has the same area as a trapezoid. The 
altitude of the triangle is 36 feet and its base is 20 feet. 
The altitude of the trapezoid is } that of the triangle, and 
one of its bases equals the base of the triangle. Find the 
other base of the trapezoid. 


19. A marksman hears the bullet strike the target 
3 seconds after the report of his rifle. If the average 
velocity of the bullet is 1925 feet per second and the veloc- 
ity of sound is 1100 feet per second, find his distance from 
the target and the length of time the bullet was in the air. 


20. A gunner using a modern rifle would hear the pro- 
jectile strike a target 2640 yards distant 92 seconds after 
the report of the gun, provided the projectile maintained 
throughout its flight the same velocity it had on leaving 
the gun. Find this velocity if sound travels 1100 feet per 
second. 

21. The denominator of a certain fraction is 8 more than 
the numerator. If the numerator is increased by 1 and 
the denominator decreased by 3 the value of the resulting 
fraction is 2. Find the fraction. 


_ 22. The estimated total possible water power of the world 

is 439 million horse power. Of this North America has 8 
million horse power more than South America, 17 million 
more than Europe, 9 million less than Asia, and 45 million 
more than Oceanica. Africa has.59 million horse power less 
than all the others combined. Find the number of horse 
power for each geographical division. 


93. Equations containing fractions with polynomial denom- 
inators. Although no new principle is involved in the 
exercises of this section, they serve to review some of the 
most important processes of algebra. 
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ORAL EXERCISES 


Clear the following equations of fractions, stating in 
each case the operation employed. Do not solve the 
equations. 


x 
1. i 3 
Solution. Multiplying each member of the equation by x—3 
gives x =2 x 6. 


= 2. 


A geeqad Yo =8. 18,2 =%. 

6. = 8. 12, 2 = 2. 19, oo = 

6. 2S 7, 18. 2 = SE. 20.4 2— 3. 

eee’ 4, 22H =o. 21.2 +o = 2. 

8. T= 15 = 22. + Pao 
EXAMPLE 


Solve the following equation : 


Oi ate eth 
3 saad 3 r 20 it = 27 Ie 
Solution. Both members must be multiplied by 11(8 x + 1), 
the L. C. M. of the denominators. 
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This step may be indicated as follows: 


NG se 1/8 x 


rE 
3 


—2 
xr+1 


Canceling where possible gives 
33(8 7 +1) —11(22 2-2) =27(82%+1); 


Whence 99 x + 33 — 22 x + 22 = 812+ 27. 
Transposing and collecting, — 4 x = — 28, 
ai em ile 
EXERCISES 

Solve and check as directed by the teacher: 

FAA Lo 3 Ee So. vie 5 4 iL 
ve ae a ae “2x-—-1 9° "18-22 2 
ss ea ae a244 3 Sys 
Rigen aT o- a meagre 6. eo eee 
13 fees ee el 
ih ton & 1m: 2% So a 
el (6% r— 8 ee ee 
ea ee ea 
ere ere a san lt puede 21s 7G) 
Or aCe (16. 7 ey yd 

1 0 ae VY l4y—5_  12-—2y 
ey a ar “4y+5  238+4+2y) 

roe 1 be 2 ig ot 4 _1by 
s2+1 4432 8 Sy—4 8 

Dar aS 3 4-—33y tf 

eerie... Fay Tapas tet 
2x-5 pee OS 

ee oF * 


= (2 )18 241). 
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oA oH 16 y Le ault 
a | ae tr ae an ah i 
ae ee 3 pe cee 
"9e+524+3 =3.) 2 ae ved +1 
oe id 
SOur Caveat Ea 
23.5 + = 28. or tae eee | 
2 pees 
(or. pg tg Te 
2 1 8 
8. 594 eee ae 
i) aed 
ta Se eS 
1 eed 
a Ue bee 
a 2ttl _t+3, 
SP?!) +3t—4 t+4 
eer er eo 
ot: eh Eom a \ 


94. Equations involving decimals. The method of solv- 
ing an equation containing decimals is illustrated in the 
following 


EXAMPLE 


Solve the equation 92+ .7=4.2 —.1572. 


Solution. Multiplying each member of the equation by 100, 
90x+ 70 = 420 —15 x. 


Transposing and combining, 


105 x = 350. 
eae. 
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Check. 9X 41294 .7=42~ 15x 40, 
Sei 40 
SHA ule 


In equations containing fractions, if decimals occur in 
any denominator, it is often desirable to multiply both nu- 
merator and denominator of such a fraction by that power 
of 10 which will reduce the decimals in both the numerator 
and the denominator to integers. Then clear of fractions 
and proceed as in the foregoing example. 


EXERCISES 


Solve the following equations and check as directed by 
the teacher : 


tSx = 6, 6. 3.75 = 2.15 — .25 x, 
2..6¢+ .5=.8, : 7 122%— 4,5 = 1.68, 
8. .152+4=.25. 8. .15 2+ .16 = .58. 
4-15 — .85 x ='.26. 9. 08 7= 1x + 2.6. 
§. 924-6 x = 5.12. 10. .42%+ 1.62 = 55 x. 


11. 32— .82=16 x — 49.5, 

12.1.72+ 3.14 = — 9.66 —1.5 7. 

13. 162+ 7 — 6.25 x = 8.845 +22. 
14.6%—2.492+122=154.71 x. 

15. .36(2 x + .5) — .6(1.5 x — 2) = 1.2. 

16. 6(6  — 1.1) — 8.4(1.42— 3) = 12 2 + 24, 
17. .12(.5 & + .05) — .15(.375 x — 2) = .246, 


12-62 615-27 3.5 
eee a 


ay 
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19, OE 124 7.56 — 282 
ae 35 


HINT Multiplying numerator and denominator of each fraction 
on the left by 100, — 


6202-124 756-282 
40 35 


= 7.9. 


=7.9. 


To avoid the possibility of repeating, in the check, a numeri- 
cal error made in the solution, the check should be performed 
by finding the value of each fraction separately, without clear- 
ing of fractions. 


2 Aan Ge 

a1. SP aes dee 12 z, 

gp, 15B— An) 2522-6) _ og 
Se ee eee 
ene oe 


BG 5) ee eny t 


25. The formula ES zi — 1 applies to a convex lens 
f ¢ifar. Fe 


where f; is the distance of an object from the lens, fy is the 
distance of the image formed by the lens, and z is a dis- 
tance known as the focal length determined by the shape 
of the lens. If f,; = 3.4 inches and f. = 4.2 inches, find x to 
two decimal places. 


Hint. Solve the equation for x before substituting the given values, 
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26. If a pounds of water ata temperature ¢ is mixed with 
b pounds of water ata temperature 7’, the temperature x of 
the resulting mixture (if no heat escapes) is given by the 
equation at+bT=x(a+b). Find x if g= 4% pounds, 
t= 40°, 6=33 pounds, and T= 90°. 


27. The velocity of sound is » in the equation v = ni 
when x is the number of vibrations the sound makes per 
second and / is the length of one sound wave. The A to 
which an orchestra tunes makes 440 vibrations per second. 
If sound has a velocity of 1100 feet per second, find the 
wave length of the note A. 


28. If a body were projected away from the earth’s sur- 
face with a velocity in feet per second greater than v=V29R 
it would never return to the earth. If g = 82 and R equals 
the radius of the earth (4000 miles) expressed in feet, find 
this velocity. 


Note. The introduction into Europe of the Arabic notation for 
numbers was one of the important events of the Middle Ages. This 
notation originated among the Hindus probably as early as 300 B.c. 
It was adopted by the Arabs, and was introduced by the Moors into 
Spain during the eighth century. Anyone who has tried to multiply 
two numbers in the Roman notation, like MDCCVII by MCXVIII, 
will realize the difficulties that surrounded arithmetical operations 
before the Arabic system was taught. Before the introduction of this 
system one of the principal uses of arithmetic was the determination 
of the day of the month on which Easter came. Roger Bacon in the 
thirteenth century urged the theologians ‘‘to abound in the power of 
numbering,” so that they might carry out these computations. Busi- 
ness computations were made on the abacus, one form of which isa 
contrivance of wires and sliding balls on which arithmetical oper- 
ations can be performed with great rapidity. 

Though computation in the decimal system was used in Europe 
from the thirteenth century, the final step in perfecting the notation 
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was not taken until about 1600, when Sir John Napier and others 
made use of the decimal point in the modern sense. It was not until 
the beginning of the eighteenth century that it came into general use. 

95. Formula for percentage. The methods of algebra 
may be used to advantage in dealing with many problems 
in percentage which are also found in arithmetic, and in 
solving many others which would be difficult or impossible 
to solve by arithmetical means alone. 


ORAL EXERCISES 

1. What is 5% of 60? 3. Whatis4% of x+ 40? 

2. Whatis 5% ol 27 4, What is 7% of 4x—a? 

5. What is the interest on $100 invested for 1 year at 
6%? 

6. What is the interest on $100 invested for 6 years at 
6%? 

7. What is the interest on $100 invested for ¢ years at 
4%? 

8. What is the interest on P dollars invested for ¢ years 
aL 48 

9. What is the interest on P dollars invested for ¢ years 
at r%? 


10. What is the total amount due at the end of n years 
if P dollars are invested at r%? 


If two sums of money are x dollars and (800 — x) dol- 
lars respectively, express as equations the statements made 
in Exercises 11-14. 

11. Four per cent of the first sum equals $20. 


12. Five per cent of the first sum plus 4% of the second 
sum equals $120. 


1er 


‘Napi 


Fohn 
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13. Six per cent of the first sum equals 5 % of the second. 
14. Five per cent of the first sum is $24 more than 4% 
of the second. 


When P dollars are invested at simple interest for t 
years, at a yearly rate of r%, the total amount, A, accumu- 
lated is given by the following formula: 


P+P-r-t=PQ4+7)=A. 


It should be noted carefully that the value of r is a 
fraction of which the | RE ee is 100. Thus, if the 
rate is 6%, the value of r is 78>, or .06. 


EXAMPLE 


What sum of money placed at simple interest for 8 years 
at 6% will amount to $236? 


Solution. Principal + interest = $236. 


Let P = the principal in dollars. 
Then -06 P x 3 = the interest for three years 
in dollars. 
Therefore P+ 18 P = 236, 
or 1S) P73 be 
whence Pe 2,00: 
Check. 200 + 200 x .06 x 3 = 236. 
EXERCISES 


1. What sum of money placed at interest for 1 year at 
6% will amount to $318? 

2. What sum of money placed at simple interest for 
3 years at 5% will amount to $368? 
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3. In how many years will $475, at 4% simple interest, 
gain $76? 


4. In how many years will $650, at 45 % simple inter- 
est, gain $29.25? 


5. At what per cent simple interest will $420 gain $126 
in 5 years? 


Solution. $420 x the rate of interest x 5 = $126. 


Let r = the rate of interest. 
Then $420 r = the interest for one year, 
and $420 -r- 5 = the interest for 5 years. 
Therefore $2100 r = $126, 
and see 


Hence the interest rate is 6%. 


6. At what per cent simple interest will $960 gain $192 
in 4 years? 

7. At what per cent simple interest will $250 amount to 
$332.50 in 6 years? 


8. In how many years will $200 double itself at 5% 
simple interest? $300? «x dollars? 


9. In how many years will $400 treble itself at 6% 
simple interest ? 
10. A part of $1000 is invested at 5% and the remainder 


at 6%. The yearly income from the two investments is 
$53. Find each investment. 


HINT. One part x .06 + the other part x .05 = $53. 
Let x = the number of dollars invested at 6 %. 
Then 1000 — x = the number of dollars invested at 5%. 
Therefore, by the conditions of the problem, 
.06 « + .05(1000 — x) = 53. 
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11. A part: of $1500 is invested at 5% and the remain- 
der at 4%. The total annual income from the two invest- 
ments is $66. Find the amount of each investment. 


12. A sum of money at 6% interest and a second sum 
at 5% yield a tota! annual income of $61. The first sum 
exceeds the second by $100. Find each. 


13. A 4% investment yields annually just as much as 
one at 5%. If the sum of the investments is $2700, find 
each. 


14. A 5% investment yields annually $7 more than a 
6% investment. If the sum of the two investments is 
$800, find each. 


15. A man invests part of $4300 at 6% and the remainder 
at 5%. The investment at 6% yields annually $32.50 more 
than the one at 5%. Find the sum invested at 5%. 


16. A man invests part of $5450 at 5% and the remain- 
der at 6%. The yearly income from the 5% investment 
is $3 more than that from the 6% investment. Find the 
sum invested at 6%. 


17. A part of $5000 is invested at 4% and the remain- 
der at 5%. The total yearly income is $220. Find the 
amount invested at 5%. 


18. An atom of hydrogen is .063 as heavy as an atom of 
oxygen. Each molecule of water is made up of two atoms 
of hydrogen and one of oxygen. What percentage of the 
weight of a molecule of water is hydrogen? How many 
pounds of oxygen are in 100 pounds of water? 


96. Literal equations. At this point the student should 
review the work on pages 124-126. 
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EXERCISES 


Solve for z, y, 2, or ¢ and check as directed by the 
teacher : 


1.8 ax — 4a? = 28 a? — 5az. 

2.397 +5cx=2c(6x—5c). 
3.50r—30V?=20?—8arx—5 bd’ 
4.3(¢+ 5)—6a=9. 

5. 5(a — 2) —10 c= 20. 

6. 8(2 — 2) + 4(2 —3 x) = 20-184. 
as 5(2e—a) —4(z—a) => a, 


Dee Ya Ope 
Btpaiae hbo 


9.38b(8—4a)=4a012y—3 5). 


¥, byl, 
aU: bt Reus oan 
u TO S.€0) Oat Aaa | 
e+a  2+a 
az+3 az _2z—10a42 
Bereta iby) pacrayh 4 
a,3a_5 6x2 6 
13.5 +57 =5° lie ae 
8a, 24a _3, 5a 5b 2a 
2 2 
io Gap Te merece ert 
x 3 c 
gies L—mM x—-aA 
16. — — = Ge '* — . 
Bota 2 28 a m n 
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cia 2 
91.2 Byes 
zZ—Cc Cc 
abe + ¢ c abe 
Berrgyeneh gap ee 
2 2 
gee fol 1 
 eaN | ee Meee 
epee ai ce Sash) vicis 
=2(e+4). 2¢—9%- Foe 
a—c a-—ce Cc? a 
gee Ba 8 es 
ax i 
a eG 
t—a a 3 P4+1 1 
27. a rps SD 30. f peal 
a Z2a—t m m+i1 
oe aes z = 2, ir ater 
ae Leen SI 4a 99 A Read fe 
a  m—-a a—m “2e—1° # 


97. Meaning of primes and subscripts. Different but re- 
lated values are often represented by the same letter with 
smaller characters written at the right and above or below 
the letter used, as y’, y’’, 2%, 4.23, tm, ty. These are read 
y prime, y second, x sub zero, 4 x sub three, the square of 
i sub m, and ¢ sub w respectively. Primes and subscripts, 
unlike exponents, possess no numerical significance, and 
the student should carefully note that x and 2; are as dif- 
ferent numerically as a and 0. 

The notation just explained is very convenient in 
physics, where L; and L. may denote different but related 
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lengths; Wand W,. may represent two different weights ; 
and to, ti, and t; may mean three unequal but related in- 
tervals of time. 

Primes are cumbersome and easily confused with expo- 
nents; hence subscripts are preferable. 

The following equations are taken from algebra, geome- 
try, and physics, where it is often necessary to express 
some one quantity (weight, time, distance, etc.) in terms of 
others. 


EXERCISES 


1. Solve for R; K=2 7wRH. 
(Formula for curved surface of cylinder.) 


2. Solve fora; A =~. 


(Formula for area of triangle.) 

3. Solve for R; C=27R. 

por for circumference of circle. = approxi- 
mately 22.) 

4, Solve for-r'and for t;d =a. 

(Formula for uniform cheats 


D 
5. Solve for a and for A; a= 360° 
(Formula ee to the measurement of angles.) 
1 
6. Solve for C; — C 
7. Solve forr; I= cull, 
: R+r 
(Ohm’s law for a simple electrical circuit.) 
E 


8. Solve for r and for n; I = 


R=nr 
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R-+ nr 
10. Find Jin Exercise 9, ifn =4,e=1, R=5, andr=1.2. 
11. Solve for F; C= 3(F — 82). 
(Formula for converting thermometer readings from one 
scale (Fahrenheit) to another (centigrade).) 
Wy _ 
12. Solve for W2; We 
13. Solve for r and fort; A= P(1+7t). 


if 
14. Solve for P> ; ie = ae 
2 1 


9. Solve for r and forn; 7 = 


(Formula relating to volume and pressure of a gas.) 


15. Solve for n and for 1; s= ee 


16. Find n in Exercise 15, if a = 1, ] = 100, and s = 5050. 


17. Solve for a, l, andr; s= a 


D_a 
18. Solve for a; i 


19. Solve for t:; Vi = Vo(1 + .00365 #1). 
20. Solve for b:; A = es 


21. Solve for a, 6, and f; + : == - 


22. Find f in the formula of Exercise 21 if a= 10 and 
b= 18.5. 


23. The formula for the area of a circle is A= ar’. 


a = 3.1416. If r= 10 inches, find A. 


2 
24. The formula for the volume of a cone is V = meh 


Find V for a cone in which r = 6 inches and hk = 15 inches. 
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2 
25. Solve forW; E= ue 
g 
26. In Exercise 25, if g is 32.2, V = 40, and E = 10,000, 
find W. 


98. The lever. The figure given below is a diagram of 
a machine called a lever. AC is a stiff bar resting on a 
single support at B. This support is called the fulerum 
and AB and BC are 
spoken of as arms of 4—___* 
the lever. 

Those who have played with a teeter board have had 
some experience with a lever, and they have found that, 
in order to balance, the heavier of two persons must sit 
nearer the fulcrum than the lighter one does. 

In general, if the lengths of the arms of a lever are 
l, and J, and the corresponding weights are W; and Wa, a 
balance results when 

1,Wi = leWe. 

Thus, if AB = 3 feet and BC = 4 feet, a boy at A who weighs 
100 pounds will balance a boy at C who weighs 75 pounds; for 
3-100 =4- 75. 


PROBLEMS 


1. A, who is 5 feet from the fulcrum, balances B, who is 
7 feet from it. A weighs 102 pounds. Find the weight of B. 


2. A, who weighs 100 pounds, balances B, who weighs 
120 pounds. B is 6 feet 3 inches from the fulerum. How 
Bas from it is A? 


4, A, who weighs 120 pounds, balances B, who weighs 
100 pounds. The distance between them is 11 feet. How 
far is each from the fulcrum? 
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4. A and B together weigh 315 pounds. They balance 
when A is 3 feet 9 inches from the fulerum and B is 5 feet 
from it. Find the weight of each. 

(4 weighs 3 as much as B. The distance between 
them is 12 feet., How far from B is the fulcrum if they 
balance? eet ASP LK , pr 

In each of the preceding problems the fulcrum may be 
thought of as the center of gravity of the two objects 
balanced. 

6. The center of the moon is approximately 238,000 
miles from the center of the earth. The earth is 81.5 times 
as heavy as the moon. Find the distance from the earth’s 
center to the center of gravity of the earth and moon. 


99. Ratio. The ratio of one number to a second number 
is the quotient obtained by dividing the first number by 
the second. 

Thus the ratio of 1 to 2 is 4; that of 7 to 3 is 4; that of a 


to bis . 


Hence every ratio is a fraction and all fractions may be 


regarded as ratios. The ratio : is often written a: 6. The 


symbol (:) may be thought of as the sign for division (+) 
abbreviated by omitting the bar. 


EXERCISES 
Simplify the following ratios by writing them as frac. 
tions and reducing the fractions to their lowest terms: 
12 4, 613° 15. 9. 12 feet : 12 inches. 
2.3:12. 6.14a:21a% 10.1 mile: 264 feet. 
8.4:12. 7. 1382: 54. 11. 33 pounds : 12 ounces, 
4,4 180.6 /212. 12. 2.45 : 1.75. 


. 3 
° 24° 
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13. Separate 35 into two parts which are in the ratio 2:3. 
Hint. Let one part be represented by 2 x; then the other will be 3 x. 


14. Separate 24 into two parts which are in the ratio 5 : 7. 


15. Separate 121 into two parts which are in the ratio 
of 10 to 1. 


16. Separate 312 into three parts which are in the ratio 
of 2 to 4 to 7. 


17. What number added to both terms of the ratio of 12 
to 5 gives a result equal to the ratio of 2 to 1? 


18. What number subtracted from both terms of the 
ratio of 18 to 27 gives a result equal to the ratio of 
4 to 11? 


19. If y is a positive number, which is the greater ratio, 
2 2H ha 
o+y LS. ZY ts: 


HIntT. Reduce the two fractions in each part to respectively equiva- 
lent fractions having a common denominator, and then compare the 
numerators. 


20. From your answers to Exercise 19 state the change 
which occurs in the value of a proper fraction when a posi- 
tive number is added to both its terms. 


21. If x is a positive number, which is the greater ratio, 
10 10a eee 1+22 
7 tea re aaa 

22. From your answers to Exercise 21 state the change 


which occurs in the value of an improper fraction when a 
positive number is added to both its terms. 
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100. Proportion. A proportion is a statement of equality 
between two ratios. 

Thus p= 3, $= +2, and 4°=4 are proportions, for the 
ratios are equal in each case. 


The four numbers 1, 2, 3, and 6 are said to be in pro- 
portion, for the ratio of the first pair equals the ratio of 
the second pair. In general, the numbers a, b, c, and d are 
in proportion if a:b=e:d. (1) 


In (1), a and d (the first and fourth terms) are called 
extremes, and 6 and ¢ are called means. 

Since a proportion is an equality between two ratios 
(fractions), it is therefore an equation. Hence any operation 
which may be performed on an equation may be performed on 
a proportion. (See Axioms, pp. 56-58.) 

Thus, in the proportion ;=4 both members may be 
multiplied by bd, giving ad = bc. Here the first member 
is the product of the extremes of the proportion, and the 
second member is the product of the means. 

Therefore, in any proportion the product of the extremes 
equals the product of the means. 


EXERCISES 


Form proportions from the following by supplying the 
missing terms: 


ee 36 9 5a, 
Bae 4.79 1.7 = 3E 
124 15 3 Dn? 
a a i i i b-9 — 31° 
12? 13.1 124. 
8.79 = 5 apes: ee 
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Solve the following for x: 


; 6 52+9 
10,00 50°7 =o 208 14a ee 18, = Fier 
Oieag aut laa 6 LSA sina 
LS err eth 15. © = 55 19573. es 
oe, 4 _ 12, 22.5? 
12.3:5=5:12 16 3-3 20. 3 Poe qd 
18, 5:1=1:2. LT Ao Sere eC: 21.27.21 hi 


101. Variation. If the price of a certain kind of cloth 
is 50 cents a yard, the number of cents, A, that n 
yards would cost is given by the formula A= 507. In 
this case the ratio A:n=50. If , and m denote the 
number of yards of cloth bought for A; and A» cents 
respectively, then “a2 — = 50. In other words, the 
amount of money paid Me the cloth is proportional to 
the number of yards of the cloth purchased. 

Another way of expressing this idea is to state that the 
. total cost of the cloth varies directly as the number of yards 
of cloth purchased. 

When one variable varies directly as another, the ratio 
of any corresponding pair of values of the variables is 
constant. 

The volume of gas in a tank varies as the temperature. 
That is, if V; and V2 are the volumes corresponding to 


wt xe. Furthermore, if 
V is the volume at any Pe at i; 4 Vis the volume 


at a particular temperature ¢, then Y= = a, orV = (F)e 


the temperatures t; and t:, then — 


a 
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Since V, and ¢, are definite numbers, is isaconstant. This 
1 


illustrates the fact that if V varies as t, then V = kt. 

That is, the statement that any number, as z, varies as 
another number, as y, is equivalent to the equation x = ky, 
where k is a constant. If the value of this constant, and a 
particular value of either z or y, are DOW, then the value 
of the other variable can be found. 

In the first illustration above, A=50n. That is, k =50. 
If A, the amount of money expended, is known, then the num- 
ber of yards of cloth can be found. 


EXAMPLES 


1. A train travels at an average rate of 40 miles per 
hour. Express this as a formula, and tell what variables - 
vary directly as each other. 


Solution. Let d denote the number of miles traveled by the 
train in ¢ hours. 
Then d= 401, or 9 = 40. 


Here the number of miles traveled varies directly as the time. 


2. The ratio of the area of a circle to the square of its 
radius is constant and equal to the number z (= 3.14 + ). 
Express this as a formula and tell what variables vary 
directly as each other. 


Solution. Let A denote the area of any circle and r its 
radius. 
Then A= ar", or 4 Hy 


The area of a circle varies directly as the square of its radius. 
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) EXERCISES 


‘In the following exercises determine which are true 
proportions : 


13 2 =6 P15: 8225 2S =75E0: 
Hint. Express the ratios in 4°2°33 14 20. 
fractional form. 5. 34 S368 4s. 
Soa 8) = 24 cAOE 6.12 9 =o. 


7. Two workmen are paid “‘ piecework rates”’; that is, 
they receive a certain sum of money for each article they 
make. If the rate is 2 cents per piece, state a formula 
showing what their earnings will be for n articles. If one 
man produces 150 pieces and the other produces 180 pieces 
an hour, what will their hourly earnings be? 


g. A certain map is drawn so that it represents actual 
distances in the proportion of 1 inch to 1 mile. How long 
would a lake 5 miles long appear on the map? A river 
500 feet wide would have what width on the map? 


9. The cost of linoleum is proportional to the area 
bought. Ifa piece 4 feet by 12 feet cost $12, what was therate 
per square foot? How much would 100 square feet cost? 


10. A man invests $5000 and receives $200 annual in- 
terest. How much interest will he receive from $4500? 
How much must he invest to receive $350 per year at the 
same interest rate? What was the rate of interest? 


11, The distance (S), in miles, traveled by a train moving 
uniformly is expressed by the formula S = VT, in which V is 
the rate of the train in miles per hour, and T is the time in 
hours during which the train ismoving. Ifthe train travels 
100 miles in 24 hours, how far can it go in 4 hours? How 
long will it take it to cover 125 miles? What is its speed? 
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12. The cost, A 2 tnilding is ten expressed in terms of 
its cost per bic foot A capacity. Mh the rate is D) cents 
. pe attic fot, bow raucs will 2 building 100 fect long, 
| — DSeA Wikis, 0b W lee, high cost? A building 75 fet by 
V5 be by WH $e. oot, GAZ ID to constract, What was 
| he rahe yes cubic Loh? 
| Write cach A the following rules as a direct variation, 
f using letters to represent the quantities involved : 

«43. Interest varies directly 26 time. 


tt. The area of a rectangle varies directly as the product 

_ the length times the width. 

| 15. The interest on 2 sum of money varies directly az 

_ the interest rate. é 

16. The speed with which 2 body is falling at any instant 
varies Grey as the length of time during which it has 
teen falling. 

17. The usual cost of a railway ticket varies directly as 
the distance to be travdei. 

18. The wGgt of any given size of wire is proportional 
to the length of the wire. A certain size of wire has 100 feet 
to the pound. How much wire is there in a roll weighing 
15 pounds? : 

19. The volume of a sphere is proportional to the cube 

_ A the radius. What is the ratio between the volumes of 
two spheres one of which has a diameter ] 28 great as the 
her? 

2”, The area of 2 Grde is proportional to the square of 
the redius. What is the area of a Girdle of 2-foot radius if 

4 # circle of Loot radins has an arca of 8.14 square fect? 


244 NEW FIRST COURSE IN ALGEBRA 


21. A man pays 4 cents a mile for a railway ticket, and 
the total cost is $8. How far is he traveling? Express 
the relation by means of a formula. 


22. The area of the surface of a cube is proportional to 
the square of any edge. What is the edge of a cube 6 
square feet in area if a cube with an edge of 3 feet has an 
area of 54 square feet? 


REVIEW PROBLEMS 


1. Separate 318 into two parts such that their quotient 
is 7. 

2. Separate 170 into two parts such that 3 of the greater 
shall equal 2 of the less. 


3. Separate 3 into two parts such that 4 of one part 
shall equal 4 of the other. 
4, Find two numbers whose sum is 162 and such that 


the greater divided by the less gives a partial quotient of 
3 and a remainder of 14. 


HINT. Divdend = Partial Quotient + Remainder’ 
Divisor Divisor 
Let x = the less number. 
Then 162 — x = the greater number. 
That is, Sa Saige py 
a a 


Solve and check as usual. 


5. Separate 149 into two parts such that one divided by 
the other gives a partial quotient of 4 and a remainder of 4. 


6. The sum of two numbers is 1516. The greater 
divided by the less gives a partial quotient of 5 and a 
remainder of 130. Find the numbers. 
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ti Separate “g + into two parts such that their product is 
greater wiped thant aera 6 of th mar prt. 
t 


: we sum of aes ik 36" Or times the 
eh number exceeds 50 by twice as much as 36 exceeds 
_ theless. Find the numbers. He} 7 - HO <9) 3 b-\ (es~ 4) + 


9. A boy’s age now is 2 of what it will be ! years hence. 
How old is he now? i 7 EME oem 


10. One sixth of a certain man’s age 8 years ago equals 
zo of his age 8 years hence. ai Aves pay Hf his 3 age now! a 


11. A collection of rile fades dot aa 60 coins. 
_ Their total value is $11.60. How many are there of each? 


12. Twenty-three coins, dimes and quarters, have the 
value $4.70. How many are there of each? 


13. The square of half a certain even number is 92 less - 
than % the product of the next two consecutive even 
numbers. Find the numbers. 


14. A rectangle is four times as long as it is wide. If it 
were 8 feet shorter and 3 feet wider, its area would be 
104 square feet more. Find its length and breadth. 


15. A rectangle is $ as broad as it is long. If its length 
were doubled and its breadth diminished by 32, its area 
would be 1584 square feet. What are its dimensions? 


16. It costs as much to sod a square piece of ground at 
20 cents per square yard as to fence it at 15 cents per 
running foot. Find the side of the square. 


17. A rectangular court is twice as long as it is wide. 
It costs half as much to fence it at 66% cents per running 
foot as to seed it at 5 cents per square yard. Find its 
dimensions. 
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18. A rectangular picture twice as long as it is wide is sur- 
rounded by a frame 8 inches wide. The area of the frame 
is 288 square inches. Find the dimensions of the picture. 


19. A man bought apples at 16 cents per dozen. He sold 
1 of them at the rate of 3 for 7 cents, but the rest were 
not so good, and he had to sell them at the rate of 2 for 
3 cents. He made a profit of $1.26 on the entire trans- 
action. How many dozen apples did he buy? 


20. A baseball team has won 30 games and lost 24. It 
has 16 games yet to play. How many of these may it lose 
and yet win 60 per cent of the total? 


21. A student has an average grade of 86 for four sub- 
jects. What grade must she make in a fifth subject so that 
her average will be 88? 


22. A can do a piece of work in 3 days, B in 4 days, and 
Cin 5 days. How long will it take them, working together, 
to do the same work? 


Solution. By the conditions of the problem A does 4 of the 
work in one day, B does } of the work in one day, and C does 
4 of the work in one day. Let x represent the number of days 
required by A, B, and C together to do the work. 


Then let == the fractional part of the work the three 
_ together do in one day. 


EE 2 Te 
Therefore 3 + 7 4. Rie ee ete. 
: 60 
Sol =e 
olving, x a7 


Check as usual. 


23. A can do a piece of work in 6 days and B in 5 days. 
How many days will they require, working together? 
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24. A can do a piece of work in 6 days, B and C each in 
8 days, D in 15 days. How many days will they require, 


_ working together. 


25. A can do a piece of work in 6 days, B in 41 days. 


_ How many days will they require, working together? 


, 
| 
| 
| 


26. A can do a piece of work in 9 days, A and B, working 


_ together, in 4% days. How long would it take B alone? 


27. A can do a piece of work in 5} days, B in 44 days, 
A, B, and C together in 12 days. How long would it take 
C alone? 


28. A can do a piece of work in 8 days. After he has 


worked 3 days, B joins him and they finish the work in 


2 more days. How long would it have taken B to do the 


work alone? 


HINT. What fractional part of the work does A do in 1 day? in 


8 days? in 5 days? What fractional part does B do in 1 day? 
in 2 days? 


29. A can do a piece of work in 4 days, B in 6 days. 
After A has worked alone for 1 day, B joins him and they 
finish the job together. How long does it take them to 
complete the work? 


30. A mass of lead and 'tin weighing 64 pounds contains 
12 pounds of tin. How many pounds of tin must be added 
so that 50 pounds of the mixture will contain 15 pounds 
of tin? 

31. Two motorists start at the same time to ride from 
A to B, 240 miles distant. One travels 10 miles an hour 
more than the other. The faster motorist reaches B and at 
once starts back, meeting the slower one at C, 192 miles 


from A. Find the rate of each. 
2 
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Solution. The problem states that the two travel at dif- 
ferent rates, that they travel different distances, but that the 
time is the same for each. Hence the equation must be formed 


by expressing the time #, or é, for each % 
+++, 
pete eee ee 
and equating the two expressions for t. 
The two men together cover twice the distance from A to B, 
or 480 miles. As the slower one travels 192 miles, the faster 
travels 480 — 192, or 288 miles. If x equals the rate of the 


slower motorist in miles per hour, we have: 


d IN MILES r IN Mites | 4_, 1 Hours 
PER HOUR r 
Slower motorist 192 He) = 
Paster motorist 480-4922 288) oo-- 1¢ EeSS* 
x+410 
Hence 192 oa _288 _ . 
x x+10 


Solving, we obtain x« = 20, the rate of the slower motorist in 
miles per hour, and x + 10 = 80, the rate of the faster motorist. 


Check. 92=9.6 and 482=9.6. 


32. Two motorists, A and B, start at the same time to 
ride from X to Y, 180 miles distant. A travels 8 miles 
per hour less than B. The latter reaches Y and at once 
a back, meeting A 20 miles from Y. Find the rate of 
each. 


33. A train runs 280 miles. On the return trip it in- 
creases its rate by 5 miles an hour and makes the run in an 
hour less time. Find the rates going and returning. 
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34. An automobile makes a run of 120 miles. The 
chauffeur then increases the speed by 10 miles an hour 
and returns over the same route in 2 hours less time. Find 
the rates, going and returning. 


35. A bicyclist traveling 18 miles per hour was over- 
taken 113 hours after he started by an automobile which 
left the same starting point 3 hours and 20 minutes later. 
_ What was the rate of the automobile? 


36. An automobile makes a run of 300 miles. On the 
return trip the chauffeur decreases the speed by 5 miles an 
hour and requires 5 hours longer to cover the distance. 
Find the speed each way. 


37. A man travels at a uniform rate from A to B, 150 
miles distant. He travels the first 90 miles without stop- 
ping. The rest of the journey, including a delay of 3 hours, 
takes the same time as the first part. Find his speed. ; 

Hints. By reading the problem we discover that the distances 
covered in the first and second portions of the journey are different, 


that the time of travel is not the same for each, but that the rate 
throughout is the same. Hence one should find the two expressions 


for the rate r,-or ¢ » and set them equal to each other. 


38. A leaves a certain point and walks at the rate of 33 
miles per hour. Two and a half hours later B leaves the 
same point and drives in the opposite direction at the rate 
of 12 miles per hour. How much time must elapse after 
A starts before they will be 100 miles apart? 


39. A and B start at the same time from two points 360 
miles apart and travel toward each other. A’s rate is 
3 miles per hour less than B’s. The latter, having been 
delayed 2 hours on the way, has traveled the same distance 
as A when they meet. Find the speed of each. 
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40. A man rows 4 miles per hour in still water. He finds 
that it requires 5 hours to row upstream a certain distance 
and 8 hours to return. Find the speed of the current. 


Hint. Let x =the speed of the current. Then 4 — x = the speed 
of the boat upstream, and 4 + « = the speed downstream. 


41. A man who can row 4% miles per hour in still water 
rows up a stream the rate of whose current is 2 miles per 
hour. After rowing back he finds that the entire trip took 
8 hours. How far upstream did he go? 


42. A man who can row 82 miles per hour in still water 
rows downstream and returns. The rate of the current is 
14 miles per hour, and the time required for the round trip 
is 9 hours. How many hours did he take to return? 


43. The first transatlantic non-stop flight was made on 
June 14-15, 1919, by Alcock and Brown from St. John’s, 
Newfoundland, to Clifden, Ireland, a distance of 1960 miles. 
Had their speed been 21 miles per hour less, the time would 
have been 3.4 hours more. State the equation which ex- 
presses this condition. 


44. A mixture contains 3 gallons of gasoline and 5 gal- 
lons of kerosene. How many gallons of kerosene must be 
added to make a mixture that is 2 kerosene? 


Solution. In the final mixture, 


kerosene 3 


kerosene + gasoline 4° 
Let x = gallons of kerosene to be added. 
Then 5-+ = gallons of kerosene in final mixture, 


and 8 + x = total gallons of final mixture. 
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But 5+ 2 3. 
8+xe 4 
20+4x= 24432, 

and iA: 

Check. Total gallons of final mixture = 5 +3+4=12 
gallons. 

Kerosene in final mixture =5+4=9 gallons. 

f=} 


45. A cook wishes to make salad dressing consisting of 
3 olive oil and 4 vinegar. She has a mixture of 1 cup of 
oil and 1 cup of vinegar. How much oil must she add to 
produce the required mixture? 


46. How much milk must be added to a 5-quart mixture 
of equal parts of milk and water to give a resulting mix- 
ture which is 2 milk? ) 

47, A man has 5 gallons of gasoline and an unlimited 
supply of a mixture which is} gasoline and 2 kerosene. 
How much of this mixture must he add to his gasoline to 
produce a mixture which is half gasoline and half kerosene? 


48. A painter wishes to make a mixture consisting of 
r¢ linseed oil and +3 paint. He accidentally pours 1 quart 
of oil into a gallon of paint. How much paint must he add 
to produce a mixture in the proportion which he wishes? 


CHAPTER XVIII 


LINEAR SYSTEMS 


102. Definitions. A simple or linear equation in one or 
more unknowns is one which may be put in such form that 


(a) no unknown appears in any denominator ; 
(b) only one unknown appears in any term; 
(c) only the first power of any unknown is involved. 


The following equations are linear: 54 —-2y=3; 2m+3r 
—2t=0. The following equations are not linear: 2 «+ 5 xy 


aT y=2: *_S42=2; f+ 2e4+ by —3=s Ga —1)o oe. 


‘In a previous chapter we have seen that a simple equa- 
tion in one unknown has only one root. In other words, the 
value of the unknown in such an equation is a constant. 


Thus the value of the unknown in the equation 54+38=8 
is the number 1, and this is the only root of the equation. 


A linear equation in two unknowns is satisfied by an 
unlimited number of pairs of values of the two unknowns. 
A single equation in more than one unknown is called an 


indeterminate equation. The unknowns are sometimes — 


called variables. 


Thus, the equation «+ y=7 is satisfied by any pair of 
numbers whose sum is 7. Evidently, if one includes positive, 
negative, and fractional numbers, there is no limit to the num- 
ber of pairs whose sum is 7. (See page 276.) 
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Two or more equations involving two or more unknowns 
are called a system of equations. 

A system of two equations both of which are satisfied 
by the same values of the unknowns is called a simultaneous 
system of equations. 


In order that the two equations x +y=9 and x—-y=1 
may form a simultaneous system, the two numbers that satisfy 
both equations must be such that their sum is 9 while their 
difference is 1.. These conditions are satisfied by a='5, y = 4. 


A set of values (one for each unknown) which satisfies 
an equation in two or mure unknowns is sometimes called 
a solution of the equation; and a set which satisfies a sys- 
tem is often called a solution of the system. In this book, 
however, the word solution will be used to denote the process 
of solving either a single equation or a system. The values 
of the unknown which satisfy an equation in one unknown 
will be called roots, and a set of values for the unknowns 
satisfying an equation in two or more unknowns, or a 
system of such equations, will be called a set of roots. 


ORAL EXERCISES 


In Exercises 1-3 find the value of x corresponding to 
each of the values for y indicated at the right, and in 
Exercises 4-6 the values of y corresponding to the given 
values of x: 


Lz+y=0. y=0, I, 3. 4.2x%—y=4. c=—8, 6,5. 
2¢+2y=3. y=—1,3,6. 5.4+6y=5. r=4,2 —1. 
3.x2—y=1. y=2, —5, 0. 6. 3x—2y=6. x= 3, —9, 7. 


In Exercises 7-12 determine which of the pairs of num- 
bers written at the right of each equation satisfies that 


_— 
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equation. (The first number of a pair always denotes the 


value of x and the second number the value of y.) 


7.52 —-2y=3. 
sB.ety=4. © 
9.2x%—5y=2. 
10.2 +2y=0. 
11.20 — Y=. 
122.27+4y=8. 


(7, 6); (1, 1); , 2). 
(2, 5); (6, 8); C, 3). 
(5, 2); (6, 2); (8, 1). 


(1,2); (5,—1); 4 —2). 


(2, 1); (7, 6); (8, 2). 


(3, 4) ; (2, 1g (6, = 1). 


In Exercises 13-16 find two pairs of numbers which 
satisfy each equation, and two other pairs which do not. 


18. 5 7+ 4°47) = 6. 
4,.2¢—b5y= 1. 


15.8x%—y=0. 
16.4+9y=-—83. 


103. Solution by addition and subtraction. It was shown 
in the previous section that there is an unlimited number ~* 
of sets of roots of a given linear equation in x and y, and 
that there is also an unlimited number of pairs of values 
of x and y which do not satisfy the equation. We now pro- 
ceed to give an algebraic method of determining whether 
or not there is any common set of roots for two given linear 
equations. It turns out that there is usually one and only 
one such set of roots. This set may always be found by 
the method illustrated in the following 


EXAMPLES 


1. Solve the system { 


2x2—- 


Solution. Eliminate zx first, thus: 


(1) — (2), 
(3) + 4, 


2a+y=4, 
8y=—A4. 

4y=8. 

y=. 


(1) 
(2) 


(3) 
(4) 


: 


! 


y 
' 
; 
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Substituting 2 for y in either (1) or (2), say in (1), 
2n+2=4, (5) 
Solving (5), lend be (6) 


Check. Substituting 1 for x and 2 for y in (1) and (2) gives 
the identities 


2+2=4 
and 2—-6=—4. 
f4e+3y=0, i 
2. Solve the system 110 ee os. | a 
Solution. Eliminate =x first, thus: 
CEN = 2), 20x+15y=0. (3) 
(2) - 2, 20% — 14 y= 116. (4) 
(3) — 4), 29 y = — 116. (5) 
(5) + 29, y=—A, (6) 
Substituting — 4 for y in (2), 
10 x + 28 = 58. (7) 
Solving (7), i age (8) 
Check. Substituting 3 for x and — 4 for y in (1) and (2) gives 
12-—12=0 
and 30 + 28 = 58. 


Either x or y could have been eliminated first. The multi- 
pliers necessary to eliminate y are 7 and 3; the multipliers - 
necessary to eliminate x are 5 and 2. 


Since the object of solving a system of equations in x 
and y is the discovery of a set of values for x and y which 
will satisfy both equations at the same time, we are there- 
fore safe in saying that x denotes the same number in both 
equations (1) and (2). The fact that the 2z’s disappear 
when equation (2) is subtracted from equation (1) in 
Example 1 does not depend on the fact that the x’s look 


Za 
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alike, but solely upon the fact that the value represented 
by « has been eliminated from the first members of (1) 
and (2), hence a resulting equation is found in which x 
does not appear. The line of reasoning presented above is 
equally true for the unknown y. 


When the notation (8) — (4) is used in a solution, as illus- 
trated in Example 2, page 255, it indicates the subtraction of 
the first member of equation (4) from the first member of 
equation (3), the subtraction of the second member of equation 
(4) from the second member of equation (3), and the writing of 
the two results as an equation. The process of adding the 
corresponding members of the two equations is indicated by 
writing (3) + (4). 

The notation (1) - 5 indicates that both members of equa- 
tion (1) are multiplied by 5, and (5) + 29 indicates that both 
members of (5) are divided by 29. 

With the meanings just explained it is customary to speak 
of the addition or the subtraction of two equations and of the 
multiplication or division of an equation by a number. 


The preceding method of solving a system of equations 
is summarized in the 


Rue. Jf necessary, multiply the first equation by a number, and 
the second equation by another number, such that the coefficients of the 
same unknown in each of the resulting equations will be numerically 
equal. 

If these coefficients have like signs, subtract one equation from the 
other ; if they have unlike signs, add. Then solve the equation thus 
obtained. 

Substitute the value just found, in the simplest of the preceding 
equations which contain both unknowns, and solve for the other unknown. 


CuEeck. Substitute for each unknown in the original equations its 
value as found by the rule. If the resulting equations are not obvious 
identities, simplify them until they become such. 
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An attempt to solve by the rule the pair 


3z%—6y=40, (1) 
{ x—2y=8, (2) 
gives 3x—6y=40, (8) 
8x2—6y= 24. (4) 
(3) — (4), 0 = 16, which is false. 


This result indicates that (1) and (2) do not form a simul- 
taneous system but are incompatible equations. 

r+2y=8, 
82+ 6y = 24, 
gives 0=0. Here each member of the second equation is 
just three times the corresponding member of the first equa- 
tion. If we choose to regard the two equations as really dif- 
ferent, which is not at all necessary, we say that they have an 
infinite (unlimited) number of sets of roots. Two or more 
equations having this property constitute an indeterminate 
system. 


An attempt to solve by the rule the system { 


EXERCISES 


Solve the following systems and check the sets of roots 
obtained : 


4 t+y=6, g, Oe TAY = 38, 

Mey = 2. 22 -—-y= 23. 
z+ty=—1, r+ 5y=9, 

OF oy 5. Co 

3 tt 2y=4, 9 YT e=—38, 
“e4—y=- 2, “gty=-1, 

4 tty=8 9, Str 5y=—5, 
"2+ 38 y= 12. (“ge ty=—1. 

gp et—y=l 10 5a+4y=10, 


“2e+y= 14. °6x2—8y=— 27. 
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(1 Be+2y=—12, (47, letTy=27, 
“24+5y=-19. 4x—9y=-—1. 
12 32—y=-—1, is, e+ Cy =— 79, 
°122+11y=56. 12%—25y=— 10. 
ia 9m+5p=109, 19, 0% ~ (y=, 
“Tm—10p=57. 382+13y=— 108. 
—2S = }2 . 24—52=-—27, 
aes oo: on a 
15 6p +5q= 60, a 1382—5y=-— 14, 
"12 9+138 ¢= 138. 542+3 y= 34. 
t+10u= 57, KR 2m+5n=15, 
(63) su 39) Bin 421) 


104. Solution by substitution. The method of solving a 
system of two linear equations by substitution is illustrated 


in the following 
EXAMPLE 

x<+5y=-—11, 
2x—3y=1%7. 
Solution. From (1), x=—5y-—11. 
Substituting — 5 y — 11 for x in (2), 

2(— 5 y— 11) —3y=17. 
Simplifying, — 10 y — 22 —3y=17. 


Solve the system { 


Collecting, —138y=89, 
or, y=— 3. 
Substituting — 3 for y in (8), 
c= 15a "4, 


(1) 
(2) 
(3) 


(4) 
(5) 
(6) 
7) 


(8) | 


Check. Substituting 4 for x and — 3 for y in (1) and (2) gives 


4—15=—-11 
and 8+9=17. 
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The method of the preceding solution for solving a 
system of two linear equations is stated in the 

Rue. Solve either equation for one unknown in terms of the other. 

Substitute this value in place of the unknown in the equation from 
which it was not obtained, and solve the resulting equation. 

Substitute the definite value just found in the simplest of the preced- 
ing equations which contain both unknowns, and solve, thus obtaining 
a definite value for the other unknown. 


CHECK. See page 256. 


The method of substitution emphasizes the fact that the 
values of x and y which are sought are the same in both 
equations. Hence an expression for an unknown obtained 
from one equation is substituted for that unknown in the 
other equation. This method is useful when one of the 
unknowns can be expressed in terms of the other without 
fractions or when simple fractions only are involved. 


EXERCISES 


Solve by the method of substitution and check the sets 
of roots obtained : 


gost 10?3113, ,/32+5y=61, 


Po m—2n=1, fy 

“2m—n=5. ~“4s—8t=13. 10 2—y = 62. 

po lt 4 yteal, g 88 +2t=7, 

43a —y=2. 8y—10z2=—36. “s+t=—1. 
2+1ly=— 42, 43 w +10 s = 189, 
“2—Ty = 30: oo eee 
5a=2y4+8, \2%—19 y=— 212, 

@3y— ea Sy +72 =92. 


GQee-Ty= 35 pee r2y=1, 
FP 2a+y=—3. poxr~—4y=s. 
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105. Simultaneous equations containing fractions. The 
method of solving a system of two linear equations con- 
taining fractions is given in the following 


EXAMPLE 
ZENS 34 
me (1) 
Solve the system % 3 20 8" 
pamela oo El (2) 
3 (ere Aly 
Hints. (1) - 10, 4x +15y=68. (3) 
(2) «21, Ta+9y=50. 


The system (8) and (4) can now be solved either by addition and 


subtraction or by substitution. 


As in the foregoing solution, it is usually best to clear 
the equations of fractions and write them in the form of 
(3) and (4) before attempting to eliminate one of the un- 
knowns. Equations (8) and (4) are each in what is known 
as the general form of a linear equation in two unknowns. 
This form is represented for all such equations by ax--by=c, 
where a, b, and c denote numbers, or known literal ex- 
pressions. 


EXERCISES 


Solve the following systems and check the sets of roots 
obtained : 


(tat gta [Fe 2u=— 
Bai pos ok @\5y,82_19 
sD 4 2. ee 
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ety, e—y_ 18 2x y _ 28 
1, ee ee eD. is Di. gape oe 
49 t+y—2—-y 23 ; care cigs 
AAS eae b Ce cage 

fa 2 yO 

Ae ae aa 

Y |22—-2y B82x-—8y ~ 18 B 
‘eae fae Sam OR 
4et+3y _ 2u+5y 35 fat 

ee ee) oe = Gs 


2m—1+3 _ bm+1_ 18 of fractions, using addition and 
~ 2 _ subtraction. 


‘| 3 2 3 HINT. Solve without clearing 
fee 
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2 2 ( 5 & a 
van AE <9 
Sanyal y_3 

xy ae lati aoe 

Pea, . (2e—4y_92+10y+72 

15. Wen Soetig a) 3 d ee 
MS ee [2a — 2 = = 

3 
vi —_=—6, 

e | a _ (4e—By42 49 
Cee sales : ‘24 or 
ae: Se 2a, 5y_ 37 
(Oa wes y ee 
K Se, 

17. 4/6 Be ee ek SE 
7-oL=-18 ‘ eee erg 
, AEs 42:46 

eo Ue Bt ness 

18. 4 : 
ic a a ( 5 2 9 
L 32 ite 26 |m+n tT m—n a 

— 9. = =, = 
=| 5 +4: 5 i eee ee 
[Qe—2, ete _ 1) 
NS 4, Was © (2 oh 
o\nyv~ \ = 5 te 
¥ d 5 Tae 2 Y . 
8. Gergrre ce byta [2 ae ue 
ba ale Lx y 3 
aa ees 
[sp pes ae 
92r—y 38 SNS) 2a 7 9- 
@) \repai=® C8) 


2e—5y=— 22. 
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Solve the following systems involving decimals, and 


check the sets of roots found: 


> eae (5,6 _ 
n—4m=— 2.6. Is. 42 Di 
ee eee ius Bars 
PAig2—2y= 106. 2 pee 
ete ‘[2-2.3, 
5r+.6ls=.97. ee ie 
a eee 
or— by= A, lat y 8 
2xr+ 4y=1. a 
aes eee 
KlL5¢+ 6y=1.8. 85 y=206. 


L (84+ 2y=.7, 


7 ee 16. 

“1 92—2y=—- 7.5. |-po + 18=5- 

3 82+ .338 y= — 24, 5 

“Lila2—66y=—.2. | Ee eae 

3 Ax+15y = 9.6, i Ps it ie aoe, 

ae 5 419125. lig 
2x2—8y=~-1, 


(2 ¢ +13 y= 4, 4 
Be se 47.8. 5 et 8 = 87. 
2¢4+5y= 15.6, a (15 a — 2.5 bee 41d, 


5 — 6200 2 t30— 4b 8, 


nf 
et oe Ne 
=4> = 6, a ae 
i 
Y 


é9) oer = 4,7. 


x 


& 
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Tn the following problems the student should state two 
equations in two unknowns. Instead of using x and y, the 
first letter of the word denoting an unknown should be 
used to represent that unknown wherever possible. Thus in 
Problem 7, p. 265, d should represent the number of dimes 
and qg the number of quarters. The plan here suggested is 
desirable for many reasons, and should be followed in all 
problems containing two or more unknowns unless the 
words denoting two of the unknowns begin with the same 
letter. 

In solving problems like 1-89 on pages 175-179 there are 
really two unknowns involved ; but one of the equations to 
which each of those problems leads is so simple, that what 
amounts to the method of substitution was employed by 
expressing one unknown in terms of the other. 


EXAMPLE 


The difference-between two numbers is 17, and their 
sum is 33. Find the numbers. 


Solution. Let x = one number, 
and y = the other number. 
Then 2 —y = li, (1) 
and a+ y = 383. (2) 
Solving for x and y, we get 
D =a, 
Dias tos 
PROBLEMS 


1. The difference between two UE is 25 and their 
sum is 41. Find the numbers. 


2.The difference between two numbers is 3. Their sum 
is 11. Find the numbers. 
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3. What are the two numbers whose sum is 10 and 
whose difference is 6? 


4. Find the two numbers whose sum is 5 and whose 
difference is 25. 


5. The value of a certain fraction is 3 when 1 is added 
to the numerator. When 4 is subtracted from the denomi- 
nator the value becomes 2. Find the fraction. 


*. The value of a certain fraction is $. If 2 is added to 
the denominator and 1 is subtracted from the numerator 
the fraction becomes equal to 4. What are the values 
of the numerator and denominator of the fraction? 


. ”. The value of a collection of quarters and dimes con- 
taining 100 coins is $10.90. How many coins of each kind 
are there? 


g. There are two kinds of coins in a collection. When 
fe collection contains 8 of one kind and 5 of the other it 
is worth $1.65. Jf there are 10 of the first kind and 18 of 
the second kind, the lot amounts to $3.75. What are the 
denominations of the two types of coins? 


9, The difference of the numerator and denominator of 
a Main fraction is 1. Subtracting 5 from the numerator 
and adding 4 to the denominator makes the fraction ee : 
to 4. What is the original value of the fraction?) ws, 


10. Two boys on a seesaw balance when one is 6 tod 
from the fulerum and the other is 4 feet from the fulcrum. 
A third boy weighing 70 pounds j joins the first boy, and the 
two balance the second boy in his original position when 
they are 24 feet from the fulcrum. What are the weights 


of the first and second boys? 
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11. The sum of two weights is 16 pounds. They balance 
each other when they are 4 foot and 13 feet from the ful- 
crum respectively. Find the weights. 

. A man has $5000 invested, partly in a savings bank 
paying 4% interest and partly in bonds paying 6%. His 
income from the two sources is $280 a year. How much 
has he invested in each place? 

13. Part of $15,000 is invested at 5% and theremainder at 
4%. Theincome from the 4 % investment is twice that from 
the 5%. How a 1 is invested at each rate of interest? 

A4. A is now 2 as “old-as B. Tre years ey B was twice 
as old as A. What are their ages now? 

15. In 10 years C will be $ as old as D. In 5 years D 

Tl] be # 2 as old as C. Wi is the presept, age of each? 

Perce at4%. He wishes an ae of $125 per year from 
this money. How much must he invest at each figure? 

17. The sum of the digits of a two-digit number is 7. 
The number plus 27 is the original number with digits 
reversed. Find the original number. 

Solution. Let t = the digit in tens’ place, 
and u = the digit in units’ place. 

Then t+u=7. (1) 

But ¢ standing in tens’ place has zts numerical value multi- 
plied by 10. Therefore the number is represented by the bi- 
nomial 10¢+ u, and the number formed by the digits in 
reverse order is represented by the binomial 10 uw + t. 

Hence lt+tut2z7=10u+t. (2) 
Simplifying (2), u-t=3. f ‘ (3) 

Solving (1) and (8), t='2sandeiwi=— 5: 

Hence the number is 25. 
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18. The sum of the digits of a two-digit number is 6. 
The digits are reversed if 36 is added tu the number. 
What is the original number? 


19. In a certain two-digit number the tens’ figure is 
twice the units’ figure. If the number with digits reversed 
is subtracted from the original number the remainder i is a 


t 


Find the original number. (6 4, 43h) +5 at) A ys ypu 


20. A certain number divided by 4 = the sum of the ee 
gives 17. If 36 is subtracted from the number, the re- 
mainder is the original pympey wath digits reversed. _ Fin, ing 


the Wt OSs number. 10 a mea £3 
coiching two-digit number plus 8 is equal ‘to ten 


times one less than the sum of the digits. The tens’ digit 
is twice the units’ digit. What is the original number? 
22. The sum of a certain two-digit number and the sum 
of the digits of the number is 15. The number a the 
sum of the digits is 9. Find the number. fo P+USFTPY = 


The reciprocal of a anber 7 is a feeeen ne Grice He 
numerator is 1 and the denominator is the number itself. 


Thus 2 and - are the reciprocals of 2 and a respectively. 


23. What are the reciprocals of 8, 5, ig 25 nh 14/ 875? 

24. The sum of the reciprocals of two numbers is 75, and 
the difference of the reciprocals is 335. Find the numbers. 

25. The sum of the reciprocals of two numbers is 75. 


The greater reciprocal over the lesser reciprocal is equiva- 
lent to 14. Find the numbers. 


26. A gives B $50. B then has four times as much as A. 
Then B gives A $100 and has left twice as much as A, 


How much money did each have in the first place? piv ¥ 7 


g 
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27. A man has two barrels of gasoline. He takes 10 gal- 
lons from the first and puts it in the second, The second 
then contains three times as much as the first. Next he 
takes 30 gallons from the second apa puts it in the first. 
The second barrel then contains 385 as much as the first 
barrel. How much gasoline was there originally in each 
barrel? 3 

28. A man walks in a railway train in the direction | of 
the motion of the train for 2 minutes. He has then traveled 
with respect to the ground 4% of a mile. He returns 
through the train at the same speed to his starting point, 
and has traveled in returning 3 of a mile with respect to 
the ground. What was his rate of walking in miles per 
hour, and how fast was the train moving? 


29. A man rows a boat 5 miles downstream in 1 hour 
and returns in 13 hours. What is his speed? How fast 
is the current in the river flowing? 


30. A man travels 100 miles, 50 miles by train and 50 
miles by autobus. He makes the trip in 2 hours and 40 
minutes. On the return trip he travels 30 miles by train 
and 70 miles by autobus, and takes 2 hours and 56 minutes. 
What was the speed of the train? of the autobus? 


31. A man must make a trip of 200 miles. He can go 
part way by auto and the rest of the way by train. If he 
takes a bus going 20 miles per hour to the station and takes 
the train the remainder of the distance he can make the 
trip in 53 hours. If he takes a taxi traveling 30 miles 
per hour to the same station and the train Me the remainder 
of the way he can make his journey in 55% hours. What 
is the distance to the station? How fox ‘does he go by 
train? What is the speed of the train? 
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82. In Problem 31 if the train fare is 4¢ per mile, the bus 
fare 5¢ per mile, the taxi fare 40¢ per mile, and the man’s 
time is worth $5 per hour, what is the most economical 
way for him to travel? How much would his time have to 
be worth to make it economical for him to take the taxi to 
the train? 


33. Two men, A and B, can doa piece of work together! * > 
in 4 days. They work together on the job for 14 days / 
and then B finishes it alone in 74 days more. How many |," 
days would each man require to do the work alone? j aN 

34. A boat going 18 miles per hour travels downstream. ° y 
from A to B in 2 hours. It then returns to a point, C, 

7 miles below A, in 3 hours. What is the distance from * “ 
A to 2 from B to C?_ What is the speed of the current?) = “ 
/ Wi a 4) (¢-di3 = 4-7 OG 


— 
ere, 


a 4 ts ¢ ' — , f rd of 
106. Litera’ pooled in two tnknowns. Linear bystehis 
in which the unknowns have literal coefficients are usually 
solved by the method of addition and subtraction. 


EXERCISES 


In the following exercises consider a, b, c, d, and las known 
numbers; solve for the other letters involved and check: 


1 2 ty=4a, 2x+3cy=3¢, 
Loy = a. yy = — SE. 
9 tt y=54, lis a 
L—y=a. 6 2 d 
Sdy —=4 4 
7 mt+n=e, d 
em —n=d. 9x, 8y_ 1284 
of At 5a 20h 
3a+4y=b, ‘Se by 7 
“Oa+3y=c. a wee 
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2% _5Y_, x + by = 4, 
Se aiette 8 og —ay=2 (4b +a). 
teat vata as 

a4 fo et 
9, 0.25 +0.6y = 45 a, aE ye 
°0.5y—042=0.01 4 ae a 

. = eres 

ao += 424, i oe 
10. —-+-=d, 

hp She ie ae a 

28 : econ. 
1, 4 +8 y= 224, Ze 

“5ae+Ty= 47a. 19 cm+dn=d+e, 
ca-+y =a, dn—cm=d—c. 
Noe gad, ax — cy =), 

Sar eae OE oe Spee Ss he 
ie ax t+2y=—32-80, ah bz + cw = d, 
*“8ay—2x=6(a?+4). “Wwt+z=a. 
4 8m+2n= (a+b), 99 om+ 2n=.2, 
"12m+9a=46418n. ~'12n— .3m=-— 2.76. 
1b x—3y=25), 98 2xe— .8y=—.25l, 
“8a+2y=170. “Sbepl3 y= 165. 


GENERAL ORAL EXERCISES 


1. If 1 book costs 2a dollars, how much will d books 
cost ? 


2. If 3 books cost 6 dollars, how much will n books 
cost? 


3. What is the perimeter of a rectangle of length / inches 
and breadth b inches? What is its area? 
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4. If n books cost d dollars, what will one book cost? 
b books? 

5. The area of a rectangle is ab square inches. If the 
length is a feet, what is the width? the perimeter? 

6. The length of a rectangle is a feet. The width is 
b —a feet. What is the area? the perimeter? 

_ %. A triangle has an altitude a feet and a base b — I feet. 

What is the area? 

8. A triangle has an altitude h feet and a base equal 
to 2 binches. What is its area? 

9. A triangle has an altitude of 1 feet. If the altitude 
is + the base in feet, what is the base? the area? 

10. Two trains start from the same station and travel in 
opposite directions a and 6 miles per hour respectively. 
How far will each be from the station in t hours? How 
far apart will they be at that time? 

11. If these trains travel in the same direction, how far 
apart will they be from each other in ¢ hours? How far 
will each be from the station from which they started? 

12. The sum of two numbers is 10, and the lesser is s. 
What is the greater? What is the difference? the product? 

13. If x is A’s age now, what does («— 5) indicate? 
What does the equation x + 2 = 2(a — 5) mean? 

14. A man receives d dollars per working day for 4 weeks. 
In this period he spends e dollars. How much money has 
he at the end of 4 weeks of 6 working days each? 

15. A man can walk m miles in 1 hour. How far can he 
go in h hours? How long will it take him to walk d miles? 

16. It costs a man d dollars a day to live. How long 
can he live on p dollars? How much money will it take 
to support m men one day? ¢ days? 
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17. If 9 apples can be bought for c cents, how many can 
be had for d cents? How much will a apples cost? 


18. A triangle has an area a square inches and base b 
feet. What is its altitude? 


19. A farmer has fodder for 12 cattle n days. How long 
can m cattle live on the same amount of food? 


20. One man does a piece of work in n days. How much 
can he do in d days? How long will it take m men to do 
the job if each man works at the same rate as the first man? 


GENERAL PROBLEMS 


1. The base of a triangle is 6 inches and the altitude is 
6 inches. If the base is increased 3 inches, how much must 
the altitude be reduced to keep the area the same? 


Hint. Let aw = the decrease of the altitude in inches. 
Then 6 b/2 = (6 + 8)(6 — x) /2, ete. 


2. The altitude of a triangle is a inches and the base is 
6 inches. If the base is increased by » inches, how much 
must the altitude be reduced to keep the original area? 


3. A rectangle has a length of J inches and a breadth of 
binches. If the length is reduced d inches, how much must 
the breadth be increased to keep the area the same? 


4. The length and width of a rectangle are 6 and 
4 inches respectively. The length is decreased by the 
same amount as the width is increased, while the area 
remains the same. How much is the length decreased? 


5. The sum of two numbers is s and their difference 
is d. What are the numbers? 

6. The sum of two numbers is qg and their difference is 
one half of g. What are the numbers? 
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7. A certain number is 8 larger than another number. 
The quotient of the smaller divided by the larger is q. 
Find the numbers. 


8. The value of a fraction is a. If 1 is added to the 
numerator the value becomes b. Find the numerator and 
the denominator. 


9. If b is added to the numerator of a certain fraction, — 
the resulting fraction is equal to 3. If a is added to the 
denominator the fraction is equal to 1. Find the numerator 
and the denominator. 


10. If 2 is added to the numerator of a certain fraction, 
the resulting expression is equal to x. When 8 is subtracted 
from the denominator the fraction is equal to z. What are 
the values of the numerator and the denominator? 

11. A collection of eggs contains a certain number costing 
$1 per dozen and another number costing 70¢ per dozen. 
Together the eggs cost b dollars. If the number of eggs of 
each grade had been interchanged, the cost of the whole 
would have been a dollars. How many dozen eggs were 
there of each grade? 

12. A boy weighing p pounds balances a boy weighing 
w pounds on a seesaw. If the distance between the boys 
is l, what is the distance of each boy from the fulcrum? 

13. A and B have together d dollars. A has m dollars 
more than B. How much has each? 

14. If A gave g dollars to B, he would then have half as 
much as B. If B gave k dollars to A, he would have 1 dollar 
more than A. How much money has each? 

15. Together A and B have $50. A gives g dollars to B 

and then B gives f dollars to A, whereupon they have 
equal amounts. How much money did each have? 
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16. A man has d dollars invested, part at 4% and part 
at 5% interest. His income is m dollars per year. How 
much money has he invested at each rate of interest? 

17. Two men, A and B, start from points m miles apart 
and walk toward each other. A walks at r miles per hour, 
and B walks at s miles per hour. How long will they have 
to walk before they meet? How far will they be from 
their respective starting points when they meet each other? 

18. A works half as fast as B. The two working together 
can do a piece of work in d days. How long would it he 
each man alone to do it? 

19. Adoesajobinc days. Aand B Bunpealee do the job in 
d days. How many days would it take B to do the job 
alone? 

20. A works four times as fast as B. The two together 
do a piece of work in p days. How long will it take each 
man alone to do the same job? 

21. A and B together do a job in d days. If A works 
t times as fast as B, how long would it take each to do 
the work? 

REVIEW EXERCISES 
1. Solve 4(10 — 2 x) — 8(a — 15) = 0 
2. Solve os = | 


22+5y= 24, 
3. Solve the system { agile slat 


on Se) 2 oe 35(@ — 2). 
—3 x—4 T YA) 


4. Solve 


5. Solve the system 
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Factor: 
6.a°7+20b—1507. 7. (a—b)?— 2. 8.23 +422+42. 


Reduce to a common denominator and simplify : 


eae 
“a—b a+b 
S. : 5 BiG pea al 
ee ao, > 
Divide: 


11. a®—a’7b + 2b? bya+b. 
12.62°+ 2? — 292+ 21 by2x—-3. 


Solve for x and then find its numerical value for the 
given values of the other letters: 


13. ax +2=m, whena=2 and m= -— 8. 
14. a(x —1) —b=x—a, whena=2 and b=0. 
15. ae + bx =m+z2, whena=—4,b=3, andm=4., 


16. m(a+b—2)=n(a+b—2), whena=—1,b=2, 
m=— 3,andn= 5. 

17. The sum of two numbers is 51. Their difference is 18. 
Find the two numbers. 

18. Two boys weigh together 130 pounds. They balance 
on a seesaw when they are 8 feet and 33 feet from the 
fulcrum respectively. What are their weights? 

19. A collection of nickels and quarters is worth $2.40 
and contains 20 coins. What is the number of each kind 
of coin in the collection? 

20. A and B had between them $1000. A spent $ of his 
share while B spent 4 of his. If A spent $25 more than B, 
what did each have in the first place? 


CHAPTER XIX 


GRAPHS OF EQUATIONS 


107. Introduction. In Chapter II several devices were 
given for the graphic presentation of statistics. One of 
these, the line graph, is similar in its general features to 
the method employed for representing geometrically the 
relation between sets of numbers which are connected by 
an algebraic equation. 

The question What two numbers added give seven? may 
be expressed by the equation x+y=7. Here x and y 
are any two numbers whose sum is 7. It can be seen by 
inspection that if = 4, y=3; ifx=1, y=6; if x=0, 
y=; etc. We may also assign to x any value, say — 2; 
then the equation becomes —2+y=7, whence y= 9. 
In this manner we may obtain an unlimited number of sets 
of related values for x and y, some of which are given in 
the following table: 


ety=7 

A B C D E 

Ifz=| 5 1 0 6 if 
then y = gh ak gil ep Tae naga 


108. Definitions and assumptions. In constructing the 
graph of an equation in two variables a number of assump- 
tions must be made. These assumptions and some neces- 
sary definitions are now stated. 

276 
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It is agreed : 

I: To have two lines at right angles to each other, — as 
X'OX, called the x-axis, and Y’OY, called the y-axis, as in 
the figure below. 

II. To have a line of definite length as a unit of dis- 
tance. Then the number 2 will correspond to a distance 
twice the unit in a 7 


face of the paper ~ t 
be the x-distance is ee be] 
(or abscissa) of~ Pal 
that point, andthe 
distance (meas- 
ured parallel to 
the y-axis) from the z-axis to the point be the y-distance 
(or ordinate) of the point. 

IV. That the x-distance of a point to the right of the 
y-axis be represented by a positive number, and the z-dis- 
tance of a point to the left by a negative number ; also that 

the y-distance of a point above the x-axis be represented by 

a positive number, and the y-distance of a point below the 
z-axis by a negative number. Briefly, distances measured 
from the axes to the right or upward are positive, to the left 
or downward are negative. 


length, the num- a 
ber 44 to a dis- | 107 
tance of 43 times Eine [ 
the unit, etc. TT ntl 
III. That the 5 an + 
distance (meas- FGH.43) 
ured parallel to ainge 
th is) f = “10 4: 
€ %-axis) TOM [A ~o-h-1-6-5-4-9-D | 12[s 46678 910 x 
the y-axis to any i TT 
point in the sur- | 1 HH 
15 
6 


rL 
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V. That every point in the surface of the paper corre- 
sponds to a pair of numbers, one or both of which may be 
positive, negative, integral, or fractional. 

VI. That of a given pair of numbers the first be the 
measure of the x-distance and the second the measure of 
the y-distance. Thus the point (5, 3), or P, in the figure, 
is the point whose x-distance is 5 and whose y-distance is 3. 
Again, the point (— 5, — 8), or P3, is the point whose z- 
distance is — 5 and whose y-distance is — 8. 

The point of intersection of the axes is called the 
origin. 

The values of the x-distance and the y-distance of a 
point are often called the coérdznates of the point. 


Though not an absolute necessity, cross-ruled paper is a 
great convenience in all graphical work. Excellent results, 
however, can be obtained with ordinary paper and a rule 
marked in inches and fractions of an inch for measuring dis- 
tances. Hence the graphical work which follows should not be 
omitted even though it is found inconvenient to obtain cross- 
ruled paper for class use. 


EXAMPLE 


Using } inch for the unit of measure, locate points corre- 
sponding to the coérdinates which follow: A, (5,2); B, 
dl, 6) ; C, (0, > D, (6, 1s Hi, CG 0); i foe 8); G, 
and L, (8, 4). 


Solution. According to VI, above, the x-distance of the 
point (5, 2) is 5 and its y-distance is 2. Hence to locate point 
A at (5, 2) we measure, according to IV, five units to the 
right of the origin on the x-axis and from that point two units 
upward. 
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To locate point F at (—1, 8) we measure on the x-axis 
one unit to the left of the origin and from that point 
upward eight units. Point 
F thus located corresponds 
to (—1, 8). 

Points for the other pairs 
of numbers given in the ex- 
ample should be located by 
the pupil. The correct posi- 
tions for these points can be 
seen in the figure. 


Locating points as in 
the example above is called 
plotting points. 


EXERCISES 


Plot the following points with reference to the two axes. 
It is suggested that the unit of measure be 4 inch. 


LAD an oy 4)54(9-25,-0).5°(1,,2)5> and (0; 0). 

2. (— 1.5, 2); (1, — 8); and (2.5, 4). 

8. (— 2, — 4); (1.5, — 0.5); (— 1, —1); and (0, —8). 

4. (5,—2); (—1, —38.5); (2.25,—38); (1.75, — 6); and 
(0.75, 3.25). 

5. If the x-distance of a point is zero, where is the point 
located?Where is it located if both of its codrdinates 
are zero?\\ 


109. The graph of an equation. On page 276 we com- 
puted several sets of values of x and y for the equation 
x+y=T7. Later these points were plotted in locating 
A, B,C, D, E, F, G, H, and I of the preceding example. It 
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is evident from an inspection of their position that a 
straight line can be made to pass through all the points 
there located. The line drawn through these points is said 
to be the graph of the equation x+y = 7. 


ne 0 EXERCISES 


An 
' Vi Find and tabulate six pairs of values of x and y which 
satisfy the equation x+2y=6. Draw two axes and, 
using 4 inch as the unit distance, plot each of the points. 
Are the six points in a straight line? Does x= 3, y=3 
satisfy this equation? Plot the point (8, 3). Is it on the 
graph of the equation? If the x- and y-distances of a point 
satisfy the equation x + 2 y = 6, where is the point located? 
If the x- and y-distances of a point do not satisfy the equa- 
tion 2 x + y = 8, what can be said of its location? 


Find and tabulate six pairs of values for x and y which 
satisfy each of the following equations. Use numbers not 
greater than 10. Use at least one negative value for x and 
one negative value for y. Then plot the six corresponding 
points. Cana straight line be drawn through the six points 
obtained in each exercise? 


gQ20—-By=6. 432-2y=12. 632r=2y. 
8.a—-2y=4. 5.2x4—y=0. ~y=2e—4. 


110. Equation of a straight line. The preceding work 
should convince the student that the graph of an equation 
of the first degree in x and y is a straight line. This fact 
can be proved, but the proof is too difficult to be given at 
present. Therefore it will be assumed that the graph of 
every linear equation in two variables is a straight line. 
And since the position of a straight line is known when 
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any two of its points are given, it will be sufficient in 
graphing a linear equation in two variables to plot any two 
points whose x- and y-distances satisfy the equation, and 
then to draw a straight line through these two points. The 
two points most convenient to plot are usually the two in 
which the line cuts the axes. Occasionally these points 
come very close together, and consequently they will not 
determine accurately the position of the line. In such 
cases one should decide on two values of x rather far 
apart (such as 0 and 5, or 0 and — 5) and compute the 
corresponding values of y. Two such points will fix the 
position of the line with sufficient accuracy. 

If a line goes through the origin (as in Exercise 5 pre- 
ceding), x =0, y=0 will do for one point, but a point 
not on both axes must be taken for the second one. 

The essentials of the 


method of graphing a ¥ 
given linear equation in eile a 
x and y are illustrated in 
the following | ae 7 el BA 
HELE Eco > aan 
ay 
= | Esa 
EXAMPLE j i 
Graph the equation ial nie 4 a6 
5a—4y= 20. | Gee Pore 
| 
Solution. In this equation, Po z 
if =0, y=—5; and if H+, Ho CE 2 


y=0, x=4. Here the point. 
(0, — 5) is on the y-axis in the 
adjacent figure, 5 units below the origin; and the point (4, 0) 
is on the x-axis, 4 units to the right of the origin. The straight 
line through these two points is the graph of 54 —4 y = 20. 
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The necessary work may be tabulated as follows: 
5a—4y=20. 


Check. If an error has been made in obtaining the value of 
x or y from the equation, or in plotting the values found, it 
can be quickly detected by plotting a third point, as (2, — 23), 
the values of whose x- and y-distances satisfy the equation. If 
this third point lies on the line determined by the first two 
points, the line is probably correct; if it does not, an error 
has been made. 


EXERCISES 
Graph the following linear equations: 
Tee ye. 4% = Y= 0, Ft — 2 Y =, 
2a+y=0. 5. 8yt22=4, 8 e¢+y=—5d. 
8. 5¢—2y=9: 642+y=83. Rh PSt5: 


Hint. The equation x = 5 is equivalent to the equationz +0 y=5. 
The latter is satisfied by « = 5, and any value of y. Thus the pairs 
of values (5, 1), (5, 5), (5, —2), ete. satisfy the equation x +0y=5. 
Plotting these points, it is evident that the required graph is a line 
parallel to the y-axis and 5 units to the right of it. 


10. y= — 3. 12, 10. 14. y = 2. 

ll. x = 9. 18. ¢ = — 4. 15. y= 5. 

16. Is the point (4, 3) on the line whose equation is 
2¢4—8y=12? Is (0, 6)? Is (6, 0)? 

17. If a point is on a line, do the values of its x-distance 
and its y-distance satisfy the equation of the line? 


18. If the values of the x-distance and the y-distance of 
a point satisfy the equation of a line, is the point located 
on the graph of the equation? 
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19. Determine without reference to the graph itself 
whether the point (6, 5) is on any of the graphs of the equa- 
tions in Exercises 1-15 above. If so, on which does it lie? 


It should now be clear that 


The equation of a line is satisfied by the values of the 
x-distance and the y-distance of any point on that line. 

Any point the values of whose x-distance and y-distance 
satisfy the equation 1s on the graph of the equation. 


111. Graphical solution of linear equations in two varia- 
bles. If we construct the graphs of the two equations 
2x—5y=9 and 2x%+y=8 as indicated in the figure 
below, it is seen that 


for the point of inter- Fs a 

section of the graphs Fr Co 

xis 2 and yis—1. HH T = 

Since the point (2, B I 

—1) is on both F Tae me 
graphs, these values {y’ Z (gc 
should satisfy both [| -8--24-4-O}+1 e+t+ 5164118 
equations. Substitut- [14 an eT] iz 
ing 2 for x and —1 ECE 
for y in each equa- oy E 
tion, we get the iden- eo peiies 


tities 4— (— 5) = 9 

and 4+ (—1)=8. Thus the graphical solution of two 
linear equations consists in plotting the two equations 
and finding from the graph the value of x and the value 
of y at the point of intersection. Since two straight lines 
can intersect in but one point, there can be but one pair of 
values of x and y which satisfies a pair of linear equations 
in two variables. 
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The necessary work is tabulated as follows: 
2x%—5y=9 2xe£+y=3 


EXERCISES 


Solve graphically the following systems and verify by 
substituting in each set of equations the values of x and 
y for the point of intersection as obtained from the graph: 


4e—3y=—5,, ldy + lex= 13, 24%+2y=3, 
“Tety=10. “2a+6y=-—7. “4a—6y=1. 


ey 2, e tt tly=s, 10.227 24=9; 
“382—2y=16. “18y—5xe¢=— 33. 62a—-—4y=T. 


1 9 


2 


9g Ze t3y= 18,704 8y=5, Ae =1, 
“eg—y=4. “24—5y=-1. “944+ 8y=17. 
4 42 ty=li, g Tt 8y= 16, 19 eo 477, 
"e-—y=-2. “Ty—5x2=14. "2e—3y=5. 


BIOGRAPHICAL NOTE 


RENE DESCARTES. One of the two or three most important ad- 
vances ever made in mathematics was the discovery that algebraic 
equations could be represented geometrically. This great discovery 
was made by René Descartes (1596-1650), the French philosopher. 
Though never rugged in health, he took part in several campaigns 
when a young man, and it is said that during a weary winter spent 
in camp in Austria he first conceived the ideas that resulted in this 
important work. Though his writings read very differently from a 
modern book on the same subject, yet he developed all the essentials 
of graphical representation. He saw that a letter, that is, a codrdinate, 
might represent either a positive or a negative number, and so forced 
upon mathematicians the conviction that negative integers are indeed 
numbers and that they are useful in algebraic operations. After his 


Descartes 


é 


Ren 
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time they were not usually ruled out as absurd or impossible, as was 
commonly the case before. He also introduced the modern exponential 
notation. To Descartes is due the use of the last letters of the alphabet 
for the unknown and the first letters for the known numbers. Though 
the sign = was used long before his time, he did not accept it. He 
used the asterisk to indicate that a certain power of the variable was 
lacking. Thus he would have written the equation 73 —8x+16=40 
in the form xr3* —8x+ 160 40. 


112. Graphs of formulas. In many cases it is possible to 
use a graph as a substitute for numerical computation. 


EXAMPLE 


If a body falls from rest (neglecting the resistance of 
the air), the distance in feet, s, which it travels in t seconds 
is given by the formula s = 16 7®. Graph the formula. 


200 
am 
feat ei ali 
150 | ar ce + — i 
3 PS el nis 
» 1. Ga 
é Pits pat 
| $ ‘5 
: 100 - Ls an 
& 
8 Re | et (Lae 
a I is 
ra) if 
50 F ag eae 
| | 
oe 
Ee Ha ales is jt | 
Vad 
# it) 2 3 


Time in seconds (t) 


From this graph estimate how far the body falls in 
13 seconds: in 34 seconds. How long does it take for the 


body to fall 8 feet? 36 feet? 150 feet? 
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EXERCISES 


1. One dollar at simple interest for ¢ years at 6% will 
amount to asum represented by the expression A = 1+ .06¢. 
Draw the graph for this formula. From the graph tell how 
long it would take a dollar to double itself at this rate of 
interest. If a boy at the age of 10 had deposited a dollar 
in the bank at 6 % interest, to how much would his account 
amount by the time. he was 35 years of age? 


2. A dollar at 6% interest compounded annually for a 

period of n years will increase in accordance with the formula 
A=(1+.06)”. Plot this formula. How long would it takea 
dollar to double under these conditions? If a boy 10 years 
old deposited one dollar in the bank at 6% interest com- 
pounded annually, how much would it amount to if he left 
it there from the time he was 10 years old until he was 35? 


3. The circumference of a circle is expressed by the for- 
mula C=2a7r, where 7=3.14. Graph this equation. 
From the curve estimate the circumference of a circle 
which is 10 feet in diameter; 3 feet in diameter. A circle 
has a circumference of 12 feet ; what is its radius? 


4. The area of a circle is given by the expression A = mr. 
Graph this equation. If a circle has an area of 25 square 
feet, what is its radius? What is the area of a circular 
table-top 33 feet in diameter? 


5. A falling body moves with a velocity represented by the 
formula V = 32 t, where V is the velocity of the body in feet 
per second and ¢ is the time from rest expressed in seconds. 
Graph this equation. From the graph find the time it will 
take before a body moves with a speed of 50 feet per second ; 
$2 feet per second. How fast is the body moving after it has 
been falling for 5 seconds? 13 seconds? 4 second? 
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6. The velocity of a jet of water flowing from a hole in 
a sheet-metal tank is expressed by the formula V = 8VH, 
where V is the velocity of the jet in feet per second and 
H is the height in feet (often called the “thead’’) of the 
water level in the tank above the hole. Graph this formula 
for various heads up to 100 feet. By inspection of the 
curve tell what is the velocity when the head is 20 feet ; 
45 feet ; 33 feet. What must the head be to givea velocity 
of 10 feet per second? 224 feet per second? 


HINT. Substitute values 0, 1, 4, 9, 16, 25, 36, ete. for H in deter- 
mining the corresponding values of V. 


7. The horse power of an engine is expressed by the 
2 

approximate formula HP = oe where HP is the horse 
power, 0 the bore (or diameter) of one of the cylinders in 
inches, and n the number of cylinders. Graph this expres- 
sion in the case of a six-cylinder engine. How many horse 
power would you get from a six-cylinder engine with a 
1-inch cylinder? a 6-inch cylinder? What diameter of 
cylinder would you need to develop 100 HP? 25 HP? 


8. The horse power required to drive an automobile 
over a smooth, level road against the resistance of the air is 
given by the following formula: 


0.0185V* + 147V_ 


HP = 550 


In this equation HP is the required horse power and V is 
the speed of the car in miles per hour. Graph this formula 
and determine the following values: What would be the 
required power to drive the car 25 milesper hour? 100 
miles per hour? What will be the maximum speed obtain- 
able with a 50-HP motor? a 10-HP motor? 


CHAPTER XX 


SQUARE ROOT 


113. Square root of algebraic expressions. Evidently 
?4+2tu+u’?=[+(¢+u)]’. 


A study of this form will enable us to extract the square 
root of any polynomial. Obviously, the square root of ? . 
(the first term of the trinomial) is t, the first term of the 
root. If # is subtracted from the trinomial, the remainder 
is 2 tu-+-u?. The next term of the root (w) can be found 
by dividing the first term of the remainder (2 tu) by 2 ¢ 
(twice that term of the root already found). 

The work may be arranged thus: 

t+u 
P+ 2tu+wuv 
72 

Trial divisor, Py Ui 2tu+w 

Complete divisor, 2t+u |2tmutw=(2t+u)u 

Therefore the required roots are + (f+ x). 


The foregoing process is easily extended to the polyno- 
mial 9 xt 4.24 2? + 28 x? —162-+ 4, as follows: 


Badd 2 
9x4—2443+282?—1624+4 
(322)2= 924 
First trial divisor, 2+ 3a?=6a? |—24x°4282? 
First complete divisor, 6x”2—4a|—24x°+162*=(6x?—4x)(—4a) 
Second trial divisor, 
2(8a2—4x) = 622-82 

Second complete divisor, 6%?—8a+2 

288 


12x7°—162+-4 
122%°—1627+4=(6a2—8242)2 
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Therefore the required roots are + (8 x? —42-+4 2). 

The term 3 xz? was obtained by taking the square root of 
9 x*; the second term, — 4 x, by dividing — 24 x? by the first 
trial divisor, 6 x?; and the third term, 2, by dividing 12 zx? by 
6 x’, the first term of the second trial divisor. 


The method just illustrated of extracting the square 
root of a polynomial may be stated in the 


Rue. Arrange the terms of the polynomial according to descending 
or ascending powers of some letter in it. 

Extract the square root of the first term. Write the result (with 
plus sign only) as the first term of the root and subtract its square 
from the given polynomial. 

Double the root already found for the first trial divisor, divide the 
jirst term of the remainder by it, and write the quotient as the second 
term of the root. 

Annex the quotient just found to the trial divisor, making the com- 
plete divisor ; multiply the complete divisor by the second term of the 
root and subtract the product from the last remainder. 

If terms of the polynomial still remain, double the root already 
found for a trial divisor, divide the first term of the trial divisor into 
the first term of the remainder, write the quotient as the next term of the 
root, form the complete divisor, and proceed as before until the process 
ends, or until the required number of terms of the root have been found. 

Inclose the root thus found in a parenthesis preceded by the sign =. 


Norte. The process of extracting the square root of numbers was 
familiar to mathematicians long before they knew how to find the 
square root of polynomials. This is consistent with the fact that the 
development of the methods of performing operations on literal 
number symbols generally followed and grew out of the similar 
operations on numerals. The application of the rules for extracting 
the square root of numbers to that of polynomials is generally as- 
cribed to Recorde (1510-1558), who was the author of the earliest 
English work on algebra that we know. This book, which bears the 
title ‘' The Whetstone of Wit,” gives an accurate idea of the algebraic 
knowledge of the time and had a very wide influence. 
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EXERCISES 


Obtain the positive square root of : 


la+4a+4, 4,4 2? — 20 xy + 25 y’. 
2.16+ 824+ 27. 5.25+20a+4 a’. 
3.9m?+12mn+4 nr’. 6. 36 n° + 36 n*+ 9 vn. 


778 +2 rty? yy? 

8.48! +4s%+4sr4+2irLPetr. 

9.9c? —12 cb?+ 4 b°. 

10.2 OLR eee BE Be ee 
(1. 25 a4 + 20 a3) + 94 a2? + 36 ab? + 81 bf. 
12. 36 n+ + 60 n° + 36 n? + 25 n§ + 30 n?+4+ 9. 
13. 86 x° — 24 nz? + 12 n'a? +47? —4n3+4+ n4. 
. 14. 4 a’ + 20 ab + 8 ab’ + 25 b+ 20 b° + 4 bt. 
16.0 +@2+2!—2dx eel = 2 cr: 

16. 100 r? + 20 rc? — 20 rs + ct — 2 c?s + 82, 


2 2 
17. 92 | ay +. ) 
— 4 16.4% 


3 

19. 36 1? — ete rc sat 
2527 ,4y? 10 xy 

ee 49 Thee 

36 m! , 16 min’ 16 n3 

aes 5 Oro 

je. Crs st. € 

ate Bs 6°59 


19: 1604 
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Find the first three terms in the approximate square 
root of: 


23.44+8M+12 M’. 26. 2527+ 1027+ 4. 
24. 25 2°+ 40 7+ 36. 27.2570+18t+4 16. 
25. 36 — 144+ 22 a’. 28.927°+ 16244. 
29. 100 z* — 100 x? + 68 2? — 2024 4. 
30.4¢4+ 172? —122+4-—12 7’. 
31. m*—6m?+10m?+1—3m. 
32. 97r*— 1277+ 57r?+10—2r. 


114. Square root of arithmetic numbers. Since 1 = 1’, 
and 81 = 9’, a one-digit or a two-digit square has only one 
digit in its square root. 

And as 100 = 107, and 9801 = (99)’, a three-digit or a 
four-digit square has two digits in its square root. 

Also, 10,000 = 1007, and 998,001 = (999)?; hence a 
five-digit or a six-digit square has three digits in its square 
root. 

These examples illustrate the relation between the num- 
ber of digits in a number and the number of digits in its 
square root. They also suggest a method of obtaining the 
first digit in the square root of any number. 

For example, take the four numbers 35 24 18, 3 52 41, 
.25 38, and .05 28 6. Beginning at the decimal point in 
each, point off groups of two digits each, as indicated. 
Any incomplete group of two digits on the right, as in 
.05 28 6, should be completed by annexing one zero; thus, 
.05 28 60. Now the first digit in the square root is the 
greatest integer whose square is less than or equal to the 
left-hand group. This is true whether the latter contains 
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two digits or one. Hence the first digit in the square root 
of 85 2418 is 5, in the square root of 3 52 41 is 1, in the 
square root of .25 88 is 5, and in the square root of 
.05 28 60 is 2. 

Moreover, the number of digits in the square root of a 
perfect square is equal to the number of periods, provided 
a single digit remaining on the left is called a period. 


115. Extraction of the square root of numbers. The 
square root of arithmetic numbers may be found by a 
procedure based on the method of extracting the square 
root of polynomials. 

Just how t and uw are involved in the square of (+ w), 
or ? + 2tu + wu’, is obvious on inspection, because the parts 
#, 2 tu, and wu? cannot be united into one term. In the 
square of an arithmetic: number, however, the parts are 
united. Thus (47)? = (40+ 7)? = 1600 + 560 + 49 = 2209. 
Now it is clear how 40 and 7 are involved in 1600 + 
560 + 49, but it is not plain from 2209 alone. Pointing off, 
however, enables us to discover at once the first digit, 4, 
which is equivalent to 4 tens, or 40. With the exception 
of pointing off, the method of extracting the square root 
of an arithmetic number does not differ greatly from the 
method of extracting the square root of an algebraic ex- 
pression. In fact, the formula which states that the 
square root of ?+2tu+w=+ (¢+ u) can be used to 
explain the two processes. 

If ¢ denotes the tens and w the units, ? + 2 tu + vu? is 
closely related to 1600 + 560 + 49, # being 1600, or (40); 
u* being 49, or 7’; and 2 tu being 2- 40-7. Therefore the 
process of extracting the square root of 2209 may be based 
on these relations and the work arranged as shown on the 
following page. 
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4 7, or40+7 
22.09 
? = (40)? 16 00 


2b=2-40= 80/609 
Sf p= ORE T 6 09=(80+7)7=(2t+u)u=2iu+u® 


Therefore + 47 are the two square roots of 2209. 
If the number has three digits in its square root, the 
work and explanations may be arranged thus: 


3 1 5, or 300+10+5 
9 92 25 
( ="(300)" 9 00 00 = 30 tens squared 
First trial divisor, 
_ 2t=2-300= 600 | 9225 
First complete divisor, 
2t+u=600+10=610} 6100 =(2-30tens+10 units) x.10 
Second trial divisor, 
Pi 7. St) = 620 Si Zp 
Second complete divisor, 
2t+u=620+5=625 |3125= (2-31 tens+ 5 units) x 5 


Therefore + 315 are the square roots of 99,225. ? 

When the method and reasons for the process have 
become familiar, the work may be shortened by omitting 
the explanations and unnecessary zeros as follows: 


BAe imelats 
12 96 184 56 
9 1 
66| 3 96 a 34 
3 96 21 
226/13 56 
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The foregoing method is the one commonly used for 
extracting the square root of anumber. For it we have the 


Rue. Begin at the decimal point and point off as many groups 
of twe digits each as possible: to the left if the number ts an integer ; 
to the right if it is a decimal; to both the left and the right if the 
number is part integral and part decimal. 

Find the greatest integer whose square is equal to or less than the 
left-hand group, and write this integer for the first digit of the root 
and directly over the group of digits used in determining it. 

Square the first digit of the root, subtract its square from the first 
group, and annex the second group to the remainder. 

Double the part of the root already found for a trial divisor, divide 
it into the remainder (omitting from the latter the right-hand digit), 
and write the integral part of the quotient as the next digit of the root 
and directly over the group of digits used in determining it. 

Annex the root digit just found to the trial divisor to make the 
complete divisor, multiply the complete divisor by this root digit, sub- 
tract the result from the dividend, and annex to the remainder the 
next group for a new dividend. 

Double the part of the root already found for a new trial divisor 
and proceed as before until the desired number of digits of the root 
have been found. 

After extracting the square root of a number involving decimals, point 
off one decimal place in the root for every decimal group in the number. 


CuEck. Jf the root is exact, square it. The result should be the 
original number. If the root is inexact, square it and add to this 
result the remainder. The sum should be the original number. 


Sometimes in using a trial divisor we obtain too great a 
quotient for the next digit of the root. This happens 1 
in obtaining the second digit of the square root of 35301 
32,301, where 2 into 22 gives 11. Obviously 10 and 1 
11 are both impossible. If 9 is tried we get 9 - 29, 9 [203 
or 261, which is greater than 223. Similarly, 8 is 
too great. But 7-27 = 189, which is less than 223. Therefore 
7 is the second digit of the root. 
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Occasionally the trial divisor gives a quotient less than 1. 
This indicates that the required root digit is 0, which should 
be written in the root and the work continued as 3 0 
usual. An instance of this kind occurs in finding aoe 
the second digit in the square root of 942.49. The 942.49 
quotient of 4+6 is 2, which is not an integer. 9 
Therefore the second digit of the root is 0. Then 6 [ 42 
the next period, 49, should be brought down. The new trial 
divisor will be 60, which will give 7 as the third digit of the 
root. The work can easily be completed, giving 1414 
30.7 as the square root. poe Ie 

An attempt to extract the square root of 2 by 0 
annexing decimal periods of zeros and applying 
the rule becomes a never-ending process. 24) 100 

The number 2 has no exact square root, 96 


and no matter how far the work is carried, alee 
there is no final digit. As the work stands, we 281 
know that the square root of 2 lies between 2824 ae 


1.414 and 1.415. 


116. Significant figures. The digits that are retained as 
correct are called the significant figures. The digit 0 may 
or may not be significant. In the first computation on this 
page it was significant because it indicated the correct 
result in that decimal place. 

As a further example consider the number 3600. We 
may say that 3600 expresses the number 3629 correct 
to two digits, or to two significant figures. In this case 
neither of the two 0’s is significant. The number 3629 
correct to three places is 83630. The number 4692 expressed 
correct to three significant figures is 4700, the first 0 being 
significant, the second 0 not significant. 
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ORAL EXERCISES 


Express the following numbers correct to three signifi- 
cant figures : 

4. 27.610) 82 49690" 8: SAGA. 24.96: 9. 1.414. 

9.3428. 4.9064. 6.3902. 8. 5,482,196. 10. 17. 


EXERCISES 


Find the square root of the following numbers, correct 
to the nearest hundredth: 


1. 24, 7.31416. 18. 1.3. 19. 4,563,210. 
2. 8 8. 549. 14: 25. 20. 87,616. 

3. 1.53. 9.10000. 15. 1924. _—-21. 907,853. 
4.120. 10. 125. 16.5160. 22. 25,200. 

5. 2. 11. 1563. 17.2395.  28301,957. 
6. 7. 12. 2000. 18. 8753. 24. 2,156,873. 


Fact from Geometry. In the adjacent right triangle, 
a’ + b? = c’, the sides a and b, which form the right angle, 
are called the sides ; and c, the side 
opposite the right angle, is called 
the hypotenuse. c 

If side a is 8 and side } is 15, @ 
then substituting in @+B0?=¢ 
gives 64+ 225=c". Whence 
289 =e and ¢=-- 17, 

Since — 17 is not a practical answer, it is rejected. 


In Exercises 25-28 find the hypotenuse and the area of a 
right triangle whose sides are: 
25. 3 feet and 4 feet. 27. 125 inches and 180 inches. 
26. 16 inches and 12 inches. 28. 298 inches and 873 inches. 
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In Exercises 29-32 find the hypotenuse and side of a 
right triangle whose area and other side are respectively : 

29. 2 square feet and 1 foot. 

30. 45 square inches and 15 inches. 

31. 132 square feet and 12 feet. 

32. 21 square inches and 8 inches. 


In Exercises 33-35 find the other side of a right triangle 
in which the hypotenuse and one side are respectively : 
33. 213 feet and 25 feet. 34. 8.5 miles and .29 mile. 
35. 3.75 yards and .67 yard. 


Extract the square root in Exercises 36-39 inclusive to 
the nearest ten thousandth, and in Exercises 40-44 in- 
clusive to the nearest thousandth. 


A fractional number should be reduced to a decimal before 
extracting the square root, unless the root is seen to be exact. 


36. 3.14159. 89, 001432. 42, 41, 
37. 2.71828. 40. 5. 43, 24, 
38. 1034.266. 7a 44,21, 


In the following find all roots to the nearest hundredth. 

In rectangle ABCD line DB is 4 
called a diagonal. 

45. Find the diagonal of a rec- 
tangle whose sides are 7 inches 
and 18 inches respectively. 

46. The diagonal of a rectangle is 25 feet. Its perimeter 
' is 70 feet. What are its length and its breadth? 

47. One side of a rectangle is 10 inches. The diagonal 
is 15 inches. Find the perimeter and the area of the figure. 

48. The side of a square is 25 inches. Find the diagonal. 
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49. The length of a rectangular figure is 23 feet. If the 
diagonal is twice the shorter side, what is the width? 

50. The diagonal of a rectangle is 37 feet. The length 
is 14 times the width. Find the length and the breadth 
of the figure, and its area. 

51. The diagonal of a rectangular figure is 25 feet. If the 
two sides are equal in length, what is the side? the area? 

52. The distance traveled by a freely falling body is ex- 
pressed by the formula s=16#. In this expression s is the 
distance traveled in feet, while ¢ is the time of fall in 
seconds. How long will it take a body to fall 100 feet? 
40 feet? 

53. The diagonal of a rectangle is twice the shorter side. 
The area of the figure is 580.378 square feet. Find the 
length, the breadth, and the diagonal of the figure. 

54. The width of a rectangle is 15 feet less than the 
length. The diagonal is 75 feet. Find the dimensions and 
the area. 

55. The area of a circle is expressed by the equation 
A= vr’. What is the radius (r) of a circle whose area (A) 
is 75 square feet? 123 square feet? (a7 = 3.14.) 


Fact from Geometry. A line drawn from one vertex of 
an equilateral triangle to the middle point of the opposite 
side is perpendicular to that side. B 

Thus, in the equilateral triangle 
ABC, if D is the middle point of AC, 

BD is the altitude; and 
ae ee > 2 
BD’ = AB* - AD’ = AB* — (=). 

56. The perimeter of an equilateral rn C 

triangleis 18inches. Whatisthearea? 
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57. In the figure of the triangle given above, what is the 
ratio of the altitude to the side of the triangle? 

58. Using the ratio obtained above, find the side of an 
equilateral triangle whose area is 118 square feet. 

59. The formula for the amount (A) which a sum of 
money (P) amounts to at compound interest for a term of 
years (n) is A= P(1+ 1)” where r is the rate of interest 
expressed as a decimal fraction. What must be the interest 
rate to make $75 grow to $80 in 2 years? in 4 years? 

60. A projectile fired horizontally from a gun will strike 
the level ground in a length of time the same as that for 
a body falling from rest the distance from the muzzle 
of the gun to the ground. The expression for this is 
s=16?, where s is the distance in feet of the barrel of 
the gun above the level plain and ¢ is the time in seconds. 
How far would a projectile travel if its average velocity 
were 1000 feet per second and the muzzle of the gun were 
5 feet above the ground? 

(The solution of the above problem neglects air re- 
sistance and the result obtained will therefore be only 
approximate. ) 

Note. A.method of extracting the square root of numbers not 
unlike that in use today was employed by a Greek, Theon, about 


A.D. 850. In the Middle Ages square roots were extracted with a 
fair degree of accuracy by using the formulas of approximation : 


x 
(1) VP +r=ats—- (2) MOE =O + pea 


The true value of the square root of the number was proved to be 
between the results obtained by these expressions. Thus, if V65 was 
desired, it was noticed that 65 = 64 + 1, and from (1) 


V65 = V64 +1 = V8 4+1=8 45-4 = Bis, 
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Thus the true value of V65 is between these two numbers. This 
method was known to the Arabs. 

It should be kept in mind that the use of decimal fractions and of 
the decimal point was not common until the eighteenth century. 
Consequently the complete development of the method of extracting 
the square root given in the text is comparatively recent. 


REVIEW EXERCISES 


Find the square root of the following numbers correct 
to four significant figures: 


1. 3.1459: 4, 37,111,519. 7. 87.5476351. 
2. 149,253. 5. 2,502,598. 8. 28,753.24935. 
3. 2,150,000. 6. 34,875,412. 9. 3,587.281. 
Factor the following expressions: 
10.10 a27+ab—30. 13. 1+ 24 m?+ 144 m4. 
11.10 227—«—21. 14. 169 — 2°. 
12. 12 x? — 112 x — 147. 15. 12 2°7— llax—5a?. 
16. The horse power transmitted by a leather belt in a 


shop is expressed by the formula HP = fe Seo - Tandt 
are the pulls of the belt on each side of the pulley, and V is 
the speed of the belt in feet per minute. What horse power 
is transmitted by a belt having pulls of 200 and 150 pounds 
respectively and a speed of 3000 feet per minute? 

17. An automobile has a wheel 32 inches in diameter. 
How many revolutions per minute is the wheel making 
when the car is traveling 25 miles per hour? 30 miles per 
hour? 

18. Two trains running between the same two stations 
take 20 minutes and 30 minutes respectively. One train 


travels 15 miles per hour faster than the other. What are 
their speeds? 
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19. A party contains 45 people. If there were 9 more 
women there would be half as many women as men. How 
Inany men and women are there in the party? 


20. A man travels 25 miles, riding part of the way and 
walking the rest. If he walked 7 miles more than he rode, 
how far did he ride? 

21. How much rope will be needed to reach from the 
top of a tent pole 10 feet high to a point on the ground 
7 feet from the base of the pole? 


CHAPTER XXI 


RADICALS 


117. Rational numbers. The quotient of two integers is 
called a rational number. 

Any integer is a rational number, since it may be con- 
sidered as the quotient of itself and 1. 


Thus 4, — 2, 14, — §, and 8.1416 are rational numbers. All 
fractions and decimal fractions are also rational numbers. 


118. Radical. A radical is an indicated root of &n alge- 
braic or arithmetic expression. 


Thus V19, V2, Va, and Vx? — 32+ 2 are radicals. 


If a number under a radical sign is such that the root 
cannot be obtained exactly, the radical represents an 
trrational number. C 


Thus v2, V2, V3, V5, are irrational 
numbers, since the indicated roots of 2, 


of 3, and of 5 will never come out even , .e 
however far the process of extracting the 
root is carried. 

Though no irrational numbers can be t . 3 


expressed exactly in decimals, we can 

represent some of them by the lengths of lines. Thus, in the 

right triangle ABC, if AB= AC=1 inch, BC= V2 inches. If 

AB = 2 inches and AC = 1 inch, BC = V5 inches. 
302 
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There are other types of irrational numbers which can- 
not be expressed in terms of radicals, but their considera- 
tion is too complicated for this text. 


119. Imaginaries. If a number under a square-root sign 
is negative, the radical represents an ¢maginary number. 

Thus V— 2, WS. and V— 4 are imaginary numbers. 

If the student pursues the study of algebra further he will 
learn that imaginary numbers are required to express com- 
pletely the cube and higher roots of any positive or negative 
number. 

For example, he will learn that the number 27 has two other 
cube roots besides the number 3. Imaginary numbers, how- 
ever, are not considered in this text. 


_ 120. Index. The small figure, like the 3 in W/m, is called 
the zndex of the radical. 


In 3V2, 4 is the index. 


121. Radicand. The radicand is the number or expres- 
sion under the radical sign. 
In V3 and Vzxy, 3 and czy are the radicands. 


122. Principal root. If a number has two roots for a 
given index, the positive one is called the principal root. 

When no plus or minus sign precedes the radical sign, 
the principal root is always implied. 

For example, the number 4 has two square roots, + 2 and 
— 2. Here + 2 is the principal square root of 4, and the radical 
V4 means + 2 and not —2. Thus V4=2, but — V4=—2. » 

In case a number has only one real root for a given index, 
that root is the principal root. 

For example, the principal root of VER ata ; that of 
y= O75 23, 
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ORAL EXERCISES 


In the following tell which number is the index and 
which is the radicand : 


Na °o N16 8. \/10n 4 v2. 5 Nie. oo 


Which of the following are rational numbers? 


VAs ur Ot 12s) 611 NS 180 On Ne 
8, \/8. > 10. V8le. 12. V2. 14. V8. eae oe 


What is the principal square root of the following? 


Micor 18. 36. 19. 81. 


What is the principal cube root of the following? 
20. 8. 21. — 27. 22 io: 23. — 125. 


What is the principal fifth root of the following? 
24. 1. 25. —1. 26532; 27. — 82. 28. — 248. 


123. Simplification of radicals. The form of a radical 
expression may be changed without altering its numeric 
value. Such changes are necessary for many reasons. For 
example, the numeric value of a radical expression is 
most easily obtained from its simplest form. It will be 


mate.clear latenmia ee v3, Granting that the two 
SOs map te 

fractions are really equal, one can see that the value to 

several decimal places can be computed more easily from 

the second fraction than from the first, since fewer long 


numeric operations are then necessary. 
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EXAMPLES 
Study the following changes of form: 
1. V8 = VE-8 = VE. V2 = 22. 
2. In general, Vo2b = Va2Vb = avo. 
3. Also, V24 = V8-3 = V8V3 = 23. 
4, In general, Va% = Vaivo = av. 


The preceding examples 1 and 2 illustrate the following 
rule for simplifying a radical involving the square root of 
an integer or an integral expression. 


Rute. Separate the radicand into two factors, one of which is the 
greatest perfect square which the radicand contains. Then take the 
square root of this factor and write it as the coefficient of a radical 
of which the other factor is the radicand. 

If the radical already has a coefficient other than the number 1, 
multiply the resuit obtained above by this coefficient. 


A similar rule holds for radicals involving the cube and 
higher roots. 


Thus V16 = V8.2=2V2, 
and V96 = V32-3 =2V3. 


Nore. Although the Arabs were by no means able to state all 
the rules explained in this chapter, it is interesting to note that they 
did recognize the truth of a few of them. For instance, a writer 
about A.D. 830 gives, in his own notation of course, the facts con- 
tained in the formulas Va% =aVb and Vab = Vavo. 


EXERCISES 
Simplify : 
iW12: 4, V18. 7. 520. 10. 3/45. 
2. V27. 5. V125. 8, V32. 11. 2V98. 
3. V5. 6. V162. 9. V48. 12. 5V12. 
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13. V147. 17. 2128. 21. W4 a. 25. V16 a. 

14. V16. 18. 3-40. 92. V3 2. 26. V4 2. 

15. V24. 19.5V96. 28. Vi2m. =. 27. BV 9x. | 

16. W54. 20. V81. 24. VBP. 98. 5V5 mi.) 

(: 29, 12V8 8. (ss VBm. == 40. 12 V8 xt. 
V3 6 


‘30. Vz. 35. 7 41. V(x + y)a. 
Hint. Vai=Va?-x. 36, Vi. 42. V2 x(b +0). 
31. 7V4 23. 37. 2/8 m. 43, V/4(s + bx. 
32. V2 a. 38. 4W2 23. 44.V/r(x — y)?. 
33. V8 a, 39. 3W54 a, 45.3V(2+z)24a 


46. (a—b)V(a+b)%c. © \50. V2? + 4a 44. 

a7, V(a + b) (a — 8). 51. V2 027 —8248. 
43, V(a — y) (a? — y). 52. V3 2? — 30 2+ 75. 
49. V(r + 2)(7? — 4). 58. V5? +5 — 10r. 


124. Addition and subtraction of radicais. Radicals having 
the same index and identical radicands are really similar 
terms. They can be added or subtracted and the result 
expressed as one term according to the rule on page 48. 


Thus 2V3 —4V3+5V3 =3V3. - 


If the radicands are not identical and cannot be simpli- 
fied further, the radicals are really dissimilar terms, and 
addition or subtraction can then only be oe (see 
page 50). 


Thus V5, V3, and V6 are three dissimilar radicals, and the 
addition of the three can only be indicated thus : V¥5+ V3+ V6. 
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ORAL EXERCISES 


Simplify : 
Gea 9. V20 + 2V5. 
.5V38 — 2V3. 10. 3V8 + 8-VB— 5-V3B, ~ s > 
3. 4V243V2. 11. 6V5 + 10-V20 — 3-V195. 
4, 12V5 V5. 12. 3Vx +2V<2. 
5. 83V6 —2V6. 13. 2Vr+5V4 a. 
6. 4V3+5V3—6V3. 14.3V16a4+5V4 a. 
PAN T— 2V74-3V7.° 15. Vb + VoD. 
8. 73 + AV12. = 16. aV75 — V48 a. | 


EXERCISES 
Simplify and collect : 
(i, VB+VE42V82. 12. Val ava + iva. 


2.VI2+V27, 13, Va'b + Verb? + Vi. 
8. V8 + V48. 14.3Vze+4V9e4+5V4a. 
A 2/32 — 5v'18. 


Savio vo |. aN +3VE+2VIbs, 
6. 427 + 2V147. 16. 2+3V3 2. 

7. V8 +V32—V50. 17, Vai-+ V0a+ V4a. 

8 IEVT5N2THOWI2. 6 9 cae + LV Td 


~9, 3V27 — 5 V3. 
10. V5 + 3-V125. 19. Vaebc—aVabc?-+aVac. 


1.3Ve452Ve.) 20. 4V 8084+ V12a—2-V2708. 


In the following exercises find the value of the expres- 
sion, first by extracting the square root of each term and \ 


=) A or a 
2 ) : 4 iA 


FiO 
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adding the results, then by simplifying and collecting be- 
fore extracting the square root. Compare the amount of 
labor involved in the two methods. 


a1, 3V50-+2V2—12V98. 99. 4V27T 5 Via awe. 
23. V125 + 2V80 — 3V20 + 5V45. 


125. Simplification of fractional radicands. Radicals whose 
radicands are fractions or fractional expressions occur fre- 
quently in practice, especially in certain parts of geometry. 


EXAMPLES 


Study the following simplification of fractional radi- - 
eands: 


1. V2=VE=Vi 6 =v = 
9.6V2 =6Vi2 = Via 10=6.- 


r= [2x _ ‘o Cis 
dee pa t= ies 

‘a a Vab 

ti §- \Go Np = 2 


These examples illustrate the following rule for simpli- 
fying an indicated square root which has a fractional 
radicand. 


Rue. Multiply the numerator and the denominator of the radi- 
cand by the least whole number or the simplest expression which will 
make the resulting denominator a perfect square. 

Then separate the radicand into two factors, one of which is a 
fraction and at the same time the greatest perfect square which the 
radicand contains. 

Take the square root of this factor and write it as the coefficient of 
the radical of which the other factor is the radicand. If the original 
radical has a coefficient, multiply the result as obtained above by this 
coefficient. 


1V/¢ 

3 

Ab, 
5 
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ORAL EXERCISES 


Simplify : 

eat {1 1 £ if 
me Wed as ae BE ro 7 ae le 

- NE N65 \3 jit Je a. 
2 Fl IZ Qa [3 
pe rier Pegees fo" 6542 (Ps otemel=" 40, 24° 

oe NE NG 4 \ a \ 

EXERCISES 


Simplify the following: 

PVs “42VeE. 7.VE 10.3V%. 13..5V2. 
9. vee ONe @eVEE. om 5VE0 14 BV 85 
3.VzZ, 6. V5. 9.2V3%. 12.2V1f. 15. 7VZ., 


P ‘ew 22. V4 — 3/8 + 5V9. 

a 93. 2W27 + 5V22 — 3/225. 
a ma 22. 94, 42-4 13-V8 — 5V162. 
18. 5- oe. 95. 15V/16 + 5V/54 — 3V/250. 


19, VE4 V2. 26. V16 + V64 + W256. 

a0. 3V2 —2V60, 3V3 44V27 + 15V75 

a 
28. 3V8 + VE — 6V2 4+ TV8E. 
99. bV12 + 2V27 — 4V3 + 3V3. 
39. Vif + 3V28 — 5V4. 
af. 3VE 42H — 9v2, 
32. 2V5 — avi + 6V 125 — 6V 28. 
33, 3V2 + 5V4 — OVI + 8V 5. 
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34. 5V ay + 2 ay + y — 2V(@ + 1). 
35.3V40°+4e24+2+4Vie4 lL). 
36. 12Vax® — 2 az +a — 8V (x — 1)?a8. 
The need for simplifying radicals presents itself in vari- 


ous problems, as, for example, in geometric work on right 
triangles. 


PROBLEMS 
(Obtain answers in simplest radical form.) 

1. One side of a right triangle is 6 and the other side 

is 9. Find the hypotenuse. 
Solution. h = V36 + 81 = V117 = 8V13. 

2. The hypotenuse of a right triangle is 15 and one side 
is 10. What is the other side? What is the area? 

3. The side of a square is 8. What is the diagonal? 


4, The diagonal of a rectangle is D, and the width is = 
Find the length and the area. 


5. Find the area of a rectangle, of diagonal D, if the 
length is twice the breadth. 


“6. Find the sides of a square if the diagonal is 10. 
7. What is the side of a square whose diagonal is 8 L? 


Problems involving the following classes of triangles are 
of frequent occurrence in practical work and often require 
the use of radicals: 

(a) An isosceles right triangle; that is, a 
right triangle with two equal sides. 

As indicated, in the figure, if each side is S 
the two aetitelangles are 45° each. 
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(b) A right triangle with one angle 30° or 60°. 
As indicated in the figure, if one acute angle is 30° the 
other is 60°, and vice versa. More impor- 


tant still, the hypotenuse is always twice the » De a 
shorter side. Z a 


(c) An equilateral triangle. 

As indicated in the figure, when the alti- 
tude is drawn, it divides the base into two 
equal parts, and in each of the right triangles : 
formed the same relations exist as in (b) es 
above. 2 


8. If each of the equal sides of an isosceles right triangle 
is 4, what is the hypotenuse? 
HInt. h?=16 + 16. 
h=V16 + 16, etc. 


9. The hypotenuse of an isosceles right triangle is 15. 
What is one side? 

10. The formula for the area of a circle in terms of its 
radius is A = wr?. What is the radius in terms of the area? 

11. What is the radius of a circle whose area is 24 
square inches? 

12. The formula C = 2 (F — 82) expresses the temper- 
ature by the centigrade scale in terms of the readings on 
the Fahrenheit scale. Solve this equation for F. What is 
the centigrade temperature corresponding to a Fahrenheit 
reading of 100°? 20°? 

13. The area of the surface of a sphere in terms of the 
radius is A = 47r?. Find the radius in terms of the area. 

14. What is the radius of a sphere whose surface is 18 
square feet? 
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15. The volume of a cylinder in terms of its radius and 
height is V = mr’h. What is the height in terms of V and r? 
Find r in terms of h and V. 5 

16. What must be the radius of a cylinder whose volume 
is eagle inches and whose height is'20-inches? 

178K runway has an inclination of 30° to the horizontal. 
How far above the ground is a man who has walked along 
the runway a distance of 40 feet with respect to the 
horizontal? {|S (AAR = 

Hint. See diagram in (6) on page 811. 


18. A ladder makes an angle of 60° with the ground. 
A man climbs 15 feet up along the ladder. How far is he 
above the ground? 


19. A man desires to make a bank of earth against a per- 
pendicular wall 10 feet high. If the angle of repose of the 
earth is 45°, how many cubic feet of earth will he need to 
make a bank 20 feet long? How many square feet of sod 
will be required to cover the face of the bank ?, pownh 

Hint. The volume of earth required is equal to the length of the 


bank times the area of cross section, which is in this case an isosceles 
right triangle of 10-foot side. 


20. What is the hypotenuse of an isosceles right triangle 
whose area is 50 squar feet? 25 square feet? K oe 

21. The side of an iF triangle is 3 feet! Find the 
altitude and area. \2 aye DAH” 

22. The area of an“equi ateral triangle is 100V3 square 
inches. What is the length of a side? 

23. A hardware dealer desires to pack triangular files in 
a box. The files are 745 of an inch on a side. What should 


be the depth of a box which will just contain one layer 
of files? 


i 
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24. The hypotenuse of a right triangle with a 30° angle 
is 10 10 feet. What is the area? 


Nene Though methods of classifying irrational expressions are 
found in the work of Euclid, the Hindus and the Arabs were the first 
to develop this part of algebra in a form similar to that used today. 


126. Multiplication of radicals. Monomial radicals having. 
the same index are multiplied as shown in the following: 


EXAMPLES 


1. Multiply 4V2 by 8V6. . 
Solution. 4V2 -3V6 = 12V12 = 12 - 2V3 = 24V3, 


2. Multiply 8V2 mr by 25 mr. ‘: 
Solution. 3V2 mr - 2% 5 mer = 6V10 mrt = 6 mrV10r. 


The method just illustrated of multiplying monomial 
radicals of the same index is stated in the 


RULE. Write the product of the coefficients of the radicals for the 
coefficient of the radical in the result. 

Multiply together the radicands and write the product under the 
common radical sign. 

Reduce the result to its simplest form. 


The preceding rule does not hold for radicals having different . 
indices. 


ORAL EXERCISES 


Perform the indicated multiplication : 

ioe er 8-6. ot, BV. 20/5 2 2N/8. 
2 N2eN2.- 6.38V2.2V3. . 8. 5V8-4V5. 
Oe on) 6. 5V3-2V7. 9. AV 18 - 2V2. 
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EXERCISES 


Perform the indicated operation and simplify results? 


. 8V3 - 2V30. 


1.V5~V6. . ifiahi ra 

2. V8- V3. : 5% 

. 2V15 - BV 12. 2m Rees 
17. \ 3 : 


3 

4 =-S 

5. 4V16-10V2. ag, 12\| é ; 4. a 
6. 6V21 - 5V7. 

7 
8 
9 


ENS ANT. & 19. a2 ot. 
5VI8- V3. u 
V0 sR AG asl 


Nae By. Hint. V2(V2 +1) = V4 + v2, ete. 
Bs J 21. V3(V3 — V2). 
Nb NG o8 W8 CVE i): 
12. Vai-5y[3. 98. VBS —2V5). 
13. 10Vm- Be at AS v2) 
im 25. 3V5(V2 — V3 + V5). 

14. 5Va - 5Vz. 4 

zn A: | a6. (V5 — V8 — V3)(V3). | 
so pe NG a7. (V2—V10 +-V20) (—2V5).)/ 


Find the radical expression having the coefficient 1 which 
is equivalent to each of the following: 


28. 4V3. g9:5V5.- e214, 
Solution. 4V3 = V16V3 80. 3V2. 33. 8Vi. 


~ VAR, 31.10V13. 34. 5V3. 
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35. avr. 93, 2 ne. 
36. 3 bVy. Y 
37. 4aV2z. uhh 2) at 


The multiplication of binomial or of polynomial radical 
expressions of the same order involves no new principle. 


EXAMPLE 


Multiply 3V5—4V3 by 2V54 V3. 
Solution. 3V5—4V3 
2V5+ V3 
20i i BY 15 
=f Bais. — 12 
20-9 oy ts = 12 = 18 — SV 15. 
EXERCISES 


Perform the indicated ie ear and simplify the 
results : 


NT. (V2 + 5)(8-V2 — 4). 3. (6V5 — 2)(V5 + 8). 
2. (TV3 + 2)(V3 — 5). 4, (4+3V5)% 
5. (5V5 + 2V3)(2V5 — 3-V3). 
6. (2V3 +5V2)(2V3 + 2V2). 
7. (3V6 — 2V5) (12 V5 + 18-V6). 
§. (44 9 25/3) (V5 + V2 +6). 
9. 8 —-2V384+V2)8V2+4i V4). 
10. (V10 + Vib — V18)(V2 + V60 + 3V90). 
1. (Vz + 8Vy)(Vx — 34). 
12. (4VWm+3Vn)(3Vm + 4Vn). 
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13. (2Vz + 8Vy) (Va — 2Vy). 

14, (2V3 2 —5V2 y)(8V12 «+ 2V2y). 

15. V2 — y?- V8 (a+ 4). 

16. V(a? + 2 ab + 0)*§- Va — b)(@+). 

17. (V2 + V3 — V5)(3 + V2). 

18. 3V6+2V7+38V1DE4 — V2. 

19. (8Vx2+1—4Vz— 1)(V2?— 1). 

20. 2V2 —a+3V2 —4Va) (V2 — a). 

a1. (Vm +t—2Vm+3Vm—t)(Vm). 

22. (8V2+2—5Vxr —24+13V2)(4Vx + 2). 
23. The hypotenuse of a right triangle is R, and one 


v3 
2 


24. One side of a right triangle is V2 (RV2 —1), and 
the hypotenuse is R. What is the other side? 

25. The sides of a right triangle are } «V2V2 — 2 and 
£4V2V2+2. What is the hypotenuse of the triangle? 
e ‘ 
the area? 


26. Show by substituting and simplifying that 2 + 2V3 
is a root of the quadratic equation x7 —42= 8. 


27. Does 4(5 — V5) satisfy the equation #27+5=527 


side is R - Find the other side. 


127. Rationalization and division by radicals. It is fre- 
quently necessary to find the approximate value of an 
expression which involves division by a radical expression. 
Thus 3+ V6, V2 + V7, are types which often occur. 

To find the approximate value of 3 -- V6iwe may extract 
the square root of 6 to several decimal places and then 
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divide 3 by the approximate root obtained. Both these 
processes are long and one of them is unnecessary. For, 
writing 3 + V6 as a fraction and multiplying both terms 


by V6 gives B 6 
last fraction requires but one long operation. 


One radical expression is the rationalizing factor for an- 
other if the product of the two is a rational number. 

A rationalizing factor of V2 is V2, since v2. .V2=2. 

Similarly, V3 isa rationalizing factor of V27, since 


V3.V27 = v81=9. 


me To find the approximate value of this 


ORAL EXERCISES 


Determine a rationalizing factor for each of the following 
expressions and find the product of the given expression 
and this factor: 


1. V2. 25. 5 BN Te et Nd. 9 Via 
ew eed N/10.. 6-VARe 18.38. 10. 2V2x. 


Direct division of similar radicals, coefficient by coeffi- 
cient and radicand by radicand, is often possible. 


Thus V6 + V2 = V3. 
And 12V10 + 2V5 =6V2. 


(V10 — V15) + V5 = V2 — V3. 
V7 V7-V38_ V21 
But ieee 8 V2 
Vi. V3 vee 38 
If direct division cannot be exactly performed, we use the 
RuLe. Write the dividend over the divisor in the form of a fraction. 
Then multiply the numerator and denominator of the fraction by the 
rationalizing factor of the denominator and simplify the resulting 
Sraction. 
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EXERCISES 


Rationalize the denominator of the following expressions : 


iy V10_ 9 V5 — V10 v 10. / 17 td 
* V/5 ; V2 i> cone 
NES 10, 2V2+5V3. 13, 12N2. 
nv ee: "5V3 y 
3 Yo: 1, OM 15, ee 
"V3 4/12 "350 
pve eo 20 2aVe | 
V2 Vb 38V2 x3 
38V7 5 4Vimn 
ass 13 21 ’ 
a/3 2x 3mVa 
any et Pe 99, 12 Vani, 
cn 12 S2inva "13aVy 
7 1524, Ree 9g, 13V'50, 
" 5V12 “Vb “10V75 
8, ae 16. a pai eS 
5V7 38V2y 5V122 ) 
Find to three decimal places the value of : “fi 
25.44 5V3. 99, 2. a1, VO= NS 
26.2 —6V8. "V6 Se 
a7. 21V3 + 5V27. 5V2 25V2 


30. — =: 32. == 
98. 13-91 +. 2V13. 2V5 V75—2V3 


Express with rational denominators: 


guV ie (ngs Re 8V ba aNn 


._— 35. ; ( 
Vy 15-Va%b 4V cx a 
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128. Fractional exponents. Radical expressions may be 
written in two ways, with radical signs or with fractional 
exponents. The relation between the two will now be ex- 
plained. To do this it is necessary to extend the meaning 
of the term exponent, which, as defined on page 17, applied 
to positive integrai exponents only. We shall assume that 
the laws which govern the use of integral exponents hold 
for fractional exponents also. 

The fact that x? - x* = 2° illustrates the more general law 


xT Pm at d 
where a and 6 represent either integers or fractions. 
Accordingly, x? - 2? =2?'?= 2! or x. Since x? multiplied 
by itself gives x, x? must be another way of writing Vx. 
Hence Vx may be written z?. 
Then 4%7=V4=2, and (2502)? =V25@=5a 


1 
Furthermore, x? - 2? - 2? =2? tt? = y=, 


Since x? is one of the three equal numbers whose product 
is X, we may say that x® is another way of writing Vz. 


Therefore Vx may be written 2°. 
L 
In general terms, x? = Vx. 


Now we? = x? - 3-2? = (27)3 = (V2x)3, 
and gt = oF = (23)? = V2, 
Hence ae? = (Vx) or V 23. 


a 
OS ee 
In general terms, x? = WV x4% 


Thus x” means the nth root of x to the ath power. 
The numerator of a fractional exponent denotes the power 
to which the radicand is to be raised, while the denominator 
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denotes the root to be extracted. Whether one extracts the 
root first and then raises the result to the power, or vice 
versa, depends wholly on convenience. 


BIOGRAPHICAL NOTE 


FRANCOIS VIETA. The reason that algebra is a universal language 
lies in the fact that the symbols used to indicate the various operations 
and relations are widely understood and adopted. This has not always 
been the case, and for a long time during the early history of the sub- 
ject there was no accepted notation in algebra, but each man used any 
symbol that suited him. One of the men who did most to establish a 
fixed notation was Francois Vieta (1540-1603), a French lawyer who 
studied and wrote on mathematics as a pastime. He was in public life 
during his whole career and was well known for his ability to decipher 
the hidden meaning of dispatches captured from the enemy. 

It was he who established the use of the signs + and — for addi- 
tion and subtraction, which, to be sure, had been used before his time, 
but were not generally accepted. He also denoted the known num- 
bers in an equation by the consonants, B, C, D, etc., and the unknowns 
by the vowels, A, H, I, etc.. He recognized the existence of negative 
roots of equations, but rejected them as absurd. 

To denote the second and third powers of the unknown, he used 
the letters Q (quadratus) and C (cubus) respectively. Instead of using 
the sign = he wrote aeq. (aequalis or aequatur). Thus Vieta would 
have written the equation x? — 8 x? + 16 x = 40 in the form 


1C—8Q+16N aeq. 40. 


Before the time of Vieta this equation would have been written 
in a much more primitive notation. For instance, with writers only 
a little earlier it would appear as 


Cubus m 8 Census > 16 rebus aequatur 40. 


Operations on equations in this form would certainly be difficult. 
Vieta is further distinguished as being the first man to obtain an 
exact numerical expression for the number 7, which occurs in geom- 
etry. His form of expression calls for an infinite number of opera- 
tions which, of course, could never be performed, but the further 
one proceeded, the closer would be the approximation obtained. In 


. 


1etd 


1S 


Franco 
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a certain sense the familiar sign 4/ implies an infinite number of 
operations, for one can never go through the process of extracting 
the square root of 2, for instance, and come out even. Vieta’s method 
of denoting 7 was, however, more involved than this and made use 
of complicated irrational fractions. 


ORAL EXERCISES 
Read in radical form: 
la? 3.30% 5.5 y%. 7.3%-23, 9.6m. 
Qa, 4.2”%. 6.127-y% 8. (12y)% 10.50%. 


Change to fractional exponents: 


11. V3. 13. aV31. 15. 3V 2%, 
12. 5Vz. 14. Vor. 16. 15Vm?. 
Give the numerical value of: 
oe 20. (4)*. 23. (86)3. 
18. (9)%. 21. (27)*. 24, (— 64)3, 
19. (8)?. 29. (125)3. 25. (qty)? 
EXERCISES 
Change to radical form and simplify results : 
4, mi, 8. 4 (16 2)*. 1s. ( : 
2. 2 xiy?. a a 4 Ki ig 
8. 12 a8. 10. 3m? - 4 ni. 16. e : 
4.5? - am. 11. 12 22 - yf. 12\3 
6. 5(rt)2 16a ee, 1%. (g5) 
6. (— 8)8 x, 13. (16 y)? * Ce 3 
fe c(de)* 14. 5 m*y* Ae hy bia 
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REVIEW EXERCISES 


Evaluate, carrying all inexact answers to two decimal 
places : 


1.2Vbm? + 8V— b?’max — 4V— bmz, 


when b= 1 e257 n= — 2. 
9. 2V x2 + V5 br, 
when c= 4s beer Si 
3.5aV7 x? — ay, 
when CEA tee Sto ee ge) enn a 
2 ees 
rie Eola 
a 
when m= 35 ee Zea = 20: 


when m= 
ye 
Vo’ 
when Cb. b= 7 
: 2V2+Vy 
' Marty 
when ath Ess 
By V8 +2ry+y, 
when POs 17 =2. 
9.. Express in a form more convenient for computation : 
Tvs 
(a) ie 35” 


® ryh 
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Solve for x and y and check: 


so, S244 _ 15. eer 
Dey 
petonb He aca 
11. ed SS Ses ll 
CSO a Cety 
2 a4 eae 
i 16. 4(x? -22+1)—9=0. 
a dais Qe+5y=—-11, 
18.27+527—24=0. 17.4 82—.7Ty 
ee ES 65. 
8a+5y=138, 2 
14 Zu Iby 18.427°+82r+4=0. 
3. ~*~ 19. Multiply 2(5b°x%y)? by (32y)3. 


Without solving the equations determine whether the 
pairs of values given below are roots of the corresponding 
equations : 


20. Dox =2V5 and y = 3V5 satisfy 


xt y=5V5 
and 32°—4ay+y? = 65? 
21. Do x = 2V2 and y = 5 V2 satisfy 
2x4+3y is 
19 == Vo 
and e+5xey—3y?=—40? 
22. Do a= V3 and b = 3V3 satisfy 
a 
Zi —b=—= 
: V3 
av—b? 2 
oe ee ee 
and m 3! 


93. A tree on the bank of a stream is 25 feet from an 
observer on the opposite bank. The distance from the 
observer to the top of the tree is 32 feet. If the observer is 
on a level with the base of the tree, how high is the tree? 
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24. The altitude of an equilateral triangle is 1 foot. What 
is the length of one side? What is the area? 

25. A man has $200 invested, part at 4% per year and 
the remainder at 6% per year. The total income from the 
money is $9 per year. How much money is invested at 
each rate of interest? 

26. The sum of three consecutive numbers is 18. Find 
the numbers. 

27. The sum of the digits of a two-digit number is 7. 
If 27 is added to the number the result is expressed by the 
digits in reverse order. What was the original number? 

28. A man’s age is now five sevenths of what it will be 10 
years from now. What is his present age? 

29. A field containing 10,000 square feet has a length 
twice its width. What are the dimensions of the field? 

30. The altitude of a triangle is two thirds the base. If 
the area is 24 square feet, what are the base and altitude? 


CHAPTER XXII 


QUADRATIC EQUATIONS 


129. Introduction. The simplest quadratic equation is 
one in which the term of the first degree is lacking; as, 
for example, x?7—4=0 or x?+41=0, where the terms 
in x are lacking. In order to solve these equations one 
term should be transposed (if necessary) so as to bring 
one term on each side of the equation. The square root of 
each member should be taken, not neglecting the + sign 
before the square root of the constant term. Equations 
like the foregoing are sometimes called pure quadratics. 


ORAL EXERCISES 
- Solve the following pure quadratic equations: 

ioe? — 9 = 0. 1. y= 1. 1350°-— 16, a4=- 0, 
2.0°—25=0. 8.y—64=0. 14.27-9c?=0. 
Su 16 =), 9.07 -4=12.. 16. y°— 250° =0. 
4,77—1=0. 10. —7?+16=0. 16. 25 = m’. 

5. y°—4=0. 11. o?—4e?=0. 17.407—92°=0. 
6. —7?+4=0. 12. y—2504=0. 18. —169+4 2°=0. 


Before taking up the work that follows, the student 
should review the method of forming trinomial squares 


P given on page 152. 
325 
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ORAL EXERCISES 


What terms should be added in order to make the fol- 
lowing expressions perfect trinomial squares? 


1wvt+2e*+? 6.27—8x+? ll.y—9y+? 
2y+6y+? 7¢e438ae+? 120?+22747? 
$.¢7—424+7? SB P+r+? 13.2¢7+22¢4? 
4.y2—2y+? 9227—4tr+? 14.0°+374? 
Be t16r7+? 8 10.0+5e"+? 15..fP—3t4+? 


180. Solution by completing the square. The method of 
solving quadratic equations by completing the square de- 
pends on the rearrangement of the terms of the equation 
so that the left-hand member is a trinomial and a perfect 
square and the right-hand member is a constant. 

In order that the left-hand member may become such a 
perfect square, it is usually necessary to add a properly 
chosen number to each member of the equation. 


EXAMPLES 

1. Solve 7? -+ 22 —15=0. (1) 
Solution. Transposing, 7? + 2%2=15. (2) 
Adding 1 to each member of (2), 

v+2e2+1=16. (3) 
Then (x + 1)? =, (4) 
Extracting the square root of each member of (4), 

Cele A, (5) 
Whence © g=—14+4=8 
and x=—-1-—-4=-5. 


Check. Substituting 3 for xin (1),9+6—15=0, or0=0. 
Substituting — 5 for x in (1), 25-10 —15=0, or 0=0. 
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2. Solve 22?+32—2=0. (1) 
Solution. Transposing, 2 2?+37=2. (2) 
Dividing (2) by the coefficient of 2?, 
e4+ea=1. (8) 
Adding (#)* to each member of the ae 
O+eet G)=ee+7 (4) 
Then (e+ ies Co (5) 
Extracting the square root, x + 3 =+ a (6) 
oe $43 
and 2=% or —2. 


Check. Substituting 4 for x in (1), 
2(4) +8@) —2=0 
$+$—2=0, or 0=0. 
Substituting — 2 for x in (1), 
2(— 2)*+ 3(— 2) -2=0. 
8—6—2=0,or0=0. 


The method of solving a quadratic equation in ~ illus- 
trated in the preceding examples may be stated in the 


Rute. Transpose terms so that the terms containing x are in the 
jirst member and those which do not contain x are in the second. 

Divide both members of the equation by the coefficient of x? unless 
that coefficient is +1. 

Then add to both members the square of half the coefficient of x 
(in the equation just obtained), thus making the first member a per- 
Sect trinomial square. 

Rewrite the equation, expressing the first member as the square of 
a binomial and the second member in its simplest form. 

Extract the square root of both members of the equation and write 
the sign - before the square root of the second member, thus obtaining 
two linear equations. 
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Solve the equation in which the second member is taken with the 
sign + and then solve the equation in which the second member is 
taken with the sign —. The results are the roots of the quadratic. 

CuEcK. Substitute each result separately in place of x in the original 
equation. If the resulting equations are not obvious identities, simplify 
until they become so. 


Before attempting to solve quadratic equations by the 
’ method of completing the.square, it is often desirable to 
observe whether they can be solved by factoring according 
to the method set forth on page 172, since it is frequently 
simpler to solve a quadratic equation by factoring than to 
solve it by the method of completing the square. 


EXERCISES 


Solve by completing the punate, and check as directed 
by the teacher : 


lw?+6e2—7=0. 14.527+182%—6=0. 
2 44 ¢ = IZ. 15.677—52x+1=0 
3. y? — 10 y = 24. 16.52°?—x—4=0. 
Wh) bu gas 1050: 17. 22 = 15. 
5 —2m= 80. 18.627—52—6=0. 
6. 7? —6x= 16. 19.42?+1374+9=0. 
%12¢0¢—Te+5 =0. 20. 5 y? + 22 y= 15. 
8.2(¢+4)-—38(¢+4)=0. 21.21 2?—22-—8=0. 
922 == Sie 0 22. 20 a7 — 43 7%7+14=0. 
10.222+2—-10=0. 23012 m? — 67 m = 50. 
11.327°4+157+10=32-2. 24. 30y—y—1=0. 
12.3yY+7y=—4. 25. 185 x? — 42 7=16. 


13. y? — 13 = 0. 26. 42 27—5lx4+15=0. 
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27. Why is not equation (5), Example 1, page 326, writ- 
ten with the sign + before each member? 


28.3 2°—Txe+1=0. (1) 
Solution. 'Transposing, 3 x? —-7x=-—1, (2) 
Dividing each member of (2) by 3, 
Adding (— Zz)? to each member of (3), 
we — Fat sp = $s — 36 = 3. (4) 
Then (x — £)? = 36. (5) 
¢—b=41V37. (6) 
a= §+5V37 (7) 
7 6.0828 
ec aa (8) 
13.0828 _.9172 
~ uae aor ” 
= 2.180 or 0.158. (10) 


Check. Since the values in (10) are not exact values of z, 
they will, if substituted for x in (1), make its first member 
nearly but not exactly equal to zero. 


An exact check on the radical forms of the roots can be 
obtained by substituting from equation (7) in equation (1). 
This check may be shortened by substituting both roots at 
the same time, as follows: 


Substituting | + 4V37 for sin 832°-7Tx2+1=0, 
we get BG 1 v37) — 7 £ tv87) +1=0, 
3(48 + $6387 + 3) — 7G + $87) +1=0, 
$3 + 1587 + $5 — 4b F587 +1 = 0. 
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The radical terms vanish because the two upper signs before 
them must be taken together, and then the two lower signs. 


Therefore, 
or 


In quadratic equations like the preceding the radical forms 
of the roots are often sufficient ; at other times values to two or 
three decimal places are necessary. Unless otherwise directed, 
obtain only the radical forms of irrational roots. 


In the following exercises obtain correct to three deci- 
mal places the values of any radical answers which may 
occur : 


be YE Bo Die as, ¢ —4N8 5. 
30. 2 — 2? =8 x. a 15 
44, = —_-—= 
Sea eee siaheerre | 
92. 45 +15 = 25 2%. 45.2 1=0, 
93.62—5t= 21. 
46 a 8t _ 4 
34.5 2?— 204 =— 19. Mpeesd fa Fan 
35. 227—15=277—22—7. 3 
Lily, Bo 5° 
36. 2 = 2124—5. Was 
37.14.97 + Oe os eds Ga 
2 a 
39. 2° +3.42+1.7=0. Sas PO ere 
40. 2? —2.1¢7—.6=0. 1 15 1 
50. =— + ——: 
41. 222+.72—.42=0. 2x+4° 4 4-2 
y+2,y-1 
42. 527 — 2.3 a 7) a = 
x x+ pad pues 0 
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BIOGRAPHICAL NOTE 


KARL FRIEDRICH GAUSS. Standing in the very front rank of mathe- 
maticians, with Archimedes and Newton, is Karl Friedrich Gauss 
(1777-1855). He was the son of a bricklayer and was afforded an 
education, much against the will of his parents, by a nobleman who 
had noticed his remarkable talents. 

At the age of nineteen he had made discoveries which had baffied 
all mathematicians up to that time, and continued to make impor- 
tant contributions to the theories of mathematics and astronomy for 
the next fifty years. 

The student has undoubtedly noticed that quadratic equations 
have two roots. It is not difficult to prove that cubic equations have 
three roots and that equations of the fourth degree have four roots. 
That any equation in one unknown has a number of roots equal to 
its degree was first proved by Gauss. He gave three distinct proofs 
of this fact, although no one before his time had been able to prove 
it at all. 

In collaboration with another professor at the University of Gét- 
tingen, he invented the telegraph independently of the Bu ees, 
S. F. B. Morse, and probably earlier. 


REVIEW EXERCISES 
Solve, and check as directed by the teacher : 
1.1022—11lz7+1=0. 3. Bide = 2b a. 
Pe ae 1: AO = 15 94-2; 
5. (424 —8)(2 + 2) = (824 25)(2 7+ 38). 
6. (824+4)(4—1) = (624+42)(82- 2). 
Oey De 


7,5e+112¢—12=0. 10. 7- — 8 = 77 
4x CY 
8. a5 42. p= t 12. 
21 bE 5 


ale ae Ye Deh 
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9+2¢ 102 Sar PSHE 


o> 4 S458 pe 1. 
16. (142%—5)(82%+2) = 212+ 5)(82—2). 

ie aes 7.27 — 54-20) 

18, a a 22. oy = Fa +2. 

ior oA. +2 1 2442 


Re 1 IS ree 


PROBLEMS 


(Reject all answers which do not satisfy the conditions of the 
problems.) 


1. The square of a certain number added to three times 
the same number is equal to 40. What is the number? 

2. One half the square of a number is equal to six more 
than twice the number. Find the number. 


3. What are the two consecutive numbers whose prod- 
uct is 812? 


4. What are the two consecutive odd numbers whose 
product is 483? 

5. What are the two consecutive even numbers whose ~ 
product is 2208? 

6. What are the three consecutive numbers such that the 
product of the last two is equal to the sum of all three? 

7. The area of a rectangular field is 1 square mile. 


The length is 400 feet greater than the width. Find the 
dimensions. 
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8. Two square fields have a total area of 10,000 square 
feet. The side of one field is 50 feet longer than the 
side of the other. What are the dimensions of the two 
fields? 


9. The diagonal of a rectangle is 50 feet. If one side is 
20 feet longer than the other, what are the dimensions? 


10. One side of a right triangle is two thirds of the other. 
The hypotenuse is 28 feet. Find the length of the two 
sides. 

11. The same number expresses both the perimeter of a 
square in feet and its area in square feet. Find the side of 
the figure. 


12. An automobile made a trip of 125 miles out and 
125 miles back in 11 hours. The average speed on the 
return trip was 3 miles an hour less than on the outward 
trip. What was the rate in each direction? 


13. Two trains run 384 miles. The faster train has a 
speed 4 miles per hour greater than the speed of the other 
and requires 1 hour less time. What is the speed of each 
train? 

14. The edges of two cubical boxes differ by 2 inches. 
The volumes differ by 56 cubic inches. Find the dimen- 
sions of the boxes. 


15. Two pumps can fill a tank in 45 minutes. One pump 
takes 10 minutes longer to fill it alone than the other one 
does. What is the time that each pump alone requires to 
fill the tank? 


16. If the price of eggs is raised 25 cents per dozen, $3 
will buy 24 fewer eggs than would have been obtained at 
the original price. What was the original price? 
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17. A rectangular garden is made up of a flower-bed 
10 feet longer than it is wide, surrounded by a walk 3 feet 
wide. The area of the bed is 204 square feet less than the 
area of the total garden. Find the dimensions of the bed 
and of the whole garden. 


The velocity of a body falling from rest varies as the 
expression V = 32%, where V is the velocity in feet per 
second and t is the time in seconds that the body has been 
falling. The distance traveled by the same body is ex- 
pressed by the equation S = 16 #, where S is the distance 
traveled in feet and ¢, as before, is the time in seconds. 


18. How long will it take for a stone dropped from an 
elevation of 2100 feet to reach the ground? 


19. What will be the velocity of a body which has fallen 
a distance of 1000 feet, neglecting the resistance of the air? 


20. A man drops a stone down a well and hears the splash 
2.59 seconds later. If the sound is heard .09 seconds after 
the splash is seen, how deep is the well? How fast does 
the sound travel in feet per second? 


History of the quadratic equation. Though the development of the 
method of solving quadratic equations is closely connected with the 
general growth of algebra, yet it is possible to indicate rather briefly 
the most important steps in the process. 

The first writer on formal algebra was Diophantos, who lived at 
Alexandria, in Egypt, about A. D. 275. Most of his work that is pre- 
served is devoted to the solution of problems that lead to equations. 
So far as we know he was the first to indicate the unknown number 
by a single letter, in this respect being far in advance of many mathe- 
maticians who lived much later. It is a little remarkable, in fact, 
that so able and original a man as Diophantos should have exerted 
so little influence on his successors. He solved his quadratic equa- 
tions by a method not unlike that of completing the square, but his 
imperfect knowledge of the nature of numbers made it impossible 
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for him to understand the entire significance of the process. Though 
he made every effort not to consider equations whose roots were not 
positive integers, sometimes they would creep in, and under such cir- 
cumstances, when his method led him to a negative or irrational root, 
he rejected the whole equation as absurd or impossible. Even when 
both the roots were positive he took only the one afforded by the 
positive sign in the formula for solving a quadratic. 

The difficulties of Diophantos are typical of those encountered by 
mathematicians for the next fifteen hundred years. The difficulty 
lay not in finding a formal method of solving the equation but in 
understanding the result after it was obtained. The meanings of 
negative and of imaginary numbers (that is, even roots of negative 
numbers) have been two of the most difficuit of all mathematical 
ideas for men to grasp. } 

Five or six hundred years later the Hindus devised a general solu- 
tion of the quadratic, but their chief advance over Diophantos lay 
in the fact that they did not regard an equation whose roots were 
negative as necessarily absurd, but merely rejected the negative 
result with the remark, “It is inadequate; people do not approve 
of negative roots.”’ The Hindus, however, did realize that a quad- 
ratic equation sometimes has two roots, a fact that Diophantos never 
comprehended. 

No material gain in the understanding of the solutions of the 
quadratic can be found until the seventeenth century. The keenest 
mathematicians of the sixteenth century, like Cardan and Vieta, 
rejected negative roots, though by this time irrational roots were 
admitted. In fact, in 1544 Stifel, a German, published an algebra in 
which irrational numbers are included among the numbers proper. 
But he affirms that except in the case where a quadratic equation 
has two positive roots no equation has more than one root. It was 
not until the work of Descartes and Gauss became widely known 
that the nature of the roots of all kinds of quadratic equations was 


completely understood. 


131. Systems involving a linear and a quadratic equation. 
A quadratic equation in two unknowns contains one or 
more terms of the second degree, but no term of higher de- 
gree in those unknowns. Every system of equations in two 
unknowns in which one equation is linear and the other 
quadratic can be solved by the method of substitution. 
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EXAMPLE 
2y' + x’ = 6, @) 
Solve the system {3 es, (2) 


Solution. Solving (2) for y in terms of z, 


P= ST — 15. (3) 

Substituting 3 « — 5 for y in (1), 
2(3”2—5)?+27=6. (4) 
From (4), 19 x? — 607+ 44=0. (5) 
Solving (5), a = 2 or 22. (6) 


Substituting 2 for x in (8), 
allie 
Substituting 73 for x in (8), 
FE ges PA 
UP Sane SRG 


The two sets of roots are therefore x = 2, y=1, and x = #2, 


ce 29 
eae TRIG 


Check. Substituting 2 for x and 1 for y in (1) and (2), 


2+4=6, 
6 1". 
Substituting 2% for x and — 7% for y in (1) and (2), 
Wit+ Ht = WE <6, 
t+ =the 


The similarity between this method and that for the 
solution of linear systems by substitution should be care- 
fully noted. 
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The method given in the preceding solution for solving a 
system consisting of one quadratic and one linear equation 
is stated in the 

Rue. Solve the linear equation for one unknown in terms of the other. 

Substitute this value in the quadratic equation and solve the re- 
sulting equation. 

Substitute each of the roots of the quadratic equation thus found 
in the linear equation, and solve, thus obtaining two sets of roots of 
the simultaneous system. 

CHECK. Substitute as usual, in both equations. 


EXERCISES 


Solve the following systems, pair results, and check each 
set of roots: 


: 22° +y=33, x+y? =19, 4m—n? = — 28, 
“oaty=5. wo. y= Io, “n—Tm=—8. 
. By = 13, v—b5y=4, 8 5 a? +- y? = 30, 
“8a+2y=12. 'x-—B5y=—388 “°4+2y=11. 
v—y=1, 20°?+5y’=125,. 6A?+7B’?=82, 
ei ee EB yailis «| OA Bah 
10 e+ 5 ry =14, “. +3 ay —2y? = 188, 
“get 2y= 4. Zia) Y. 
i. x? + 5 sy = 76, 13, 2% +22 +3 y = 195, 
Qi il, 2e2+y= 18. 
PROBLEMS 


(Reject all results which do not satisfy the conditions of the 
problems.) 

1. The sum of two numbers is 5. The sum of their 
squares is 125. Find the numbers. 

9. The difference of two numbers is 25. The sum of their 
squares is 925. What are the numbers? 
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3. A rectangular playing field is 180 feet longer than it 
is wide. Its areais 49,500 square feet. Find the dimensions. 


4. The area of one square field is nine sixteenths that 
of another. The perimeter of one is 20 feet less than that 
of the other. What are the dimensions? 


5. A park is a right triangle. One of the two shorter 
sides is 25 feet longer than the other. The area is 625 
square feet. What are the dimensions? 


6. The annual income from a certain investment is $200. 
If the principal were $500 less and the interest rate 1% 
more, the income would be $25 more. What was the 
amount of the principal and what was the rate of interest ? 


7. The perimeter of a rectangle is 26 inches, and the 
area is 42 square inches. Find the dimensions. 


8. The diagonal of a rectangle is 25 inches and its per- 
imeter is 70 inches. What are its dimensions? 


9. The area of a rectangle is 150 square feet. The per- 
imeter of the figure is 50 feet. Determine the dimensions. 


10. The speed of a boat is twice the speed of the current 
in ariver. The boat heads straight across the stream and 
at the end of 5 minutes is .93 miles from its starting point. 
What is the speed of the boat and of the current? 


11. The perimeter of a rectangle and the area are both 
expressed by the number 18. What are the dimensions? 


12. A motorist leaves a point A and travels north. At 
the same time a second motorist, who travels 50% faster 
than the first, leaves a point 3 miles east of A and travels 
east. Half an hour later the distance between them is 
17 miles. Find the rate of travel of each motorist. 
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REVIEW EXERCISES 


Factor the following expressions: 
1.627+138¢y+6y’. 
9.8¢+1227+2ar+3a. 
3.2 mny+6mnx+9mz?+ 3 mey +9 nz? + 3 ney 
+6n?x4+2 ny. 
Solve for the unknowns involved and check: 


38¢4+5y=-—-7 
Pen = p) 
<i ihe: ae Cae iy Bae ery 


Oo: BH 3 a=: 

222 94 
6.3m’ —2m—15=0. ig. Tea 
oe ee apt 
“24+ 2ey+3y=657, 4 6 710 


57+ .20 y= 6l, 


SUS 1 BAe = 3.39. 


Divide: . 
11. 10 44+ 31 vy + 26 vy? —ay?—6y* by x+y. 
12. 14¢y? —382y3+2y'+15 by 7—3y. 


Find the square root of the following expressions : 


13. 25,403.25. 14. 37,281.05. 15. 200.458. 
16.4—120+90@?4+2(22x—8ar—6ay+4y)+27 
+4ay+4y’. 


17.42°74+12¢2y4+1674+9y+24y+4+ 16. 

18. A workman has a sawhorse with legs each 30 inches 
long, arranged like an inverted V. The horse stands 24 
inches high. The man finds that he,can adjust the height 
of the horse by varying the distance between its legs. How 
much must he decrease the distance between the legs to 
raise the horse 2 inches? 
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19. A man standing with his feet together is 6 feet tall. 
When he stands with: his feet 2 feet apart his apparent 
height is 5.83 feet. How long are his legs? 


20. The perimeter of a rectangle is 14 feet and its 
diagonal is 5 feet. What is its area? 


21. A collection of dimes and quarters is worth $6.55. 
There are one more than eight times as many quarters as 
dimes. How many coins of each kind are there? 


22. Two trains start from points 100 miles apart and 
travel toward each other until they meet. One train has a 
speed of 40 miles per hour and the other nas a speed of 
35 miles per hour. What are the distances between the 
meeting point and the points from which they originally 
started ? 


SUPPLEMENTARY CHAPTER 


INTRODUCTION TO TRIGONOMETRY 


132. Introduction. The right triangle ABC has three 
angles and three sides, which constitute the six parts of the 
triangle. In the sections that follow, methods will be ex- 


plained for finding the re- B 
maining parts of any right 
triangle if the length of one y 

a 


side and the size of another 
part (other than the right 
angle) is known. That this { i C 
problem is of great practical 
importance can be seen from the following illustration : 

If A and B are two points near the shore of a lake but 
separated by a bay, the distance between them cannot be 
measured directly. But if a 
point C can be found such 
that the angle ACB is a right 
angle, and if the line AC and 
the angle A can be measured, 
the methods that follow will 
enable us to find the length of 
AB. It is a simple matter for a surveyor to find the 
point C. Hence the distance AB can be ascertained. 

133. Facts from geometry. Before going further it is 
necessary to state a few facts about the right triangle, 


some of which have already been used in arithmetic. 
341 
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1. A right angle contains 90 degrees. 
2. The sum of the angles of any triangle ts 180 degrees. 
3. The sum of the two acute angles of a right triangle is 


90 degrees. Bi 
B 
a c’ 
a Cc 
C b A oe b A 
Fig. 1 Fig. 2 7 


4. Ina right triangle (Fig. 1), c? = a? + b? when a, b, and c 
denote the lengths of the sides and c is opposite the right angle. 
5. If two triangles, ABC and A'B'C’ (Figs. 1 and 2), have 
their like-letiered angles equal, then the ratios of like-lettered 


2 ar Fie i CeO aac 
sides are equal. That is, ay ek etc. 


The queries 1—4 below refer to Fig. 1: 

QuErRyY 1. If the angle A = 70°, how many degrees are there in 
angle B? If angle A = 27°? If angle A = 12°? 

QuERY 2. Can any angle of a right triangle contain more than 90°? 

QuERY 3. If a = 12 inches and b = 5 inches, how long is ¢? 

QuEry 4. If 6 =1 foot and c = 15 inches, how long is a? 

QuErRy 5. It is necessary to know many distances that cannot be 
measured directly but must be determined somewhat as in the illus- 
tration of § 1382. Give some examples of such distances. 


134. Trigonometric ratios. In order to attack the prob- 
lem stated on page 341 it is necessary to denote the ratios 
of the sides of a right triangle by certain names. 

Let ABC be any right triangle with the right angle at C. 


a __ side opposite | 


The sine of th RES, te 
sine ol the angle c hypotenuse 
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The cosine of the angle 4 


. . B 
_ 6 _ side adjacent 
c hypotenuse — g 
The tangent of the angle A ss 
__@ _ side opposite 
b” side adjacent 4 b Cc 


These definitions are abbreviated as (ilo: 


AY oa (Ane tan A =”. 
c Cc b 


It is exceedingly important to note that the letters 
a, b, and c denote the lengths of the sides, all in terms of 


the same unit of measure. Thus, if a=6 inches and 
c= 2 feet, sin A = 4% = .25. 


pOmeny 16 What is sin A, cos A, taitA, ifo=8, b= 400 = 5? 

QUERY 2. Can sin A be greater than 1? If so, why? If not, why 
not? ‘ 

QUERY 8. Can cos A be greater than 1? If so, why? If not, why 
not? 

QuERY 4. Can tan A be greater than 1? If so, why? If not, why 
not? 5, 

QuERY 5. Give two different sets of values of a and b if tan A =2; 
if tansA = 6: ~ 

QuERY 6. Give two different sets of values of a and c if sin A = 3; 
if sin A = #. 


135. Tables of trigonometric ratios. The values of the 
trigonometric ratios for all angles have been computed 
to many decimal places. The table on page 344 gives the 
values of the sine, the cosine, and the tangent correct to ” 
three places. 


QuERY 1. From an inspection of the table should you say that 
sin A increases or decreases in value as angle A becomes larger? 
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THREE-PLACE TABLE OF NATURAL FUNCTIONS 
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Query 2. Should you say that cos A increases or decreases as A 
becomes larger? 
Query 3. Verify from the table sin 32° = -530; cos 82° = .848; 
tan 32° = .625; sin 67° = .921; tan 56° = 1.483; cos 84° = 105. 
QuERY 4. Read from the table 
sin 4°; sin 28°; sin 47°; sin 76°. 
cos 89°; cos 35°; cos 60°; cos 8°. 
tan 45°; tan 71°; tan 5°; tan 86°, 


Query 5. From the table determine the number of degrees in 
angle A if 


(a) sin A = .488 (d) cos A = .966 (g) tan A = 1.732 
(b) sin A = .982 (e) cos A = .225 (h) tan A = .445 
(c) sin A = .707 (f) cos A = .755 (i) tan A = 4.011 


Query 6. From the table determine the number of degrees in the 
angle that most nearly satisfies the following: 


(a) sin A = .841 (d) cos A = .983 (g) tan A = .262 
(b) sin A = .969 (e) cos A = .425 (h) tan A = .799 
(c) sin A = .180 (f) cos A = .815 (i) tan A = 3.200- 
QUERY 7. sin 830°=? cos 60°= ? 


si 47s? scos 438°? 
sin 20°= ? cos (90° — 20°) = ? 
sin 38°= ? cos (90° — 88°) =? 
QueEry 8. If A + B = 90°, what relation exists between sin A and 
cos B? cos A and sin B? 


: a ; i: ; 
QUERY 9. From sin A = @ express @ In terms of sin A and «¢. 


QUERY 10. From cos A =! find 6; find c. 
QUERY 11. Solve tan A = ; for a; for b. 
b 


QUERY 12. Solve cos 27° = 50 for 0. 
Hint. From the table, cos 27° = .891. 
QUERY 13. Solve tan 40° = 2 for 6. 


Query 14. Solve sin 63° = 2 for ¢. 
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ISG, Use of trigonometric ratios. If one Side and 
acute angle of a right triangle cam in any way be deter 
mined, the other parts of the triangle may be compated 
by means of the trigonometric ratios, 


EXAMPLES 
1, Tn the right triangle ABC the angle A = M®* and 
b=. Find BC. 
Sedkators. tan d= e 
ew. & 
tan M =5 
@= 42 X tan Ne 
= 42(.44) = IS.Q > 
Then @, at BC, = ILA 


{ 


From the definitions af the trigonometric raties an 
pages M24 it appears that each definition contains | 
three elements, two Sides and ane angle. Henee, if any 
two of these are known, the third can be found. 

For example, if @ and ¢ are known, Sn A can be feand,. 
and fram the table the value af the angle 4 can be deten 
mined approximately. 

Since the sum af the acute angles af a right triangle is 
Q0*, if one is known the other can he found immediately. 


2. In the right triangle ABC} = @. c= Sk Find 4. 
Soizder, cos t=. 
i eo ee 
es A= G5 = RS 
A= 4° approximately. 
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EXERCISES 

(Exercises 1-9, inclusive, refer to right triangles.) 
1. Given A = 25°, c= 28. Find B, a, and 6. 
2. Given A = 69°, b= 57. Find B, a, and c¢. 
8. Given A = 47°,a = 21. Find B, b, and c. 
4. Given B = 73°,c=51. Find AM a, and 0. 
5. Given B = 31°,b = 100. Find A, a, and c. 
6. Given B = 8°,a= 84. Find A, b, and c. 
7. Given A = 27°,b = 48. Find a, B, and c. 
8. Given A = 84°, c= 90. Find a, B, and b. 
9. Given B = 65°, c= 147. Find A, 8, and a. 


10. The shadow of a tree on level ground is 60 feet long, 
and the sun’s rays make an angle of 52° with the ground. 
How high is the tree? 


11, A ladder 50 feet long rests against the side of a house 
and reaches a point on the house 30 feet from the ground. 
What angle does it make with the ground? 


12. If the edge of the Great Pyramid is 609 feet long 
and it makes an angle of 52° 
with the horizontal, what is the 
height of the pyramid? 


13. A surveyor finds that the 
angle B in the adjacent figure is 
54°, C = 90°, and the line AB 
is found to be 627 feet long. 
How long is the line AC? 
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14. A ship sails southwest a distance of 36 miles. How 
far is it south of the starting point? 

15. A flagstaff 85 feet high casts a shadow 123 feet long. 
What is the angle of elevation of the sun? 

16. A ladder rests against the side of a building, making 
an angle of 30° with the ground. The foot of the ladder 
is 18 feet from the building. How long is the ladder? How 
high is the top of the ladder? 


187. Four-place tables of trigonometric ratios. For many 
purposes more accurate numeric results are desired than 
it is possible to obtain by the use of three-place tables. 
If the measurement of lines is made with an accuracy that 
insures only three correct places, no more accurate tables 
are needed, for numeric results cannot be attained with 
any greater degree of accuracy than the least accurate 
of the measurements with which one starts. It is pos- 
sible, however, both in the laboratory and in the field to 
take measurements so accurately that four-place tables 
are desirable. 

Such tables are found on pages 352-354. These tables 
give the three ratios already defined for every ten minutes 
of angle. 

By the process of interpolation it is possible to find the 
values of these ratios exact to the nearest minute. 

Interpolation depends on the assumption that the change 
in the ratio is proportional to the change in the correspond- 
ing angle for the 10-minute intervals. 

There are two problems of interpolation : 

(a) Given an angle not in the table, to find the corre- 
sponding sine, cosine, or tangent. 

(b) Given the value of a sine, a cosine, or a tangent not 
in the table, to find the corresponding angle. 


INTRODUCTION TO TRIGONOMETRY 349 


EXAMPLES 


1. What are the values of sin 34° 25’ and of sin 34° 28/? 


Solution. From the table we find that sin 34° 20’ = .5640 
and sin 34° 30’ = .5664. We assume that sin 34° 25’ lies just 
halfway between .5640 and .5664, or at .5652. Sin 34° 28’ 
would be .8 of the way from .5640 to .5664, or at .5659. 

A similar procedure should be followed in finding the tan- 
gent or the cosine of an angle correct to minutes. 


When the numeric value of the ratio is given and it is 
desired to find the angle to the nearest minute, the follow- 
ing operation is employed. 


2. It is desired to find A when sin A = .4423. 


Solution. Reference to the tables shows that since .4423 
lies between .4410 and .4436, A must lie between 26° 10’ and 
26° 20’. The entire difference between .4410 and .4436, which 
is 26 in the last two places, corresponds to the entire 10’ be- 
tween 26° 10’ and 26° 20’. But .4423 is 13 in the last two places 
greater than .4410. Hence this 13 corresponds to $3, or 3, of 
the whole 10’ between 26° 10’ and 26° 20’. That is, A = 26°15’. 


Similar work may be abbreviated as follows: 
Given tan A = 1.2448. Find A. 


tan-dio20) = 1.2497; tan A = 12443 
tan 51° 10’ = 1.2423; tan 51° 10’ = 1.2423 
74 20 
29 of 10’ = 3’. 
Hence A Solis: 


In interpolating with the cosine ratio it is necessary to 
remember that as the angle increases the cosine decreases. 
Hence the correction should be subtracted from the value of 
the cosine of the smaller angle instead of being added to it. 
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EXERCISES 
Find from the tabies on pages 352-354: 
1. sin 18° 40’. 8. tan 40° 10’. 5. tan 70° 50’. 
2. cos 36° 20’. 4. cos 60° 30’. 6. sir 80° 20’. 


Verify the following statements: 


7. sin 35° 25’ = .5795. 11. cos 63° 17’ = .4496. 

8. sin 538° 5’ = .7995. 12. cos 41° 33’ = .7484, 

9. tan 25° 42’ = .4813. 13. tan 61° 34’ = 1.8469. 
10. tan 41° 38’ = .8889. 14. cos 15° 2’ = .9658. 


138. The cotangent. It is often a convenience in practical 
work to use a fourth ratio, called the cotangent. With 
reference to the figure of § 184, 

b _ side adjacent | 


cot A= a side opposite 


139. Explanation of the arrangement of the tables. From 
the definitions of § 184 it is clear that sin 31° equals cos 59° 
and sin 62° equals cos 28°. Further, if two sides of a right 
triangle are equal, the angles opposite are equal and each 
is 45°. Hence sin 45° equals cos 45°. It follows from these 
simple relations that the sine of any angle between 0° 
and 45° equals the cosine of an angle between 45° and 
90°, and the sine of an angle between 45° and 90° equals 
the cosine of an angle between 0° and 45°. Advantage is 
taken of this relation in the arrangement of the tables, 


and the number of pages necessary is half what it would 
otherwise be. 
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Referring to the tables on pages 352-354, the sines of 
angles less than 45° are obtained by noting the given angle 
in the left-hand column, and the required ratio is the num- 
ber opposite the angle in the column headed sIN. Similarly 
for the cosine, tangent, and cotangent. 

If an angle is between 45° and 90°, the angle is read 
from the right-hand column and the sine is the number 
opposite in the column at the foot of which is the word’ 
SIN. Similarly for the cosine. = _ 

For the tangent and the cotangent a similar method 
holds. This follows from their definition. A brief inspec- 
tion of the tables will verify this statement. 


EXERCISES 


Find by interpolation : 


1. sin 12° 18’. 4, sin 75° 12’. 7. cos 18° 18’. 
Vetanoos 424 5. cos 18° 15’. 8. cot 24° 48’, 
8. tan 80° 36’. 6. cos 18° 12’. 9. cot 72° 56’. 


In Exercises 10-18 the triangles are understood to be 
right triangles: 

10. Given A = 40° 15’, c= 100. Find a. 

11. Given B = 82° 24’,a=60. Find b. 

12. Given A = 64° 18’, c= 28. Find a. 

13. Given B = 54° 82’',b= 40. Find c. 

14, Given a = 82,c = 51. Find A. 

15. Given b = 45, c= 80. Find B. 

16. Given a=110,6=4. Find A. 

17. Given a= 3,b=4. Find the angles and hypotenuse. 

18, Given c = 26,a= 10. Find the other parts. 
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TAN 


-0000 
.0029 
.0058 
.0087 
-9999}.0116 
-9999}.0145 


.9998).0175 
-9998|.0204 
.9997|.0233 
.9997|.0262 
.9996].0291 
-9995|.0320 


.9994|.0349 
-9993|.0378 
.9992!.0407 
.9990}.0437 
-9989|.0466 
-9988).0495 


.9986].0524 
-9985|.0553 
-9983].0582 
-9981)}.0612 
-9980}.0641 
.9978).0670 


| .9976|.0699 


-.9974|.0729 
-9971].0758 


| :9969].0787 


-9967|.0816 


| .9964/.0846 


.9962|.0875 
-9959|.0904 
.9957|.0934 
.9954|.0963 
-9951]|.0992 
.9948].1022 


.9945].1051 


:9942|.1080)9. 


-9939].1110 


:9936].1139|8. 


-9932).1169 


:9929|.1198|8. 


-9925|.1228 
-9922).1257 
-9918}.1287 
-9914].1317 


:9911].1346]7. 
'9907|.1376|7. 


SIN | COS | TAN| COT 


.1392 
1421 
.1449 
-1478 
1507 
1536 


.1564 
1593 
.1622 
1650 
.1679 
.1708 


.1736 
.1765 
.1794 
-1822 
1851 
.1880 


.1908 
1937 
.1965 
1994 
.2022 
2051 


.2079 
2108 
.2136 
.2164 
2193 
2221 


.2250 
2278 
-2306 
2334 
-2363 
2391 


2419 
2447 
.2476 
.2504 
2932 
.2560 


2588 
2616 
2644 
.2672 
.2700 
.2728 


9903}. 
.9899). 
9894). 
.9890). 
-9886). 
9881). 


9877). 
-9872}. 
9868}. 
.9863}. 


'9858|.1703)5. 
'9853].1733 


1405 
1435 
1465)6. 
1495)6. 
152416. 
1554 


1584/6. 
161416. 
1644\6. 
1673 


.9848).1763)5. 


9843}. 
.9838 
-9833 
.9827 


9822 


.9816 
9811 
-9805 
.9799 
-9793 
.9787 


.9781 
9775 
.9769 


9750 


.9744 
9737 
.9730 


-1823)5. 
-1853)5. 
-1883 
1914 


1944 
.1974 
.2004 
.2035 
.2065 
.2095 


2126/4. 
2156/4. 
2186 
9763}. 
9757}. 
.2278)4.3897 


.2309}4.3315 
.2339|4.2747 
-2370|4.2193 


1793 


.9724).2401/4.1653 
.9717)|.2432)4.1126 
-9710|.2462|/4.0611 


-9703].2493/4.0108 
.9696|.2524)/3.9617 
-9689].2555|3.9136 


9681). 
9674}. 
9667]. 


9659). 
9652. 
9644). 
9636). 
9628}. 
9621\. 


2586/3.8667 
2617/|3.8208 
2648|3.7760 


2679|3.7321 
2711|3.6891 
2742|3.6470 
2773|3.6059 
2805|3.5656 
2836|3.5261 


COs | SIN | COT] TAN 
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SIN | COS CoT TAN | COT 


2756) .9613 3.4874 E : -4452|2.2460 
-2784| .9605 3.4495: i ; -4487|2.2286 
.2812| .9596 3.4124 j : 4522|2.2113 
-2840} .9588 3.3759 : ‘ .4557|2.1943 
-2868] .9580 3.3402 : : 4592'2.1775 
.2896| .9572]. 3.3052] : ; -4628/2.1609 


.2924| .9563}. 3.2709 : ; -4663)/2.1445 
2952] .9555}. 3.2371 5 : -4699)2.1283 
.2979| .9546]. 3.2041 ; a 4734/2.1123 
-9537]. 3.1716 ; : .4770)2.0965 
-9528}. 3.1397 z g -4806/2.0809 
9520]. 3.1084 ‘ ; .4841|2.0655 


9511). 3.0777 ; ; .4877|2.0503 
-9502). 3.0475 : : -4913}2.0353 
-9492). 3.0178 . 5 -4950/2.0204 
-9483}. 2.9887 ; : -4986|2.0057 
-9474|. 2.9600 3 ; .5022}1.9912 
-9465}. 2.9319, : 5 -5059}1.9768 


9455). 2.9042. : 5 ‘ .5095|1.9626 
-9446]. 2.8770) : : .5132]1.9486 
-9436]. 2.8502 ; 2 -5169/1.9347 
-9426]. 2.8239 : . .5206)1.9210 
-9417). 2.7980 3 : -5243/1.9074 
-9407]. 2.1725 2 : .5280/1.8940 


9397). 2.7475 : ; .5317|1.8807 
-9387]. 2.7228 ‘ E .5354/1.8676 
| 9377]. 2.6985 é : -5392|1.8546 
-9367|. 2.6746 Z b .5430}1.8418 
9356]. 2.6511 ; : .5467/1.8291 
-9346]. 2.6279 : k; -5505|1.8165 


-9336}. 2.6051 é : |.5543/1.8040 
9325}. 2.5826 j t -5581/1.7917 
9315}. 2.5605 F ; .5619/1.7796 
-9304}. 2.5386 i ; .5658)1.7675 
9293). 2.5172 3 E .5696]1.7556 
-9283}. 2.4960 ¢ : .5735|1.7437 


9272). 2.4751 : 3 .5774|1.7321 
-9261). 2.4545 : ; -5812/1.7205 
-9250). 2.4342 f : .5851/1.7090 
9239). 2.4142 : : !.5890/1.6977 
.9228). 2.3945 , E .5930)1.6864 
-9216). 2.3750 7 : .5969/1.6753} 


9205}. 2.3559 : t .6009/1.6643 
2919412 2.3369 : 2 .6048)1.6534 
-9182}. 2.3183 : ; -6088)1.6426 
.9171). 2.2998 : f -6128/1.6319 
9159}. 2.2817 b é -6168)1.6212 
9147). 2.2637 : : .6208}1.6107} 


SIN ; TAN b COT | TAN 
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SIN | COS | TAN COS | TAN | COT 


1.6003 4 b ¢ 1.1918 
1.5900 el F : 1.1847 
1.5798 : : é 1.1778 
1.5697 : : - 1.1708 
1.5597 : : “ 1.1640 
1.5497 : - : Bl kyl 


1.5399 - ; 1.1504 
1.5301 : é 1.1436 
1.5204 : é : 1.1369 
1.5108 : : 5 1.1303 
1.5013 é é 5 1.1237 
1.4919 : : 5 1.1171 


1.4826 
1.4733 
1.4641 
1.4550 
1.4460 
1.4370 


1.4281 : 2 : : 1.0724 
1.4193 : : : 1.0661 
1.4106 ; . 4 1.0599 
1.4019 : é 5 1.0538 
1.3934 . ¢ c 1.0477 
1.3848 4 : 5 1.0416 


1,3764 : : x 1.0355 
1.3680 : ; 3 1.0295 
1.3597 : : : 1.0235 
1.3514 : : : 1.0176 
1.3432 : : : 1.0117 


igeeeul 5 : : 1.0058 


1.3270 .7071).7071|1.0000}1.0000 
1.3190 . 

LSet 

1.3032 

1.2954 

1.2876 


1.2799 
1.2723 
1.2647 
1.2572 
1.2497 
1.2423 


1.2349 
1.2276 
1.2203 
1.2131 


SIN | COT | TAN COS | SIN | COT | TAN 
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Solve the following right triangles : 

19. A= 30°, c = 1325. 24. b= 1888), A =41° 37’. 
20068 = 45", c= 856. 25. b= 318, a= 250. 
free —Oe.1, 2115’. 96. ¢= 423, b = 184. 

eee — 2425, B=50° 44’. ~27..¢ = 1296, 0 = 1024. 
gone -0i2o, A= (2° 52’.. 28. 1b = 1245, A= 2356". 


29. The Eiffel Tower is about 986 feet high. At a cer- 
tain time it casts a shadow 1200 feet long. What angle 
do the sun’s rays then make with the ground? 


30. A boat travels southwest 318.4 miles. It is then 
how many miles south of its starting point? 

31. A balloon is anchored by a rope 875 feet long. When 
the air is quiet a man in the balloon observes that the 
line from his eye to an object on the ground makes an 
angle of 30° 20’ with the horizontal. How far is he from 
the object? 

_ 82. Two men on a level field observed a balloon and 
found its direction with respect to the horizontal to be 40° 
and 62° respectively. The balloon was 4000 feet high and 
in the same vertical plane with the two men. How far 
apart were the men? 

33. The sides a and b of a triangle (not a right triangle) 
are 200 feet and 156 feet respectively. Their included angle 
Cis 50°. A lineis drawn from A, making a right angle with 
the opposite side. This line is an altitude of the triangle. 
Find it. Find the area of the triangle. 

34. Two sides of a triangle are 120 feet and 144 feet 
respectively, and their included angle is 75°. Find one 
altitude and the area of the triangle. 
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35. From two points A and B on shore 1000 feet apart 
a boat P is observed. The angle BAP = 82° and the angle 
ABP = 48°. Find the length of the perpendicular from P 
to the line AB. 


P 
Hint. Draw the triangle ABP 
and the perpendicular PK. Let 
AK=zx. Then BK =1000—z, and 
tan 82° = = (1), and tan48°= p 43° ‘4 
K x 
PK 
7000 =a (2). Solve (1) and (2). 1000 ft. 


36. Find AP and BP in Exercise 35. 


37. Assuming that the Mt. Washington railway rises 
3596 feet in traveling along 3 miles of track, what average 
angle does the track make with the horizontal? 


38. A tree 75 feet high stands on the bank of a river and 
subtends an angle of 32° 42’ on the bank directly opposite.. 
What is the width of the river? 


39. A-guy-rope from the top of a vertical 120-foot pole 
is attached to the ground 45 feet from the base of the pole. 
What angle does the rope make with the ground, assuming 
the ground to be horizontal? 


40. A trolley car climbs 50 feet in traveling along a half 
mile of track. What is the average angle between the track 
and the horizontal? 


41, An airplane is above a point 2 miles from an observer. 
The line of sight from the observer to the airplane makes an 
angle of 25° 42’ with the horizontal. How high is the air- 
plane above the ground? 


42. A railway embankment is 8 feet high: Its width at 
the top is 10 feet and at the bottom is 25 feet. What angle 
do the sides make with the horizontal? 
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43. A tree falls against a building 15 feet distant. If the 
top of the tree rests against the building at a point 25 feet 
from the ground, what angle does the trunk of the tree 
make with the horizontal? How tall was the tree? 


44, From the level of the roof of a building 100 feet 
high a man observes the top of a taller building which 
is 200 feet distant from him. The line of sight from the 
observer to the top of the second building makes an angle 
of 36° 52’ with the horizontal. What is the height of the 
second building? How far is the observer from the roof 
of the taller building? 


45. It is desired to run a wire from a point on a house 
15 feet from the ground to the top of a 25-foot pole, which 
is at a distance of 50 feet from the house. How much wire 
will be needed assuming that it can be stretched in a 
straight line? What angle will the wire make with the 
horizontal? What amount must be added to the height of 
the pole so as to double the angle between the wire and the 
horizontal? If the wire is allowed to sag will more or less 
wire be required to go between the house and the pole? 


46. In certain states the highway commissions will not 
allow public roads to be built with a gradient steeper than 
1 foot of rise for every 10 feet of roadway. What angle 
does such a road make with the horizontal? 


47. A motorbus has a route in the form of a loop. The 
_ bus starts from the highest point in the loop and descends 
350 feet in half its route. It then returns by another road 
to its starting point, traveling in all 2 miles. What is the 
angle between the roadway and the horizontal for each 
half of the trip? for the route as a whole? 
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SUPPLEMENTARY EXERCISES AND 


PROBLEMS 

CHAPTER I 

INTRODUCTION . 

Exercises 
. Find K in K=2 7RH, if r= 22, R= 20, H= 14. 
.Find Ain A=, if a= 10 and b=18, 
. Find A in A = 2 arh, ifr =42,r=4,h=14. 
Kind! G.-C = 2-7, if 7 = 247, r= 21. 
Re eee aha 
. Find a in a= $45) if A = 80 and D = 72. 
.Find Cin 0= "8", it D=8. 
; : |e ee ee e _ 
- Find JinlI=, if B= 84, R=17,r=11. 
-HindJinI=>5 7) Dit 10) = Pasay 1 Mc, P,P 
‘ s a | => 
. Find in T= 57 Pitt 0 Oh, Ge he ay, eee 
Find C in C= 8(F — 82), if F=95. 


. Find Fin F=2 C + 82, if C = 20. 
Mind Wein w= a Hep 2) Wa a0, Tees 
1 


mend A ing Pest 7s), if P= 500, r= .05, t= 2. 
Shima Ayined =P (lesr)t if P= 100,97 = 704) = 2. 


. Find V; in Vi= 


Yate, if V2 = 140, Ps = 24, Pi = 15. 
1 
359 
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17. Find § in S = Mer) t= 28. w= 2, 188. 


18. Find § in $= "=, itr =2,1= 57, a=5. 


: F Din. Px =) 
19. Find a in a = 7g5 if) Ore 
20. Find Vi in Vi = Vo(1 + .00365 t1), if Vo = 50, #1; = 10. 


pi nind in A= ee fhp= 18 be 24 cee 


: a EB ae US be a 
22. Find fins = G + 5) a = Sab 2. 
93) Hind) A in A =r. 1h a oO, — Ds 
24.°Find V mV = wh, if l=20, w= 12h =6. 
TE te ihe 22. 
3 ifr=10,h=15,7 => 
26. Find Vin V=4ar, ifr=4,7 = 32. 


aa 


27, Find I in I= Prt,4f P = 250,-6 ='.06, f= 4-5: 
28. Find s in s= 4 gi?, if g= 32 andt=9. 


2oeehinds any — 


Ifa=8,b=8, c= 12, d=, find the value of: 


29. a+ 2@. ; +a+5de+b—83 ad. 
ab 


30. (abed — ab) +e + 2bd—5-— + 15. 


CHAPTER III 
POSITIVE AND NEGATIVE NUMBERS 
Exercises 


. Find C in C = §(F — 82), if F=—18. 
. Find F in F=2C + 82, if C = — 20. 


1—4, fp =—2,1=—45,a=8. 


wo 


co 


. Find Sin S= 
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4. Find linl=a+ (n — 1)d, if a= 5, n= 27, d=—3. 
5. Find Sin S=5(a+), ifn=11,a=2,1=—56. 


6. Find S in S=5[2a+ (n—1)difn=8,a=7,d=—2. 


If x is 3, find value of : 
7. (2%—1) — 8(x—1). 8. (5 —22)— (5-2). 
9. r(1—22)+ (7-32). 


If x is — 4, find the value of: 

10. 2 x(1 —3 x) + (2 — 2x) (x4 — 4). 

11. (7-224) — 82+41)z. 

ieee: —1)—- (2 7 — 1), 

13. Does x? —-32+2=12,ifx=—2?ifex=—4? 
14. Does 2 x? -—-7Tx+1=-—2,ife=—12if x= 3? 
15. Does 2 x? — x = — 8, if x= — 5? if x= 3? 


If « is — 2 and y is 5, find the value of: 


16. x? — 2 ay 4+ y?. 17.2 47+ y — 2 xy?. 
18.2 y7+42—x?. 


CHAPTER IV 


ADDITION 
Exercises 


Simplify by collecting similar terms: 
1.3a—26+5ce—a—2c+4+106. 
-76—6c—a—4a-33b+e. 
--22+y-—2-11lxe—17z. 
.5ac—6bc+ ab — 13 bc — 16. a0 + 9 ac. 
8 xy — 238 ye -—17 42+ 2202+ 6 2y+7 yz. 
-3ax—9 by +14 ax — 7 cz + 21 by. 


oS Oo FP C8 0 
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7m—2n+6am—-42m—T7 7. 

8. 7am—6bn+8ar+5bn—4am— 5axz. 
9.227-227—4-—6244+17—52?. 

10. 2a2x+ 3 ar4+ 9 ax? — 6 ax — 14 a2x — ax?. 

11. 4 a2b — 8 x2y — 2 be? +3 02d + xy. 

12. 2 r3s — li rs? — rs — r?s + 9 rs? + 1Ts. 

13. 2(r +s) + 7(a+b) —5a+b) —38(r+s)+2(r+5). 
14.6a(r+y)—5(-—c) +2ae@+y)+26-—C¢). 
15.223 +427-—38(7+y) -—62?—-—5(e+y)4+9 23. 

, Find the sum of the following polynomials and check 
“results : 

\+16.¢—-26+¢,—-5a+8c—2), and7b—6a+9e. 
117.-4r+6s—2t,and7s+9t—2r. 

»18. ar — 11 bs — 5 ct, and — 4 bs — 7 ct — Gar. 


_%19.4ab—6bce, 8ac—9abe, 9be—5ab, 2abe+ac, and 
2 bc — 4 abe. 


(20. 2 a? — ab + b?, 2 ab — a2 +a, and 4 6? — 2 ab — a?. 

21. 7 u2 — 2 wv, 8 v2 — 2 uv2, —6 uv + 2 v2, and 4 uv? — 5 u?2, 
22. 2 ax? — 3 by2 + cz2, — Tax? — 2 by? —6 cz2, and 3 az? 
+ by? + 2 c2?. 

23. p? — 8 pq—q?, 4 pq — 2 p? + q?, and 7 pq — 5 p? + 4 g?, 
24.2 mn? — 4 mn — m2n, and — 5 mn + 2 m3n — 7 mn. 
rae har ae and 2 yz? 
— 2 xy? + xy. - 1) otty tl 5. Pat tad 


CHAPTER V 
SIMPLE EQUATIONS 


Exercises 


Solve the following equations and check: 

13:2, 9 —15 = 15: 4.4¢t-—2=18—-t. 

2. 0 e+ 2) = 23: 5.6z2—-13=2—2. 
8.4y=214+y. 6.2w+8=w+11. 
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Me LPS 7 2-1-9: 2r 
Le = 5 — 6 
8114+ 7y=y-4. 3 
9.3-—2k=k+15. 8 F 
10.m+6=3m-—10. i2.5—-11=4. 
aS 
13.8+>"=s. 


14.3¢d+12d+17-—d+4d=125. 
15.4h-44+38h=214+2h+5. 
16.7-—22+3=2-9-44z. 
17.54+2(8—427)=17—27+8. 
18.k+10=4-—3(2+h). 


rot 

: UE A tts 

4) The first of three numbers is“twice the | second, and the 
third is 5 more than ee times the second. Their sum is 65. 
Find the numbers. /¢ -2.06 

2. The first of two Btetvens is four times the second. Their 
difference is 51. What are the numbers? 

3. The perimeter of a parallelogram is 70 feet. Its length 
is 2 feet more than twice its width. Find its dimensions. 

4. Seven times a certain number exceeds twice itself by 70. 
What is the number? 

5. The length of one piece of rope is three times that of a 
second piece. If 7 feet be taken from the longer and added to 
the shorter, the two pieces will be of equal length. Find the 
length of the pieces. 

6. A farmer wishes to grind some grain. In order to have 
three times as much shelled corn as rye and 5 more sacks of 
oats than rye, how many sacks of each must he take to the mill 
so that he will have 65 sacks of feed after it is ground? 

7. A flagpole 86 feet high was broken by the wind. The 
part left standing was 2 feet shorter than one third the ae 
broken off. How long was each part? 
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° CHAPTER VI 


SUBTRACTION 


Exercises 


Subtract the first polynomial from the second and check : 


1 


oOoownaan PP WOW 


= 
So 


.a—38b—2c¢,2a—4b+8¢e. 
-2a+y—32,2y—x+2. 


622?-—424+8,227+32—-—7. 
3 a? — 2 ab — b2, 2 b? + ab — a?. 


.527+6xey—2,427—-11. 


m3? + 2 mn — 6, 4 mn — 2 m2 + 4. 


. 293 — 5 gh? — 4, 93 + 97h +2. 
.3 22 — 2 xy — by”, ax? — by? — 3. 
. 2 r2s2 — r3, r3 — 3 282 + 83, 
~20+62x-—-27r,8s—42—5. 


In Exercises 11-18 find the expression which, added to the 
first, will give the second: 


ihe 
12. 


5Bh—-11k—4,8h-Tk—-8. 
2 ax? + by? — cz2, 6 ax? — 2 by? + c?. 


18. p? — 3-p2q + pq’, 4-p2q — pq? — 2 gq’. 

14. 2 ab? — 8 a* + a?b4, a* — 7 ab? — 6 a?b?, 

165.22e2+727—9,6272?—273+4+ 5. 

16. m2n2 — 3 m3 + 8 n2, m3? + 7 m2n2 — 2 n3, 

17. 4 ak —7 bt — cm, 9 bl— 8 cm+ dn. 

18. 4 r2s2 + 5 r3 + st?, 7 r3 — #8, 

19. From the sum of 2x—y+7z and 2y+z—7, take 
5Bate-—2y. 


20. 


From the sum of 83a—2b-—d and Hite iden ag 


take 8a—6c+4d—5b. 


21. From the sum of 2x—3v7+9 and 4a+xz-—5, take 
11-—30+42. 
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22. From the sum of 8 az -- 4 by + cz and 2 ax — 7 cz, take 
6+ ax — 6 by. 

23. circ nae he then of hs, Le 2 and 
8k+5h4+21. 

4) From «3 — 7 x?y + 2 xy? take ibe sum of Avy 290 


a “y? and 5 22y +223 + 3 xy?, -~ +4 eb yee. 


25. From the sum of 5a?+ 2 a2bc+ 6 b2e nee — 3 abc 
+ 4 b?c + b?, take 4 a2be — 7 b2c — a? + 2 D3. 


CHAPTER VII. 


IDENTITIES AND EQUATIONS 
Exercises 
Solve and check: 
152-—38=227+9. 4,5r+124+3r=9+42r7. 
Sayp2=14—-2y &7-—-2a=154+44a—2. 
38.10-—6x%=327+9. 6.184+2n—-3=7n-—6+4n. 
(ih — Mh ht 9 =e ; 
8.5—2k—-17+3k=15—-4k+4+8. 
9.9—4274+138-—T7Tx=22-21—T772. 
10.6 -—2m—283+5m=19+6m—44+138m. 
Il. 3p —17—8p+23—6 p= -— 22. 
(2) 4¢+15-10t+37=74.- 
183.5-9q+28+3q—184+12¢+23=0 
14.148s+6=—8s+11+5s+35+2s. 
15.—8+4b—15—216—39+864+11=0. 
16.0=—-9+8y+26—20y+144+7y. 
17. 302-18 +101=302+190+4+9. 
18.15—2a?—14a+22=7-—6a—2a?. 
19.0 = 22 —142%+ 31+ 257-— 23-62. 
20.14-—32—2277+8=427-—15-—2 x. 
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Problems 


@) Four times a certain number increased by 13 equals 5 
less than seven times the number. Find the number. 

2. Three times a certain number is as much less than 90 as 
twice the number is greater than 15. Find the number. 

3. The sum of two numbers is 23 and their difference is 9. 
Find the numbers. 

4. The difference between two numbers is 27, and their 
sum is 5. Find the numbers. 

5. The sum of three numbers is 61. The first is 7 less than 
twice the second, and the third is 4 less than the second. Find 
the numbers. 


6. The perimeter of a triangle is 94 inches. The second 
side is 3 inches longer than twice the first, and the third side is 
5 inches less than the second. What is the length of each side? 


7. A rectangular garden plot requires 400 yards of fencing 
to inclose it. Its length is 5 yards more than twice its width. 
Find the dimensions. 

8. Find four consecutive odd numbers whose sum is 120. 

9. Find five consecutive odd numbers whose sum is 85. 


10. From the sales of pop corn at a school social three pupils 
realized $3.30. John collected 45 cents less than Mary, and 
James collected 75 cents more than John. How much did 
each collect? 


CHAPTER VIII 


PARENTHESES 
Exercises 


Ps! Remove the parentheses and collect like terms: 
IN 7 Be DoS Gaye eo 
2. (8m — 7) — (16+ 5 m) — (138 m — 4). 
3. (6a—3b) —(7b—10a+8) + (14—9a). 
4v4c— (6b—2a+10) + (8a—12c)—5b) 
5.4y4+ (62-5y)-[74+ Q2y—2z)]+22-— (6x+4). 
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. (12 ar — 15) — (12 — 18 ar) + (20 — 10 ar) MV 

- (Ted ~ 10c) — (40 cd—15c) + Qcd—12c+4+6). 
-L64+21) —-(Tk-4)]— 81—-2k+4+7). 
-[3r—5s—(2s—T7r)]— (8r+6s). 

10. (2p+34q)+[4p—- (2p—39)—6p).) 

11. 7 ax — 13 by + [(9 ax + 2 by) — (5 by — 4 az)]. 
12. 10 m—9n) —[8n—10—-(9m+6n)]—12. 
13.9 — (6u—2) —[(11—T7u) + (8u—3>)]. 

14. [(8 a? — b?) + 2 — (7 a? — 6)] +4b2 — (5 — 6 2), 
15. (1 2? —3 2) —[(4 277+ 5) — (82-2 x?)]. 

16. (2c—7d)+ (6c—4d)— (15d+8c). 

17. (10 9g —12h) + [(6h —18 9) — (8h —10)]. 


9 ab 8 a 208 7 a? 
De ee — . 
18.34 @ +4ab) + (28 3 + 3 


19. #2? +68) — [ (872 - 8) Kd (7S —4s)|. 


20. —[— 5 ay + (227 +1547 —18) + (822 —4 xy)]. 


© ot Oo 


In Exercises 21-25, inclose in a parenthesis preceded by a 
plus sign all terms containing a power of x or y, and ina 
parenthesis preceded by a minus sign all other terms. 

21.4 7? + 6 ab—a?—4 xy? — 9 db? + y?. 

22. 9 x8y? — 3 a? + 12 x3y?+ 4 y? —6ab— 3 b?. 

23. — 25 at — 24 xy + 10 a7b? + 64 x? + 9 y? — DF. 

24.16 16 —9 k?2 + 30 kot — 40 wy? — 25 g® + 25 y4. 

25. 86 22y? — 16 r2s? —1 —12 w?y 4+ x? + 87s. 


In Exercises 26-30, inclose in a parenthesis preceded by a 
plus sign all like powers of x, and in a parenthesis preceded by 
a minus sign all like powers of y. 

26. 2 x2 — 3 x3 + bx — cx? — 5 & — az?. 

27.11 7 — 2 be? — 273 +13 2? + 7 dz? + 3 be. 

28. 6 my2 +11 y — 14 ny? — 7 ly? + 9 y?. 

29. a2a —4 aby —x + b2x2 — 5 y? + 9 ay + 6 aba?. 

30. 7 — c2y + 8 cdr — 8 dx? —9 y + c7d?x?. 
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CHAPTER Ix 


MULTIPLICATION 


Exercises 


Perform the indicated multiplication : 
1. (27+ 5)(8 2 — 6). 5. Alzx—38a)(6x2+138 a). 
2.(7a—9)(4a+11). 6. (8y—15v)Aly+t+ 5»). 
8. (8s—17)(10s—7). 7 (9m+14n)(6n—12m). 
4. (10 —9r)(r — 16). 8. (7 c2 —10 c)(26c+ 3 c?). 


9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
ie 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 


(11 x? — 21 x)(5 x — 9 x?). 

(9 m?n? + 11 mn)(12 mn — 6). 

(72? —24”—4)(2x”—5). 
(412—31—2)(61—7). 
(2q¢—9)(8q?+6q—9). 

(5n+ 2 n?—12)(5—6n). 

(Cy? — 8 Yi Ae 9). 
(8u—5u?+10)(8 u?+4+ 9). 

(11 — u? + 6 u)(5 — 3 u?). 

(2+ 3822+ 18)(7 — 4 2?). 
(27r2?-—9r+5)(87r? +27). 
(792-5 gh+3h?)(6g —2h). 

(9 v3 ++ 7x”? —4)(8 x? — 572). 
(14g = 11 ye 9 yA) er — y?). 

(6 a3 + 8a? —a)(5a3 + 4 a?), 

(v7? +22—1)(4?-—22+1). 

(2m? —4 m+ 5)(2m?+4m-+ 5). 
(8t#?—4¢—5)@#?+8t+4+7). 
(61/—417+3)612+21-—9). 

(2 2? + 2 ax — a?) (2 x? — 2 ax + a?). 
(5h? +4 hk — 3 k?)(2h? —9k? +11 hk). 
(n? + 2m? + 8 mn)(n? — 3 mn + 2 m?). 
(6a?+4a—1)\(2a—843 42a?) 
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32. (2 6? + 3 m3 — bm) (2 m3 — 3 bm? 4+ 62). 

33. (56 — r? 4+ 2 7r3)(8 r—er+ 2). 

34. (7 pn + 6 g? — 2 p?n)(8 — 4 pn + 2 gq). 

35. (82 —10 27+ 523)(4 27-623 +32). 

36. (2axr+3a?—4c)(6a?+4a?2— 52). 

37. (1 — 3 by + 2 y®)(2 y? — 13 by + 9 3). 

38. (22—y+3z2)(42—2244+7y). 
39.(9k—4g+6p)\(Tg+5k—4p). 

40. (8 u? + 2 u?v? — 4 0?) (8 uv? — 4 uw? + 6 03), 
41. (41? — 10 l?m+ 9 m?)(7 12 + 8 m3 — 8 Im). 
42. (5r?-2r+4)(7r?—8r24+107). 

43. (832—Ty— 5)?. 

44. (4k?-9k—4a+2)(Tk-—2a+5k?—6), 
45. (4 bn? — 9 b2n? + 6 n?)(4 bn? — 9 6?n? — 6 n3). 
46. (50?-—32—4)(7272?—5 2242). 

47. (7 y? — 2 y? + 3)”. 

48. [5a — (86 —2c)][9a+ (86—20)]. 

49. (5 93 — 7 gh? — 9 h®)(9 h? — 11 gh? + g?). 
50. (p? — 2 pq + g?)(p + @)?. 

51.[2m—5n— (21—3k)][2m—5n+ (21-—8k)]. 
52. (38 r?s — 5 rs) (rs: — 2 rs?) (r?s? + 4 rs). 

53. (522 —Tayt4y?)(8x2—427?+ 6 xy — 2). 
54, (4 b3 — 2 b?)(9 6 + 3 5?) (8 6b? — 4 BD). 

55. (822 —22?2+2)(522 + 27?-327+4+4). 


Problems 


1. Find the area and the perimeter of a rectangle whose 
length is (7x —3y) inches, and whose altitude is (22+ y) 
inches. 

9. From each corner of a square piece of tin of side m 
inches, a square of side n inches is cut. By turning up the 
sides an open box is formed. Show that m? — 4 n? square 
inches is the area of the inside of the box. 
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3. Express the area of Problem 2 as the product of two 
binomials. 

4, Using the results of Problem 3, find by a short method the 
area of the inside of the box if m=18, n=3; if m= 82, n=6. 

5. The dimensions of a rectangular box are w, w — 2, and 
w-+ 8. Express (a) the sum of the edges, (b) the total outside 
surface, and (c) the volume of the box. 

6. For a cube whose edge is (3 kh — 2 k) find (a) the sum of 
the edges, (b) the total outside surface, and (c) the volume. — 

7. If two equal rectangular boxes of dimensions I, 1 — 2, 
and | — 8 are placed end to end, find (a) the sum of the outer 
edges, (b) the outer surface, and (c) the combined volume. 


8. The ee for finding the area of a circle is mr2, in 
which 7 = 22. and r equals the radius of the circle. What is 
the area of a circular ring made by cutting a circle of radius x 
from the center of a circle of radius y? 

9. If x = 6 inches and y = 8 inches in Problem 8, express 
the area of the resulting ring. 


10. Express the area of a circle whose radius is (2 a— 3 6) inches. 


11. The total surface of a cylinder is 2 mrh + 2 mr?, in which 
r is the radius of the base and h is the height of the cylinder. 
Find the amount of tin in a cylindrical can which has a cir- 
cular base with a radius of 7 inches and a height of 10 inches 
if T= 2A, 

12. Express the total surface of a cylinder the radius of 
whose base is (r — 8) and whose height is (r + 2). 


13. The formula for finding the volume of a cylinder is 
mr?h, in which r is the radius of the base and h the height of 
the cylinder. Find the cubic contents of 100 eans whose 
dimensions are given in Problem 11. 

14. Express the volume of a cylinder whose height is (2 r + 2) 
and the radius of whose base is (r — 4). 

15. The formula for finding the surface of a Sonat is 4 mr?, 
in which r is the radius of the sphere. Compare the sum of 
the surfaces of 630 balls of 34-inch radius with the surface of a 
ball having a radius of 7 inches. 
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16. Compare the surface of a sphere of radius 2 a with the 
surface of a sphere of radius a. 

17. The formula for finding the volume of a sphere is % Tr, 
How many spherical balls of 4-inch radius can be made from a 
spherical ball of lead having a radius of 3 inches? 

18. State the formula for finding the volume of a sphere 
whose radius is (2 r —1). 


19. 
20. 


Compare the volumes of the two spheres of Problem 16. 
Compare the volume of a sphere of radius k with that 


of a sphere of radius J. 


CHAPTER X 


PARENTHESES IN EQUATIONS 


Exercises 


Solve for the unknown: 


Conrta»nrwo wre 


eee 
wre © 


alii ell oll = el eno 
con oS ao PP 69 


.5(2"—4) =6(x + 8). 
.8(4r—5) +11 =8(87r+ 7). 

7 + 2(5 i —9) =4(5t-+4 6) — 18. 

. 10 — 3(2 —3 n) = 22 — (n— 12). 
18+ 2(21 — 5s) — 8(8¢ +11) = 238. 


Th—4(6 —11h) =5(9h+12)—8h. 


.6(5¢ —4) = 13 c — 2(10 ¢ + 18) = 9. 
.8(4y—11) —4115 + 5y) + 78y—9) =0. 

.7(5 w — 10) + (10 — 30 w) —40 = 9(16 +4 w) — Tw. 

. 2(v — 18) — 5(2 — 11 v) = 8(6 + 5 v) — 8(15 — 7). 
.4(2—5 2) + 6(¢ —16) — 7112 — 9 z) = 8(5 2 — 14). 

. 6(12 — 10 p) —5(8 p+ 9) = 2(13 p — 19) + 8(11 — 7). 
(22 —5)2?+13=10+ 4(@—7)2. 

Bae lA 8 = FE 172 — 1) — 18+. 

. (2m —8)2+11 m= (8 —4 m)(12 — m) + 38. 
17—3(44—k)2?=14k—(104+4)(844+7) —8. 
.(5—68)(s +4) =78s—3(28+10)(s — 14). 

.4(2 —5b)(b+ 7) +146 = 824 (19 —20)(100 4+ 6). 
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Ky LAW Problems 


U )) \ oa 1 
1. The sum of two numbers is 66. Seven times the one 
equals four times the other. What are the numbers? 


@ Find three consecutive even numbers such that the 
product of the first two is 112 less than the square of the 
third. 


3. Find four consecutive odd numbers such that the 
product of the first and second is 176 less than the product of 
the third and fourth. 


4, A square has the same area as a rectangle whose length 
is 18 inches greater and whose breadth is 6 inches less than the 
side of the square. Find the dimensions of each. 


5. A room is 7 feet longer than it is wide. If the length is 
increased by 4 feet and the width is decreased by 5 feet, 
the area is decreased by 70 square feet. Find the original 
dimensions. 


6. A rectangular field is 30 rods longer than it is wide. The 
perimeter of the field is 260 rods. Find its dimensions. 


7. A rectangular lot is 42 yards longer than it is wide. If 
the width is decreased by 5 yards and the length is decreased 
by 8 yards, the area is decreased by 638 square yards. What 
are the original dimensions? 


The value of 27 coins consisting of dimes and nickels is 
$2.15. Find the number of each. 


9. A collection of 30 coins consisting of nickels, dimes, and 
quarters in which there are twice as many dimes as nickels, 
has a value of $4.00. Find the number of each. 


10. A is three times as old as B. Six years ago A was twice 
as old as B will be four years from now. What are their 
present ages? 


11. A is 57 years old and B is 23 years old. In how many 
years will A be only twice as old as B? 


12. A is 18 years old and B is 42 years old. How many 
years ago was B three times as old as A? 
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CHAPTER XI 


DIVISION 
Exercises 


Perform the division as indicated: 
@) 2 p? + 11 p— 21) + (2p — 3). 
(6 n? — 21 n— 66) + (8n+6). 
(3. (15 ax? — 11 ax — 56) + (8 ax — 7). 
(54 b2y4 — 39 by? — 5) + (9 by2 + 1). 
(14 ak — 20 a3 + 27 ak? — 18 k?) + (8k? —- 4 a2—2ak). . 
@) (15 y2 +11 y—14) + (5y4+7). 
@) (28 3 — 21 kt + 29k? — 20k — 10) + (Tk? —5). 
(8 (2 p? — Tcp? + 5c?p +23) + (p—2c). 
@. (8d —8 dui — 3 du? + 8 du5) + (8d—8 du’). 
).) (66 a2s? + 25 st +.49 at) + (582 -—2as+7a?). 
1,)(20 wt — 8 w3 — 39 w2 + 4 w+ 5w) + (w2+5w). 
12.) (21 ch? — 56 h3? — 18 c3h — 6 c? + 48 c2h? + 16 ch) 
tae — 8-h). 
13. (9 y* — 16 a?y? +- 48 ay — 36 at) + (8 y?-—4 ay4+ 6 a?). 
(14. (69 22 — 21 28 — 95 z + 22) + (2-72). 
US ea (32 +6). 
16. (m2 + n?+ p?+2mn+2mp+2np)+ (m+n+p). 
Ti. 9 h? + ht — 80h 4 2h? — 25) + (h? — 5). 
as. (acz + bdy — bey — adx) + (ax — by). 
(— 6 at + 27 a3b — 44 a2b? + 35 ab3) + (8 a? — 6 ab 
+7?). 
20) (cp? — 8 c) + (cp? + 2ep + 46). 
f (2 (— aew — dw? + cdw? + adw) + (aw — dw). 
\ QQ) (15 pt — 18 p? — 92 p? + 72 p — 152) + (5 p? — p — 88). 
* \ 28. (2 u5 — 23 uw? — 5 uF + 12 ut + 42 u) + (w? +64). 
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(10 hk? + 10 h5 — 8 h3k — 5 hth — 27 hk? + 30 hk? 


+18 kt) + (—4 hk + 5h3 + 3 k?). 
125.) (— 70 g? + 6 g# + 18 g3 + 71 g — 20) + (44+39?—79). 


Ww 


(16 r* +s? + 4 778") aes es — 2 78). 


£- 
e 


(37 22 + 26 — 60 z+.57) + (22 +10 —22). 
(h2 —k2 —2 42k) +(h+k—D. 


pt pS Po — ip eee) 


BO. (¢8 + 4 dt — 4 d2q3 — 9 d2q?) + (q3 — 3 dq — 2d). 


40. 
41. 
42. 


. (16 b*h8 — 68) + (2 bh? + b?). 

. (82 p!9 + c®) + (C+ 2 p?). 

. (a8n* — 16 at) + (a2n — 2 a). 

. (14 g2h + 24 gh — 8 g?h? — 17 g? — 23) + (2 gh — 8). 
. (u? — 9 b?v? + 6 bus — s?) + (u— 3 bv+ 8s). 

. (® — rst — r4#s + 85) + (—2 78+ 7? +4 82). 

s (PE ga — 1" 2g en eee) 

. (ut + u?v2 + v4) + (0? — wv + U?). 

. (c8p® — 64 s®) + (cp — 28). 


(8235 -—-6—5x—2 27) + (14+ 2). 
Let — a): 
(4 ut + wt — 12 w20 + 4 u2w2 + 9 v2 — 6 vw?) 


+(2u?—30+ w?). 


CHAPTER XII 


EQUATIONS AND PROBLEMS 


Exercises 


Solve for zx: 


1. 
~(22—9)\(2xex—2) = @x—3)(22—7) -1. 
.(82+1)(1024+1)+18= (42+4+1)(202+4+1), 
-t+2.m—8=22+3m-— 40. 
-2(¢@—¢c)+2a=42+4+2(c—2a). 
~2m?+2mzr— 22? = (m+ 2x)(m— 2). 


aur PP WwW dw 


100 —- 147+ 36=18—627+ 22. 
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7. (@+a)(x—8a)=(x+ 2a)”. 
8. (cx — m)? + (m— n)? = (a+ m)?+ (m+ n)?. 
9. (x — m — n)? — (x — m)(x — n) = 0. 
10.4%+2a+m(6+3a)=3 mr+2(84a+4). 
1l. m(2m+3c)— (x+m)(x+c)+22=0. 
12.n3+2x2=n+nzxr+4+ 6. 
13.n7+2=n? +2743. 

: 14.nx+4a*n=n?+ar4+3 a3. 
15. n?-—6=11n4+32+4 ne. 
16.n*+32%+2n+12=11n?+ nz. 
17. n°+2a°+2ax=5a*n+ nx. 
18. nx + n?—6 m=3 me+7 mn. 
19.4n*+2=nx—3n+7. 
20. 3 nm? + 2 na? —12 a8 + 2ax=4 n?a+ ne. 
21.9 m(m+cec)— (@+3m)(e—3m) = (8m—2)(x—8c). 
22. 10 n? — 3(2 m?4+ 3 nx) —m(2x—n)=(5m—4n) 2x 

— 5(n? +4 m?+6 mn). 

23. (x —-2a+3m)?=6am— (2a—2)(x+3™m). 
24.a@r+art+3c?+x2=3 arc’. 
25. n?xa+2n?4+527+10=n?+5n. 
26.24 16 r?2x2=3 n? + 192 n2r2? +4 ro. 
27. n2x — 9(3 a2 — x) = a?2n? + 3 ne. 
28.x¢+er=ct—c*x+c?+1. 
29.a4+2ar+16+4a?=a%x+4. 
80. a*+2ax+4=a7x+2 2. 
81.4a!+ar+3x=20%x+13a?-9. 


Problems 


1. Two men start at the same time from the same place 
and travel in opposite directions. One travels 5 miles per 
hour faster than the other. In 10 hours they are 500 miles 

® apart. Find the speed of each. 
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2. Two men start at the same place and the same time and 
travel in the same direction. The first travels 6 miles per 
hour more than the second, but is delayed 3 hours on the way. 
At the end of 10 hours they are 24 miles apart. Find the speed 
of each. 


3. In playing a game each player was directed to add 18 
to his age, to multiply the result by 4, to subtract 72 from the 
product, and then add twice his age. When the leader in the 
game was given the final result he at once gave the player’s age. 
How did he do it? 


4. The circumference of the front wheel of a wagon is 
8 feet and that of the rear wheel 10 feet. How far has the 
wagon gone when the front wheel has made 50 revolutions 
more than the rear wheel? 


5. In Problem 4, how many less revolutions will the rear 
wheel make than the front wheel when the wagon goes one 
mile? 

6. A and B together have 100 dollars. A gives n dollars 


to B, after which they have equal amounts. How many dollars 
had each at first? 


7. A and B have d dollars. B gives n dollars to A, after. 
which they have equal amounts. Find the number of dollars 
each had at first. 


8. A and B have d dollars. A gives 10 dollars to B. Then 
B gives n dollars to A, after which each has the same amount. 
Find the number of dollars each had at first. 


9. The altitude of a rectangle is a and its base is b. If the 
altitude is decreased 2 feet, how much must the base be in- 
creased so that the area will be the same as before? 


10. If in Problem 9 the altitude is increased m feet, how 
much must the base be decreased if the area is to remain 
unchanged ? 


11. The altitude, a, of a rectangle is decreased m feet. 
Find the increase in the base, b, which will leave the area 
unchanged. 
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CHAPTER XV 


SOLUTION OF EQUATIONS BY FACTORING 


Exercises 

Solve for x by factoring: 

Bias 15-74-50: 0: 9.x? -—38ar4+ 3 br = 9 ab. 
2.27 —3.ax— 4a? = 0. 10. 2x2 —axr=2am—4 mz. 
o. 2 18 7: 11. 23 +4a?m= x(4 a? + 2?), 
4. «* — 20 27+ 64=0. 12. m?(x — c) = 16 m(mxz + m) 
5. x* + 36 at = 13 a2z?. 13. ax? ++ 3 bx — 2 abx = 6 B?. 
6.3277-—52x+2=0. 14.277+52+3=0. 
7.227—Tar+5a2=0. 15.327?-—5axr+2a?=0. 


ae a 4 Oe = 
By 2 x? 2x2—-12=0. Gay 8ax+3a 0. 


ii. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 


6 x? = ax+ 12 a?. 
(82%—2a)(x—a)— (x—a)=0. 
(2x%+5a)(x—2a)=x-2a. 
(82—a)(x4—a) — (2x—a)(x—a)=0. 
(a—38x)(x+2a)—(x4x+2a)\(4a—x)=0. 
(7 — m)(m + x) — (x + 8 m)(x — m) = 0. 
(c+5m)(#—5m)— (8x2—4m)(x+5m)=0. 
uw? —a?+ cx —ac=0. 

x? + 2 mx? = 3 a2x + 6 a?m. 

mn? + 42 = mex + x. 

m? + mx? = mx + x. 
2d = 00 a”. 

3 ax? + 2a? = 3 a4 + 2x7. 

ax? + ax? + x? = a*x? + a*x + @?. 

aa? + ata + a? = a2? — ax? + x?. 

3m? + mz? = m3x4+ 3 x. 

a?(2? —-22%+4)—a72(a?-2a+4)=0. 
x?(a2 — am + m?) = a?(x? — mz + m?). 
amx? — anx + mcx = ne. 
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Problems 


ie The product of two consecutive numbers is 306. Find 
the numbers. : 

2. The product of two consecutive odd numbers is 399. 
Find the numbers. 

3. The digits of a two-digit number are consecutive integers, 
and the number is 36 greater than the sum of the digits. 
Find the number. 

4. A number of two consecutive odd digits is 5 greater 
than two times the product of the digits. Find the number. 

5. The units’ digit of a two-digit number is 3 greater than 
the tens’ digit, and the product of the digits is 19 less than the 
number. Find the number. 

6. The altitude of a triangle is 3 greater than the base. If 
its altitude were increased 2 and its base decreased 2, the area 
would be 80. Find the base and altitude. 

7. The altitude of a triangle is twice the base. If the base 
' is increased by m and the altitude decreased by m, the area is 
increased by m? square units. Find the altitude and the base. 

8. The altitude of a triangle is a feet and the base is 6 feet. 
Were the altitude increased by m feet and the base decreased 
by 2 m feet the area would be unchanged. Find m. 

9. The altitude of a rectangle is a and the base is b. The 
altitude is increased and the base decreased by the same 
amount, leaving the area unchanged. Find the change in the 
base and altitude. 

10. If a= 10 feet and b = 12 feet in Problem 8, find m. 

11. The base and the altitude of a triangle are consecutive 
even numbers. If each is increased by 4, the area is 92 square 
units greater. Find the base and the altitude. 

12. The base of a triangle is p feet and the altitude is qfeet. If 
the base is decreased 2 m feet and the altitude increased 2 m feet, 
the area willbe mp— 3 m? square feet greaterthan before. Find m. 

13. The altitude of a triangle is 6 feet less than the base. If 
the altitude is increased m feet and the base decreased m feet, 
the area will be m + 2 square feet greater than before. Find m. 
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14. The altitude of a rectangle is 2 feet less than the base. 
If the base is decreased m feet and the altitude increased m 
feet the area will be 2m-+5 square feet less than before. 
Find m. 

15. In Problem 12, if p = 42 and g = 18, find the new area. 

16. A man bought a number of oranges for $1.20. Had 
each cost 2 cents less he would have received 5 more for the 
same sum. Find the number bought and the price of each. 

17. A number of bananas cost 96 cents. Had they each 
cost 2 cents more the number received would have been 8 
fewer. Find the number bought and the price of each. 

18. A number of pounds of coffee were bought for $18. At 
10 cents a pound less, twice as many pounds could have been 
bought for $4 more. Find the number of pounds and the 
price per pound. 


CHAPTER XVI 


onl pve FRACTIONS 


Exercises 


Reduce to lowest terms: 


x—1 n? —12n+ 35 7 n? —12n+ 36. 
 mx2n — mn "n2?—10n+ 25 “n3 —8n2?+120 
9, @a—2r+1 me? — a7) 4 ne+n—2 ; 
"oe? 42443 f21@—a)? . 2n?—3n+1 

a2?—2a—15 2n?—2n—12 2n?+19n+35_ 
fo ee eee og 6 ge LR ae 

38 n?—8an—3a? 13, 20m 2nt+2e—2an 
—~ 3n?—5an—2a? " ax—-2n-—an+22 

12 0? — 28 7+8 a? — b? — 2 be — ce? 
EtG 92 80 = 10° Be oh ga 
12 6 m? — 13 am—15a?_ 15 Cu a)4 = (O-+ 6)? 

* 6m? —am-— 5a? “ n?—(a+b+4+¢)? 


nt — nix — n?x? + nx 
1 ee aa 
‘ 


n> — ntx — nxt + x 
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Reduce to a fraction: 
2 a3 -+ 63 
sel ye ; 30. a2 — b + b2. 
ai Urge eg 20. a Th ee 
ue La eS a a. ee ; 
x—-3+ 23 21.x227-—axy+y pay 
spe, OF Die os | ae ee 
19.a—b mie 22.a2+¢ <2 eee ee 
ee Sa 4 
23.2+y ee ea +z. 
Reduce to a mixed number: 
PAO ge Oe 
ae xr+4 
Hint. Dividing numerator by denominator gives 
Pe 
etict ey 
x?—Tx+10 x—x+1 x? —8 
25. ret 28. poe 31. aon 
oe 8a 4 a DNEA + BF x2 + y2 
Ld Dae Aa Ta ETS 32. a 
327+52—38 Ea et x3 — y8 
27, —___———_- 30. ———. oe 
x+6 x+3 oy x+y 
a4 — 16 x + 22a? — a4 
34. al 35. m+ oa? fa? 
Perform the indicated additions and subtractions: 
a yoke es m2 _@ 
20: o eas be che SS, mere 
ne sO @_n,2=" 
Sih ac ab hee re a 
Bn—-2 2nt+5 3n-7 1 2. 
38. —>—— — ——_ — ———-_ 42. —— B 
8 4 iii Oe ee 
gg, 2238 _ 384-1 _ 5a+4 ‘43, 2thso4a-—n, 
2 3 6 a-—n at+n 
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m2? + a? a b c 
m— — a. 50. —+—+4— 
Bes ag = ee ene 
47. gee Ge — TE 2 2 N—-x2,a—-—2 
et ie ot Pe t= an eit NL + ax 
b 5m+2 3 4 
m—-4 m—2° m+2° 
an z pages se 
“a?—8a+2 a*+2a-—-3 a?+a—6 
2 7) 2 2 
9 ica (=). 53, —2 a(a + 2) 
ati" 2(a+ 1) 2a+27 2(a+1) 
2 92 2 2 2 
55. (5.5 y- 32. 59. —2 a* — 3a, 
G@o-8)) - a3 RR Og a) 


7 Lo +( —3m? \ 60, — 2m 3m? —4m 
8m—2 \2(8m—2) 6m—47 2(3 m — 2) 
67. | —5a? ie Wate 61. 5 a? 5a? —14an 
2(5a—77n) 5a-—TNn 10a—14n~ 2(5a—Tn) 

m? + mn + 0? m?—mn+n? 
m+n m—n 
a—x at*+ar+x? 
‘eee aaa t* 
ee 7 3 : 
2-1 4-2 (2—2)(x—-1) 
St eae er 
(a—xz)(a—n) (~—n)(a—2z) (n—a)(n—Z) 
+3 ap ce IS 2 . 
yw—52+6 9-2? 38-27 
a b Cede b +e: 


62. 


63 


64. 


65. 


66, 


67. 
a 


68. 
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69 m+1 4 n+1 3 x+1 : 
“(m—n)(m—xz) (n—m)(n—2z) (m—-2z)(e—7) 
70, 4m = 9 _ 6—m_ m?—4 , 45 mn + 12 n? +10 m2 


2mn 5 m? mn? ax 10 m?2n?2 


Perform the indicated multiplications and divisions: 


G\ Zax Say? 206 4, a1 y me Vad 

\ 3by 10be 12 a2x? “m? +m 1—m/ n+1 

7g, 2Ve Sem 18a? | 75, C2 ae | 4a, 
4an? 6ac 10ac? 2a-—c 6a-—2c 

73 a(ate) a ( 76. (@+2).(m—*). 
“e\ ac / a(a—c) \ AT Wh, n 


ogee oe 
7 380 30 120 


“4y2?-—120 y?+4y7 


ae 8a?+15a a*¥—Ta+10 


eg 


(Qi a? — 25 3 


nz 
Tp eon | eared 
go, — (1—2)(1+™). 
n2 — m2 m n 
sae 2 ee ie 
ae a ke 3m 9 m? 


@8 8m m—5m+6 18n—6mn 


33 4Am?—2n% 4m?*—n2% 2m%+n% 


Eee 2 2 2 Py oa 
84. 8m—24n (4m — ")( 4m?+n ). 3m 9mn_ 


“(2m%—n*%)? (2m%*+ n*)? 3 


—6mn+9 n? 64 m* —4 n4 2a+22 


g5, amt at, 


“(a—n)?  a-—n 


2 2 _ae 
_ gg, 2Zmn++n? . m—n 


m* — n* "m2 + mn 


; 


— 7 eae 


% 
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87 a2#+4a—12 _~V+8a+15. 
Cette 30" erie 


= nt 


a—5z = 1928 
@(- a—2x a os) 

fe reall oe ). 6a— 51 
ee (eS 4 a?/\3(4 a? — 36a+17)/ 8a?+124 


n. (41-2) =(0-1-3)00-24 8), 
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92. (120-111-541) = (2+54+ 5 Plaats): 


Oe) 4 a?/\40 a? — 2504 
a? + 2 ab+ b? — c? 
a2 — ¢c2 
+ (teen) (at+b+c)a+b) 
* \a2?—ace+ab— be/a2+2ac+c?2 — ab— be 
94. (2m Mor +4) + (4-224 Lm) (3_ fmt 20n) 
\m m? m m? 


-M_ Al), (52 _ (ig, 1), 
95. (2 5a 522) ~ . 82 3x? coe ane 


93. 


o _ ey 
“\a2?+8a+2 a+2/ \a?+38a+2 atl 
(m+ —2x)*—(m+n+x)? _2m—2n 


oF (m—n—x)?—(m—n+2)2?° 3m+3n 


2m+5n/- 


9g, 22 tm? + 2 mx 1 (20+ m—2mt2 a), 


m2—38mcxr—422 m+2x c+m 


a— 82) ( ae). (4o_ ~ 22), 
9. (2 ==") (1+ 22% “Wee # a 


ws sai) te* 


‘7c 
pa 
ge 
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1 41,7 hea ea 
103. (4 +24140)+(a+1-7-3 
1). 2m-1 
105, (1=2— 74 2A) 2— 84 
2 a a 
9 Vs (eta, 
108. (0-4+—95) + (1-97 
LOT (met ge) a 


108. (“+1 pes a+3 K 


COMPLEX FRACTIONS 


Exercises 
Simplify 
mc a? + m? 4a4o* 
ane ees 3 
he ea 5. _—____—_-. 9. 
eR ne La om (LL) 2a+1 
Wee m «a 5a 
seat yee ee 
2. —— 6. ——* 10, HE, 
Sen cos pig ria 
3a Ms Ee 
ee Ay omao 2h - £3 A 
ay pe 2 eee pes 2) are BB 
; aL m ar? 1 
m+n m+n il 14 
= ae 5a-—2— 
ret uu 9 tee 12. 5at+8 
ae Lise 5a tee 
n m m+1 5a+3 
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mee! eet ee PLP 8¢ 15 _4 
13, L=™ 1l+n 18, 2” a-—n 93. 2 c 
a ee | a a aiy 20 ¢ 
l—-m l1+n a—-nth an c Ge 
1 ae te el Peper Gte _a¢—€¢ 
ee ee ip, fe 24, —~ g 
m2 — (n+ 2x)? G@—c¢ @ Cie ree 
mn Cla C Bane a c 
i.e mtn m—n (I “eel SD 
io Be aon, ee eee 
ieee? 53: t= Maen ™m 2—m 
a2 a3 m+n m—n 2+m m 
oe? inet ant" ieteat 
1 Ap a 21. Taio et Ce ee 
2m _ 943% 21 ae. ax + ac + cx 
387 2m L+3 Cem 
(x +n)? i Sn 2A Jo hg) 
x pole) 4n+6 is, tees 
= n+5— Fe 
i BE —6 PO 
S06 Ae 00's (Sa4+4+%) (22-2) 
3 eae ile Aa See ae 
ee 9a?— 4 
4a a GR se 0 
(m+5n)? 5 (3a — m)? 
Se a 2 
29 10 mn . 32. 4a : 
3 10 2m (B= 22)" 
= 2 a3 
2 = 2 
s8z_(at4n\’_s (x— 6a)? , 4 
cy; Gos ea ga 
Spe aa 22)? (+2) 
32x Gh By 
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CHAPTER XVII 


EQUATIONS CONTAINING FRACTIONS 


Exercises 


Solve for the unknown: 
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zc—A4 


L. 


SF» } 
/ 


a 


Q) -=52= wy Z_ 2, Gis —2eet = 42-4 ae 
@ 22 - zat jee ee 157-8 | 2: 
6 a) 7 6 ar ee 
ee Gyo 24 eo oe 
5; 6 g (ld x 2) 3 9 (6x Lea 
gz-1_82+1 22-8 
iP any. hts ek Tx— 32 
m6x-—2 ,6x—21 182-33 
Bera 1 W5t oaeae 
8 a¢—4 62+1 122 
Feito — 13 45. ae 5 
9 or+3_ 32-6 e—-9 
es 5Be—50 = 5 
AO ONS Caan 
6x—4 -122-—1 
aoe 6a2+4 _se#=1 =r 
Big: 9 g2 Ly Beans : 
al 3 6 a v+1 Pil 
12. = : . > 
40-8 62-2 8241. a2 — ogy paeo eae 
LS sese2 20-3 9 
Ss =U. ° = . 
eae x—2 e a: v?—Tv7+10 y—2 
5a2—2 xr+i7 1 1 2 
14. = =", 5 — =— ——_.,, 
> et Vl. 3 | i pees 
1 i 1 2 
18. — = : 
by aera ea) v+3 
[SRwarrarr ‘i 


2v—3 
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“= ey ee 
“y+4 y2?—16 4-7 
7 peel 
“202-—177+36 »v—4'9-—29 
eile os oS Leo! a 
pea 6 o— 4 8 


5-150 _ 750+ .25_ 5, 
ek ee 


21 


22 


23 


ga, 1294 39y—49+1_ 191, 
2.5 2 


ae p— 25 _ 30+ 2.25. 


Be th a5, = 9.878 
120 _ 120, 20 
26. 02.7 1845 5 a g 
60+ .34 v—28 - 59 
oe MOS ea TES. 3 
ig ie pte 
28. 625 + 560 5 
Solve for x: 
99, Moy My, M—C gg aetm _¢. 
inte. Go * x “Oe Se a 
i 34, 2 £4? — 2, 
“@—2 c-—72 GB ae 
31 a an Geli 35 erm _x¢o+n 
“m+mxn n— nex -f=0 /¢ 6 
mer |. mx a 1 6, oe 
5 eh ae rr 
2 
37. —— =) ae Cera 
az —a 


gg, MEN ne me my Se 
me +n 2 no REET 
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39. 


40. 


eel is gee) Tie een 
Solve: 
(Dye IES ee 
3 
43. S=7— On te 
44,% 44% =1, for b. 
a ob 
45. S= mle a+ (n—1)d], for d. 
46. S=(A+B+C — 2)r?, for C. 
47. 7r12 — Tre? = A, for 71 — fo. ‘ 
zh a+b_ec+d 
48. R,= Ro(1 + at), for a. 53. Ah ee for a. 
eter a nm,1 n—1 
ee ee 5 Z = ) x 
ae pap or R 54 Pr Uery : for n 
BON eS tor, 5502 4 eS ere 
Piette eC, U U r 
bl. w= 2—™, for n. 56. = (n—1)(4+24), torn. 
—1 F Teal T2 
Gene elke ell 1 pe wal d 
52, -=—+—-4+-—f 57, —= = : 
c er nes wiles sae Fy oR fife fore 
58, ee Ooi eee 
l nN n 
59, 7 = Ow ew 0) 
j v+w—?, a 
60. Solve for v, in Exercise 59, if w= 0. 
61. a? = b? + c? — 2 bez, for zx. 
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2m 
m 


Ari sea pa 
m 


m—1 BAC 


n— mn m 


22—n 
mx 


n = OR el 
x?— m2 x«—-m «+m 


mx+te—d_mez+ec—a 
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Problems 


“Mr 375 is divided by a certain number the partial quotient 
is 17 and the remainder is 18. Find the number. 

2. The numerator of a certain fraction is 13 more than the 
denominator. If 5 is added to the numerator and 6 subtracted 
from the denominator the value of the fraction equals 2. Find 
the fraction. 

3. If a number is increased by 63 and the sum is divided by 
17 and the quotient multiplied by 4, the result is 2 less than the 
number. Find the number. 

4. The sum of the digits of a three-digit number is 15. The 
units’ digit is 2 greater than the hundreds’ digit and 2 less than 
the tens’ digit. Find the number. 

- The sum of the digits of a two-digit number is 7. If 27 
be added to the number the result is expressed by the digits in 
reverse order. Find the number. 

6. If 36 is subtracted from a number of two digits the result 
is expressed by the same digits in reverse order. The tens’ digit 
is twice as great as the units’ digit. Find the number. 

7. The numerator of a fraction is 1 less than its denomi- 
nator. The sum of the fraction and its reciprocal is 275. Find 
the fraction. 

8. If 1 be added to the denominator of a certain fraction 
the value is less than the original by qs The numerator is l 
greater than the denominator. Find the fraction. 

9. A certain number added to its reciprocal equals 2. Find 
the number. 

10. A certain number subtracted from its reciprocal gives a 
difference of 2.1. Find the number. 

11. The numerator and denominator of a certain fraction are 
consecutive odd numbers. If 1 be added to both terms of 
the fraction the value of the result is .9. Find the fraction. 

12. The numerator of a certain fraction is 14 greater than its 
denominator. If 12 be added to the numerator and 10 be sub- 
tracted from the denominator the value of the resulting fraction 
is double the first. Find the fraction. 
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13. Part of twelve hundred dollars is invested at 5% and the 
remainder at 6%. The annual yield is $62. Find each invest- 
ment. 

14. A certain sum is invested at 53% and $300 more at 6%, 
giving a total annual income of $64.. Find each investment. 

15. A certain sum invested at 44% yields annually $3 more 
than a sum $200 less, invested at 6%. Find each investment. 

16. Part of $2500 is invested at 4% and the remainder at 5%. 
The latter yields annually $10 less than the 4% investment. 
Find each investment. 

17. Eighteen hundred dollars yields annually $104. Two 
hundred dollars more is invested at 6% than at the other rate. 
Find the other rate and each investment. 


18. A man has $4000 invested, part at 5% and part at 6%. 
The annual income is $216. Find each investment. 


19. Six years ago A was three times as old as B. Six years 
from now B will be half as old as A. Find the age of each now. 


20. If A were 4 years older he would be twice as old as B. 
Eight years ago B was three sevenths as old as A. Find the 
age of each now. 


21. A woman’s age 3 years ago was five sixths of her hus- 
band’s age. The sum of their ages is 50 years. Find the age 
of each. 

22. A father’s age is five times his son’s age. In 2 years theson 
will be one fourth as old as his father. Find the age of each now. 

23. A’s age is three fourths of B’s. Six years from now it will 
be four fifths of B’s. Find their ages now. 

24. Hight years ago B’s age was twice A’s. Four years hence 
it will be five fourths of A’s. Find the age of each now. 

25. A is 40 years old and B is 18. In how many years will 
A be twice as old as B? 

26. How many years ago was B three times as old as A if 
they are now 50 and 38 respectively ? 

27. The sum of the ages of a father and a son is 88 years. 


In 5 years the father will be three times as old as hisson. Find 
the age of each now. 
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_ 28. A collection of dimes and quarters amounts to $5.90. 
Find how many of each there are if there are 35 coins. 


29. A collection of nickels and dimes amounts to $4.85. 
There are 72 coins. Find the number of each. 


30. A collection of nickels, dimes, and quarters contains 
120 coins and amounts to $13.65. There are 4 more dimes 
than nickels. Find the number of each. 


_ 31. A can do a piece of work in 10 days, and B can do it 
in 6 days. Find the time required when both work together. 


32. A can do a piece of work in 6 days, B can do the same 
work in 10 days, and C and D would consume 8 days each. 
Find the time required when all work together. 


33. A can do a piece of work in 8 days. A and B together 
can do the same piece in 44 days. How long will B require 
alone? 

34. A can do a piece of work in 32 days, B can do it in 
3 days, and A, B, and C together require 1,°, days. How 
long will C require alone? 

35. A can doa piece of work in 10 days. After he has worked 
1 day B joins him and they finish the work in 8 days. Find 
the time which B would require alone. 

36. Two runners run in the same direction around a cir- 
cular 88-yard track, the first one in 18 seconds, the other one 
in 16 seconds. If they start together find the number of seconds 
before they will be together again. 

37. If in Problem 36 the two runners start at the same 
time and go in opposite directions when will they meet and 
where? 

38. Two motor cars starting together run in the same 
direction around a circular one-mile track, one at the rate of 
44 feet per second and the other at the rate of 40 feet per 
second. Find how soon they will be together and how far 
they will have gone at that time. 


39. If in Problem 38 the two cars start at the same time and 
run in opposite directions when will they meet and where? 
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40. The earth goes round the sun once in 365 days, and the 
planet Venus makes a similar movement in 225 days. When 
two planets are on the same side of the sun and the three are 
in a straight line the two planets are said to be in conjunc- 
tion. Show that the interval from one conjunction to the next 
is about 587 days. 

41. Jupiter goes round the sun in 11.86 years, and Saturn 
does this in 29.46 years. Find the number of years from one 
conjunction of these two planets to the next one. 

42. If Vo is the volume of a quantity of gas at zero degrees 
centigrade and V; equals its volume at any temperature ?, 
then Vi= Vo (1 +.00867 t). A quantity of gas at zero degrees 
centigrade has a volume of 250 cubic inches. Find the volume 
when the temperature is 50° centigrade. 

43. If water from a reservoir discharges through a ‘‘smooth”’ 
outlet h feet below the surface, then the velocity of the water 
in feet per second is expressed by the formula V = V2 gh 
where g = 32. Find the velocity of the water flowing out 
of a smooth nozzle at a point 16 feet below the surface of the 
water. 


CHAPTER XVIII 
LINEAR SYSTEMS 
Exercises 


Solve the following systems, and check as directed by the 
teacher : 


(.2+y=7, 3¢2+3y=—13, 5.14p—19¢q=80, 
y—-x=3. _ be-8y=— 29. 8p+2q=5. 


23¢+2y=1, 43¢7+2y=7, .6.9¢+2y¥=—2, 
82—Ty=10. 102-5y=0. “52-3 y=8. 


7.102—8y=5, Qrt+3y=—5, 
Ae ee, af O98 5a2—2y=9. 
8.2m —3n=—12, {0.22415 y=35, 


6m+5n=-—8. 82—-10y=— 45. 
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a ey 1; (x etY, c—y_ 26 
182+2y=—i38. 5 a eeetS: 
12.22—5y=—3, 2 yp a oe 
Ae Tay 1 7 qT 
mada 12y Ja+7b, 3a_3 
(13) = 64, Te a 
2x, 16y _ 742 6a—2b6 nce: ile 
5 ete ond 5 3 2 2 
ieoe te erty 7 i See 
14, 3 + Se hot a= 
a+3y,xz+2y_ 7 ame me 
ih ae: he, aa 
rt+y-—3 x4-y 8 
: ria 3 
e—ytdA we+ty—1_ ih 
2 ee aeseaae Ki 
he La 
uy 
2z2+3y=-1. 
Ba ge TT pg A 
20. — 3 +2=Ty 3” 
az, Ty _13_ 
2 66 
Saeed. ee LO 
ao 12° Se tot 
ee ee a Lee ee: 
ge Bap 120 Pict 
22. 2e+.7y=5.1, Py ele aren 3 
382 — .01 y = 2.35. ed 
Seats 
93. .72—-lly=4, Ae Tere ee 
85 ab27y=— 4.6. Q7,.20+7y=— 1.45, 
24,344.25 y = 4.25, Bigh MiabIe aug 
baat Tob ge 26.6: Bac ema: 
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Bt. eee 86. 42+ 5y=1.4a4, 
2 mR Ee ai , 82— .2y=—.1la. 

oe ca 37.2 + y=4, 

a 224+5y=123. 


29.2x2+3y=-— 5a, 


SAN 38.27+5y=-—1, 
62—-Ty= 33a. 5+2y=84. 
30. 2 3y 47m 
eee a fae 39.227+3y=-— 3, 
8x2—5y=138 Mm. F—¥as. 
31. .3 2 -+ -4= 1a, 
5.382¢2+2.3y= 9.9 a. 40, 2tY¥ 4 384—5y 5 
82. mz +y=4m, Le s i: 
wv , 2y_ 5+2m 454 = 
a oak 5m 4 3 12 
33.32+2y=5b, 47 cet Od eae 
x—5y=138b. 13 6 156 
2,5. ee Ne 
ag eae 3." 10 a0 
SD ae Doo™ a 
zy aT ae 
35. ax + by =c, a Te Dae 8 
dx — ey=f eo aip OA 
Problems 


{t. A collection of 23 coins consists of quarters and nickels. 
How many coins of each denomination are there if the col- 
lection is worth $3.15? 


.24 The sum of the digits of a two-digit number is 12. If 36 
is added to the number the sum is equal to the original num- 
ber with the digits reversed. Find the original number. 


3. A is now 11 years younger than B. Last year B was two 
and one half times as old as A. Find the age of A and of B. 


(4) The sum of the reciprocals of two numbers is equal to 3 e 
The sum of the pre swe: Find the numbers. 


pun ks ee) UWwky = ty thee, £1 re 8 
» AW Se Aes A. £ A gle lho» 
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/\5; Two numbers are in the ratio of 1 to 2. The reciprocal 
of the first plus twice the reciprocal of the second is equal to $e 
What are the two numbers? 


An airplane flying against the wind covers a distance 
of 300 miles in 6 hours. The return trip took 133 hours. What 
was the speed of the airplane, and how fast was the wind 
blowing ? 

7. A can do a piece of work in 8 days less than B. Working 
together they take 2 days. How long does each require to do 
the job alone? 

8. A and B together can do a job in 7 hours. A and B 
work together for 5 hours, and then B finishes the job in 16 
hours more. How long would it take A and B each to do the 
whole job? 

9. A sum of $50,000 is invested, partly at 5% and the 
remainder at 7%. The annual income is $3100. Find the 
amounts invested at each rate of interest. 

10. A train starts from A and travels west at a speed of 
40 miles per hour. An hour later a second train starts from a 
point 50 miles east of A and travels west at a speed 15 miles. 
per hour greater than that of the first train. How long before 
the two trains will be together? 

11. There are 7 coins in a collection of nickels and pennies. 
How many of each are required to make the collection worth 
p cents? 


12. A fraction has a value of . If cis added to both numera- 


tor and denominator, the fraction becomes equal to d. Find 
the original fraction. 

13. A works 4 times as fast as B. The two working together 
can complete a job in n days. How long would it take each, 
working alone, to do the same work? 

14. Two boys balance on a seesaw when they are 10 feet 


and 5 feet from the fulcrum respectively. How much does each 
boy weigh if the sum of their weights is 180 pounds? 
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15. Find the two numbers whose sum is s and whose differ- 
ence is equal to c 


16. A boy weighing 75 pounds balances a boy weighing 
60 pounds, on a seesaw. If the distance between them is 
27 feet, find the distance of each boy from the fulcrum. 

17. A triangle has an altitude of 2 feet and a base of a feet. 
How much must the altitude be increased to double the area, 
if the base is reduced 3 feet? 

18. A boat going m miles per hour in still water travels 
upstream and back in ariver. If the trip up took 2 hours and 
the trip back took 1 hour, find the distance traveled in terms 
of m, and the speed of the current. 


Review Exercises 


Solve: 
1. 2(0 + 4) + 8(a — 5) = 21. 

CVA oe 38.32—5y= 29, 
+ 5 Ne 2x—-—10y= 46. 
Divide: 


4. a° + ab — ab? — b? by a+ Bb. 

5. 3 xt + 23 xy + 12 xy? — 33 xy? — 5 yt by 2274+ Try t+ y?. 
Factor: 

6. 21 x? — 29 x — 10. 7. x? +2 xy + y? — b?. 
Multiply : 

8.34274 Tayt+y? by 22?-—Tary4+3 y?. 

9. x3 — 5 xy? + y4 by 2? 4+ 5 y?. 


Perform the indicated operations and reduce to simplest 
terms : 


WO. oe tant?) * Gea) 


_ 2\ 2x - 22524 
11. (ree [ere at a (2, 2 cy + y? _ 2 
Eo? Bah lana 15 
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Write as fractions and simplify results: 


ene 
Se - 


13: (2m+3n— 2 )=(m—n4 men), 
m—n z 


14. The sum of two numbers is 117 and their difference is 87. 
Find the numbers. 


15. A certain point has an elevation above sea level of 
— 25 feet. What is the elevation of a point twice as far above 
sea level? What is the elevation of a point 50 feet higher? 
75 feet lower ? 


16. A man is 25 years older than his son. The sum of their 
ages 5 years from now will be 65 years. What are their present 
ages? 

17. One number is four times another number. Their sum 
is 20. Find the numbers. 


18. Three boys have 30 marbles divided between them in 
the proportion of 1, 2, and 3. How many marbles does each 
boy have? 

19. If New York State has 2 million less than twice as many 
inhabitants as New York City, and New York State outside 
of the city has two thirds as many inhabitants as New York 
City, find the size of New York City. 

20. A local train starts out on a run of 150 miles. Two hours 
later an express train, traveling 20 miles per hour faster than 
the local, starts out on the same run. If the two trains reach 
their destination at the same time, find the speed of each train. 

21. The numerator of a certain fraction is 2 less than the 
denominator. If 5 is added to both numerator and denomi- 
nator, the resulting fraction is equal to the original fraction 
with 1 added to the numerator. Find the original fraction. 

22. The numerator of a certain fraction is 3 less than the 
denominator. If 5 is added to the numerator the value of the 
resulting fraction is 1}. What is the value of the original 
fraction? 
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CHAPTER XIX 
GRAPHS OF EQUATIONS 
Exercises 


Plot the following points: 
Eo, 3) 7 (5,2) 5) (0; = 3) 5 G0, — 2) (Ef). 
2. (— 7, — 3); (— 2, —5); (12, 3);-G, 1.3); (4,—.5). 


Plot the graphs of the following equations: 


8424+ 7y=5. 6.r+y=3. 

4,2x4—3y=0. 1. —382+24y =10. 

5.62+2=y. 8. —y—-—827=1. 

Solve graphically the following systems: 

i Vi i 12.x<+2y=—6, 
8x2—5y=4. 22— 5 15s 

10. «7 — 13 y = 27, 18.2%2+-2y=4, 
82—lly=25. 3e+5y=8. 

11.72+5y=-—18, 14.19%+2y=-— 108, 
8ea+ty=-—9. 13 «+ 25 y = — 165. 

Problems 


1. The average force with which a falling body strikes the 
a + W, where F is 
the average force of the blow in pounds, W is the weight of 
the falling body in pounds, s is the distance in feet. through 
which the body has fallen, and d is the penetration or the dis- 
tance in feet the body sinks into the ground when it strikes. 
Plot this formula for F and d, when the weight, W, is 100 
pounds, and the distance, s, is 50 feet. How great a force will 
be exerted if the body penetrates 1 foot into the ground? 
3 feet? 6 inches? no distance at all? If the greatest force 
which the ground can supply when the body strikes is 1000 


ground is expressed by the formula F = 
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pounds, what will be the penetration of the body? What will 
happen if the place where the body falls cannot exert a force 
greater than 150 pounds? 


2. A weight attached to a string and swung in a circle exerts 
W Rn? 
2933 
F is the pull on the string in pounds, W is the weight of the 
body attached to the string in pounds, R is the length of the 
string in feet, and n is the number of revolutions per minute 
that the weight is swinging through. Plot this formula for a 
2-pound weight attached to a 1-foot string. What is the pull 
on the string if the body is swung 200 revolutions per minute? 
100 revolutions per minute? How fast must the weight be 
swung to exert a pull of 10 pounds on the string? 25 pounds? 
20 pounds? 


3. The area, A, of the surface of a sphere is given in the 
formula A = 4 wr?, where r is the radius of the sphere. Plot 
this formula and from the graph determine the area of a 
sphere of radius 5 feet, 10 feet, 2 feet. What is the radius of a 
sphere of area 1000 square feet? 500 square feet? 100 square 
feet? . 


a pull on the string expressed as follows: F = , where 


Review Exercises 


Perform the indicated operations: 


Jere Dy, £2 x a 
1. (222+324+9 272-227) + Rae 
3 — 214? 
2.—[22+3y—-(e—4y)l=+(2 tAey v), 
eat bude teua (ew. 9n+3y |: 
age 3 (0x—Ty)+3y—(7a—3y) 


3 


Solve: 


4.34¢+257T27—5. Sir aa ea 


§& 117+3=5—12 72. 1 dy + = 59. 
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Factor : 


8.422? +42y+ty?—49. 9.3 ar+2ay+3 br +2 by. 
10. 6 x? — 11 zy — 10 y?”. 


Solve the following linear systems: 


2 Sipe 5. erty ta 104 | 
1g a ay 12. 3 Rares 15” 

32 1, betoy 20g 

apes 4 7 : 


138.32+10 y= 382, 
4x2—30y=21. 


14, a+ pe ete 


DOES Ziyi 12.44. 


15. Two boys caught 12 fish. If one caught 4 more than the 
other, how many did each catch? 


16. A rectangle has a perimeter of 18 inches. If it is 1 inch 
longer than it is wide, find the dimensions. 


17. Find three consecutive even numbers whose sum is 24. 


18. A starts from a certain spot and walks north at a speed 
of 3 miles per hour. B starts from the same place 2 hours later 
and goes south on his bicycle at a speed of 10 miles per hour. 
How long before they will be 30 miles apart? 


; 19. The sum of a certain number and three times its square 
is equal to 2. Find the number. 


20. Two weights are in the ratio 2:3. Their difference is 
5 pounds. Find the weights. 


CHAPTER XX 


SQUARE ROOT 


Exercises 
Find the square root of: 


1. 25 a? + 60 ab + 36 2. 3. 4 d? — 20 df + 25 f?. 
2.9 x* + 42 xy? + 49 y8, 4. 25 n* + 30 n? + 9 n?. 
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5. 27+ y? + 224+ 2 cy —2 xz —2 yz. 


Zoe 
ee 4 ————— 1s 
6.9 x 5.cy + 36 
7 ALage = Spe 9 y6 
325 155 16 


Find the first three terms in the approximate square root of: 
8. 36 227+ 5 xy +15 y2 + 25 93. 
9. 16 ©? — 15 xy + 25 y?. 

10.92*+3234+162?+527—-8. 

11. x6 + 3 wy + 2 xty? — 10 28y3 + 6 x2y* + 25 xy® — 16 y®. 


Find the positive square root of the following numbers to 
four significant figures: 


12. 9.0653. 16. 1492. 20. 151.273889. 
13. 1000. 17. 4,896,521. 21. 1.29684. 
14. 1898.25. 18. 49.87652. 22. 143. 

15. 6,276,666. 19. .00087315. 23. 577. 


In the following right triangles find the missing side when: 


24. Hypotenuse = 164 inches; side = 100 inches. 

25. Side = 25-feet; side = 75 feet. 

26. Side = 1 mile; hypotenuse = 7480 feet. 

27. Find the length of a path running diagonally across a 
rectangular park 100 feet wide and 150 feet long. 

28. A cube has an edge of 3 inches. Find the length of the 
diagonal of the cube. 

Hint. The diagonal of the cube is the hypotenuse of a right triangle 


whose sides are the edge of the cube and the diagonal of one side, 
respectively. 


29. The area of the surface of a sphere is expressed by the 
formula A = 4 zr?, where r is the radius of the sphere. What 
is the radius of a sphere whose area is 200 square feet? 1 square 
mile? 1 square inch? 
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30. A man walks around a city block which is in the form 
of a square. If he could have walked along the diagonal 
and back, he would have saved 400 feet. Find the dimensions 
of the block. 

31. Find the altitude and the side of an equilateral triangle 
whose area is 140 square feet. 


Review Exercises 
Simplify : 
1. (2a—56+38a+2(a—5b)+84] ; 
x[8a+2b—- (4a—b)4+20(1+22)]. 


2a—5b 3a+5b—(2a+6) 16a+2(+6) 


9a 3(a — 2 db) 9(a — 2b) 
9, 2 +a—6 (a + 2) eet Oe, 
Beigel) 2.0% gues en? a — 3) 
Factor : 


4.2ab+8a+12+30. 

5.10 ax+15b44+1027+14ay4+ 21 by+14y4+2az 
+3b2+22. 

6.3a°+8a?+4a. 

7. 18 «2 + 31 wy — 35 y?. 


Solve: 
8.38¢+7=8 x. 11..2%7+38y=-2, 12,242 =3, 
9.27+32=10. Ie +38 y= Is. a 2 
10. 6 x? + 87 x = 60. 7, ee 
Le RS Me SE raced | age 
SRE Ree tb. 


Solve graphically : 


14.62+4y=7, 15 ety, y 9 2r—-5y_Tx_ 43. 


22=y. 2 Soma 6 OB 5080 
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16. The front wheel of a wagon has a diameter 1 foot less 
than the diameter of the rear wheel. How far has the wagon 
gone when the front wheel has made 150 revolutions more 
than the back wheel, and the two wheels together have made 
a total of 750 revolutions? 


17. There were 100 children at a picnic. If there had been 
5 more girls there would have been half as many girls as boys. 
Find the number of girls and boys present. 


18. A man wishes to run an aérial for a radio from a point 
on his house, 25 feet above the ground, to the top of a 20-foot 
pole at a distance of 50 feet from the house. How much wire 
will he need to reach between these two points? 


19. A man receives as pay $40 per week. During illness he 
receives half pay. For a 25-week period he received $900. 
How many weeks did he work and how long was he sick? 


20. It is found that a 50-foot rope stretched from the top 
of a flagpole reaches the ground 15 feet from the base of the 
pole. Find the height of the flagpole. 


CHAPTER XXI 


RADICALS 
Exercises 

Simplify : 

1. V45. 7. V9 a3, 13. 9V16 m®. 

2. V200. 8. V3 x4. 14. V3 x(a — b)?. 

3. V108. 9. 4V25 y. 15. 8V252(x + y)2. 

4, 3V18. 10. Vx5, 16. V(2 + y) (x? — y?). 

5. V375. 11. V29 25. 17. V3 02 +6 cy +8 y?. 


6. 2V72. 12. V2x5. 18. V4 a2 — 16 ab + 16 b?. 
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Simplify and collect : 


19, V27 + V75. a3. prea bvass Laie 
20. 2V50 + 2V8. | } 2 : 
Q1. 12V32 — 7V2. 24. 12Va+hVia+ vata). 


22. Vx8+ w/t ave. 25. Vz3 + 122Vz+ VB8iz". | 


Simplify : 
o.Vi. fa.2Vh45V82 
a7. VA. P38. 8V27 + ee ~ 2Vvi2. 


98.3VE3, 34, 8125 +20 V4 —10 V4. 
7“ 3-780 


VE 35. Via +VE + 3VgL 


36. 45 V dy Savas bie kee cy 
37. 15V(16 a? +16a+4)a—5V(2a+ aie) 


Perform the indicated operation and simplify results: 
Gs) 32-108. (40) V8(v3— v2). 
89) 5V75 - 6 V147. 46. V10 (v2 — V5). 


40, av8 -bV50. 47. (V3. — V10 +2V5)\C ovens 
41, 2V8-V5. 48. (V2 4+ 3)(8V2—5). 
49, V2 -V10%~ AR (2V3 —5V2)(9V24+3-V3). 


ea x= «50. (44+ 8VF-+ 2V10)(5-V2 — EV8), 

@) an 51. (2V2+5Vy)(8Vz—6Vy). J 
44, Neat (Ba 5% Va@+y@—y)-VBa—By. 

3a 3 58. 3V (a2 — 2 — 6) - Via? + Ba + 6). 

54. (Va ty t+3Vy — Vy—2)(2Vy). . 


¥ 
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Find the radical expression having a coefficient 1, which is 
equivalent to each of the following: 


55. 2V2. ‘56. 5V10. 57. 15V3. 58. 2V'75. 
Rationalize the denominator of the following expressions: 
V30 v2 — v8 2 
59; ——- 615 — 63. —.- 
V5, V2 . Ve 
en. 2 peered, ga, 15a, 
v6 v3 4V3b 
gs, SV ey, gene. e7, 3YZ. gs, 2¥ ty, 
2uVy 6V54 “Avy 10 Vzx 
Find to three significant figures the value of: 
BOG oe 3 18-V2 
69.9 + 6V2. es EES 
V5 6V3 —2V5 
70.2V34+8V2, 79, V91+3V6 ay BV2 
v2 7V10 
Write in radical form and simplify results: 
75.9 aby 77. 5(ay)*. 79. 7(a*)*(b3)?, 
5 13 ee | 1, 5 2, 8 
76. 2 a®b?°, 78.52% y%?, 80. 3(x?)® - 4(y®)® 
Problems 


1. One side of an equilateral triangle is 24 feet. Find the 
altitude and the area. 


2. A man walks 2 miles east and then } mile north. How 
far is he from his starting point? 


3. The area of an isosceles right triangle is 125 square feet. 
Find the length of the hypotenuse. 


4, The formula for the area of a sphere is A = 4 wr?. Find 
the radius in terms of the area. Using this result determine the 
radius of a sphere having an area of 10 square yards. 
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5. How many spheres of radius 1 foot will have an area of 
100 square feet? 

6. If an airplane can climb at an angle of 30° with the hori- 
zontal, how far will it rise in 15 minutes when its speed with 
respect to the horizontal is 50 miles per hour? 

7. The area of a square is 5 square feet. Find the length 
of the diagonal. 

8. A tent is made from a sheet of canvas 13 feet wide 
stretched over a ridgepole. The edges of the tent are pegged 


to the ground. How high should the ridgepole be, if the tent 


is to have a spread of 8 feet on the ground? 


9. A 20-foot pole leans against a point on a wall 15 feet 
from the ground. How far from the foot of the wall is the 
lower end of the pole? 


Review Exercises 


Ifa=5,b=2,m= — 38, x=1, and y= 4, evaluate the follow- 


ing expressions, carrying all answers to three significant figures : 


1. 2Vbx + mvVy. Gye 3 mVa2 +3 xy — 9. 
2, aVb8%x? —2Va + 2. g, 2 av me + 2 me ty? 
c+ Vaeyty 
9, Mt aVva , aVy +2. 7 3V— mi ova 
Va+y m 2v8y ME 
4. [i+ 8V2 a+ me. , 19/2 — ae 


a aa 
Solve for x and y: 


9, 22+38_4 10. tm _»9 11, 2t2a_%—-5a 


9 : “e+n ; 3a a 
32+59 2 2 3 13 
12. 5 . — ie , 
15 =a d 14 Ene 5 
2%+9y=18. 510 gi Tee 
13.22+5y=—4, oe 4S 


82—21y=201. 
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Extract the positive square root of: 


15. 81 2? + 234 xy + 169 y?. 

16.4%724+122+4+9. 

17. 9 x? + 42 xy + 12 we+ 28 yz +49 9244 22, 

18. a? + 6 ab — 10 ac — 80 be + 9 62 + 25 ¢?, 

19. A cloud is seen by one observer to be directly overhead. 
A second observer sights the same cloud along a line making 
an angle of 60° with the horizontal. If the distance between 
observers is 2 miles, find the height of the cloud. 

20. The sum of three consecutive odd numbers is 69. Find 
the numbers. 

21. A man is now three times as old ashis son. Five years ago 
the man was five times as old ashisson. Find their present ages. 

22. A has $20 now while B has only $5. A increases his 
money at the rate of $10 per week, while B increases his money 
at the rate of $13 per week. How long before B will have as 
much money as A? 


CHAPTER XXII 
QUADRATIC EQUATIONS 
Exercises 
(Obtain all answers correct to three significant figures. ) 


Solve by completing the square and check as directed by 
the teacher : 


1.927?+247+16=0. 9.9 77+ 187 —2= 0, 
Pe eae 10. 2?2+382—#=0. 
3.10 27+17x-—20=0. 11. 49 x? — 41 x— 28=0. 
4.1442?—-—52= 39. 12.227-—52+3=0. 
§. 7427+ 6= 28 x. 13. 27 +9.82—5.15=0. 
6. 6 w? —a2 = 57. ke 14. 77+ 952+ .15=0. 
7. 22 y2-—49 y—15=0. Tp 2A 8 

8 B) 0 ue 


~622—2x-1=0. 
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9 20.2272-132-—6=0. 
1g 2. 

saa oa Oia 5ee? — 1 ae 

2e+3 2e+2 ky DIP Ne oe Pie ee mito 
17: a —8=0. 

ett aN Met 23.13 22+252—-2=0. 
18. 27+2272-—9=0. 24.27+ 517+1=0. 
19.13 2—27+4+21=0. 25.327—42+1=0. 


Solve the following systems, and check as directed by the 
teacher : 


26.3274+2ay7+5y=3, 28. 14 22-—9ary+y?=6, 
824+2y=4. 12y—41x72=— 29. 
Q7.22 + ay + 4y?= 83, 29. 7x?+3 xy —10y?=7, 
9x—5y=4. xa Als) Ti ee 
Problems 


(Reject all results which do not satisfy the conditions 
of the problem.) 


1. Find two consecutive numbers whose product is 182. 
2. Find two consecutive odd numbers whose product is 399. 


38. What three consecutive even numbers have a sum equal 
to one half the product of the two larger numbers? | 


4. A man takes an express train from A to B, a distance of 
100 miles. He then returns on a local train. The total time 
required was 54 hours. If the express train traveled 20 miles 
per hour faster than the local train, find the speed of each. 


5. A rectangle has a diagonal of 15 inches. If the length is 
8 inches more than the width, find the area of the rectangle. 


6. A man drops a stone from an airplane and sees it strike 
the water 5 seconds later. Find the height of the airplane and 
the vertical speed of the stone when it struck the water. 

7. A man on the top of a 200-foot cliff drops a stone over 
the edge into the water. How fast was the stone traveling 
when it reached the water? 


8. The sum of the squares of two numbers is 65. Their 
difference is 38. Find the numbers. 
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9. A certain sum of money yields $600 annual interest. If 
the principal were reduced $5000 and the interest rate raised 
1%, the annual income would be reduced $100. Find the 
original principal and rate of interest. 

10. The altitude of an isosceles triangle is 8 inches and its 
perimeter is 32 inches. Find the sides of the triangle. 

11. The perimeter of a rectangle and its area are both ex- 
pressed by the number 28.8. Find the dimensions of the 
rectangle. 


Divide: 
1. 323+ 9x? +7 xy — 33 zy? —4y?2+ 18 x3 by 8x-—2y. 
2. 834—45 ab—81 b?—9 a2b2— 21 ab3— 10 bt by 2—3 ab—5b?. 
3. 21 x? — 22 ax? +41 br — 4 cx — c? — 8 a2x? — 32 abx — Gace 
+18 b?— Tbe by 8x—4ar4+2b-«. 
Factor: 
4.ad+ae+ af+bd+ be+ bf+cd4+ cet cf. 
5.627+ 427-2, 
6. 2 a?+ 6 ab —3ac— 9 be. 
7. 2x7 + cy — 15 y?. 


Review Exercises 


Find the positive square root of: 
8.9 27+ 12 xy + 544+ 86y¥+4 y?2+4+ 81. 
9.4a%?+12ab—4ac+ 9 b?+ c2— 6 be. 
10. 4,893,275 to four significant figures. 
11. .0132896 to the nearest hundredth. 
12. 233 to the nearest thousandth. 


Solve for the unknown involved: 


1S} yp ae te <1 

14. 12 x? = 36 2. ne 3 Apart 

15.523 +10x7=0. EO ess 

16. 24 x2 — 22 x—21=0. Geeeato 5 

17. 25 2? — 30z2+2=0.° 20. .25 4 — .5y = — .275, 
18.22+3y=1, 387 2 + .13 y = — .3635. 


9x—2y=20. 
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21. A man has a tent made in the form of a rectangular sheet 
of canvas 10 feet by 15 feet. The tent is set up by stretching 
the canvas over a rope and pegging the two 10-foot sides to 
the ground. How high above the ground must the ridge be 
to give the maximum number of cubic feet under the tent? 


HINT. Graph the formula for the volume of the tent in terms of 
the altitude. 


22. A rectangular figure has a perimeter of 100 feet. Find 
the maximum area of such a figure. 


23. The diagonal of a rectangle is 75 feet. Find the length 
and breadth, if the perimeter is 200 feet. 


24. A freight train has 20 cars. There are one more than 
three times as many box cars as tank cars, and 4 more flat cars 
than tank ears. How many cars of each kind are there? 


25. Two men start at points 2 miles apart and walk toward 
each other. If one man goes 3 miles per hour and the other 
man walks 83 miles per hour, find how long before they meet. 


SUPPLEMENTARY CHAPTER 


INTRODUCTION TO TRIGONOMETRY 


Exercises . 


Solve the following right triangles, obtaining all results to 
three significant figures : 


1eeAc = 132 0 Se ol senateets 
Bi 81 9 c = 100 feet. 

. B= 40° 50", a=18% feet. 
(=oetect C= ipsiect. 
AS19232. Ol= Zan ehies. 

. b=183 yards, a = 29 yards. 

~ As=15° 37’, c= 101 inches: 
..B=48°2’), c=} rod. 


onrtawn fF wo Ww 


» 
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B.2A = 22°20’, >. b= Lmille. 
10. B= 5° 39’, @= 2.5 feet. 
Ti B71 89" b= 2327, Inches. 
AZAR 02 to .O=15.7 fect. 


In the following triangles one side and an adjacent angle are 
given. Find an altitude of the triangle: 


18. 25 yards, 23° 45’, 16. 1 inch, 37° 11’. 

14. 16 feet, 72° 12’. 17. 32 feet, 12° 1'. 

15. 2 miles, 78° 23’. 18. 17 feet, 32° 5’. 
Problems 


1. A telegraph pole 30 feet high casts a shadow 25 feet long. 
Find the angle of elevation of the sun. 


2. A stake driven into the ground at an angle of 75° with 
the horizontal casts a shadow 8 feet long when the sun is 
directly overhead. Find the length of the stake. 


3. A surveyor finds that if three points, A, B, and C, are 
connected by straight lines, the angles formed at the points 
B and C are 32°19’ and 90° respectively. If the distance from 
B to C is 423 feet, find the distance of A from both B and C. 


4. The angle of repose for a certain sort of loose earth is 
40°. What will be the area of cross section of a pile 10 feet 
high? What is the width of the base of the pile? 

5. A boat travels northeast 2 miles and then turns and 
travels northwest for 5 miles. How many miles is it north of 
its starting point? east or west of its starting point? 

6. A sailing vessel has a mast 75 feet high. A stay running 
from the masthead to the rail is 80 feet long. Find the width 
of the boat at the point where the mast is placed. 

7. A Maypole 20 feet high is fitted with ribbons 30 feet 
long attached to the top of the pole. Find the radius of the 
greatest circle in which the children may dance around the 
pole, if the lower ends of the ribbons are held 3 feet above 
the ground. 
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8. A man leaves a 10-foot ladder leaning against a house 
so that the ladder makes an angle of 78° 15’ with the hori- 
zontal. How far up on the side of the house can he paint, if he 
can reach 6 feet above the end of the ladder? 

9. A man places two ladders against a house. The foot of 
each ladder is 5 feet from the side of the house. If one ladder 
is 10 feet long and the other is 15 feet long, find how far the 
top of the longer ladder is above the top of the shorter ladder. 


3 - 7 Hea — 
Se a SE etl ye Ne a EN a EE ER ee ee a 


SAMPLE NEW-TYPE EXAMINATIONS! 


PREPARED AT THE REQUEST OF THE COLLEGE ENTRANCE EXAMI- 

NATION BOARD FOR THE INFORMATION OF TEACHERS AND TO FACILI- 

TATE EXPERIMENTS AND OBSERVATIONS IN SECONDARY SCHOOLS 

WITH A VIEW TO DETERMINING THE VALUE OF SUCH TESTS, BY 

THE INSTITUTE OF EDUCATIONAL RESEARCH, TEACHERS COLLEGE, 
COLUMBIA UNIVERSITY 


INSTRUCTIONS 


The time allowed for each of these tests is 90 minutes. When the 
signal to go is given, begin with No. 1 and do as many as you can 
before time is called. In general, do No. 1 first, then No. 2, then No, 3, 
and so on until all are done. However, if you do not know how to do 
some of them, go ahead to the next ones. That is, first do all that 
you are sure you can do; then go back and do the others if you have 
time. Write your answers very plainly. If you finish before the time 
is called, go back and perfect your work. Do not hand in your paper 
until time is called. 


1 Reprinted through the courtesy of the Institute of Educational 


Research, Teachers College, Columbia University, and the College 
Entrance Examination Board. 
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TEST I 
Perform the indicated operations: 
1. (502 +4-—3 a?) + (a2? -2-—7a?—5). 
2.(—2a3 —10a—4a3)+ (5a4+3a3—4a). 
3. From 3a+ 46 subtract 5a—9b-—3e. 
4. From 5a — b — 2¢ subtract 3¢—3 a. 


= 2y2 
5.8a+8b6—(8a+6D). isan po 
6. (5d—e) —(Te4+2f). mn 

2. 3 

77d xX 2 de?. tease ee 
8. de? x de. a, m2np _ min — mp _ 
10. 4 e? + e(— 4e — 3). 15. (mn) (m2n’). 
11.5 np —3 p(4n+3 p). 16. (2a—7)?2. 


17. If a=2, and b = 3, what does 5 a? — 2 ab equal? 
18. If a=.7, and b = 1.2, what does 2 a? — 5 ab equal? 
19. If a=1, b=2, c=.4, and d=100, what does a2 —b+cd equal? 


20. Ifa=12,b=6,c=5,d=8, ande=1, what does *#[ab+c(d—e)] 
equal? 


a ree: df yf 
21. d= 2. e— >, ) =4.ewhae does 77 — equal? 
22. d= * What doesfequal? & 
pid el 9 
23. WR What does W equal? 
24. ne = Ea What does V equal? 
ge Ti 
25.4q=7q+ 5. What does q equal? 
26.15=7w—4. What does w equal? 
27. ¥ =a—2. What does V equal? 
6 iat 

— — ? 
28. Pe aes 0. What does wu equal? 

bibs ; Ane 
2oeR— bi, be, c1, and Ce are all positive. 
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Write “larger” or “smaller” or “* you cannot know” on the dotted lines. 
Tebbecomes larger, P will become ~ 4.46 fe. 
Top becomestiargver, will become. +2 5 ies 


Tie; becomes langerP will’become § - 222.2 see 


Tf ce becomes larger, P will become 2 LS POD Re RAG eh 


30. N=2_ de — +e. a, b,c, d, e, f, g, and h are all positive. 


g+ 5 
Write “larger” or “smaller” or “you cannot know” on the dotted lines. 
iosecomes larger, will become “===! _. 222277 Ge 
iiib> becomes larger, N-willbecome  —_2..- ou. 22°. 2 
e ligcibecomestlarver-sNewill: become: 42 2204 oe 
itedspecomes larger Newill: become =~. 22 =. 222 See 
If e becomes larger, N will become ________________=_ 
lie gbecomeslarger“N will become. 25.2.2. 2. 22. 9272S 
lifgebecomes larger,.Ni will. become: > ...-2 2-2) 2e 2 2 
iiviabecomes larger: Newill become “sv as) 2 eee 


31. If a=1, b=10, and c=100, express 216 in numbers and letters. 

Express 2.16 in numbers and letters. . 

32. To two times a certain number 2 is added. From three times the 
number 7 is subtracted. The two results are equal. What is the number? 

Use cross-section paper for Nos. 33, 34, 35. 

33. Make a little cross (x) at the point for which « =2 and y=3. 

Make a little circle (OC) at the point for which x = — 4 and y= 1. 

Make a little triangle (A) at the point for which x = 14 and y = — 4. 


34, Draw a graph of y=142—5. Mark it No. 34. 


85. Draw a graph of y ze +8. Mark it No. 35. Draw enough of 


it to show clearly that you understand it. 


36. Find two numbers such that: 

Twice the first, if added to three times the second, equals 2. 

Six times the second, if added to ten times the first, equals 7. | 

37. What is the length of the diagonal of a rectangle, if the sides of 
* the rectangle are 8 ft. and 6 ft.? 
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38. Multiply Ne ie a 
a 


39. Write a plus sign (+) on the dotted line if the statement is true. 
Write a minus sign (—) on the dotted line if the statement is false. 


ab _ Vabed 
cd ed 35 ee 
Vavove=Vatb+e SS ET DN 8! a IN 


40. Write words and letters on the dotted line to make the state~ 
ment true. 


TEST II 


(The instructions for this test are the same as those for TrsT I.) 
Perform the indicated operations: 

1. (662+ 9 —2 b?) + (4b? -7—6 b? —6). 

2. (—6ad—2c+2ad)+(Te—38ad+4c). 

8. From 8 a — b — 4¢ subtract 5 b — 8c. 

4. From 4a— 5b subtract 2a—9b+5c. 


5.a—Tb—(b—80c). 12. m + 2mm | 
6. 7 de? — d(2 de — 8). mn 
7.6d x4 de. 13. 
8. 5 de? x 5 def. ey 
14, m —~2M=9n, 
9.382 2-18). 3 
10. 5d?4+d(—3d-—8). 15. (5 m?)(6 m3n). 
11.2np+p(3m—n). 16. (7a +2)(8a+4+7). 


17. If a=2, and b = 8, what does a? + 6 a2b equal? 


1S eli co——eles. ath oe 


me what does 3 + 2 equal? 


2 


‘ 
4 
‘ 
r 
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19. Ifa=16,b=3, c=.8, and d = .16, what does a2—b +8 equal? 


20. If a=5, b = 3, and c = 2, what does 4] + (6— 0 | equal? 


ard 
21. Ifd=2, e=8, and f = 4, what does 


5 equal? 


Es Gh ee " What does e equal? 


nH 
= . ? 
23. C Ba. ee What does R equal? 
24.W = aul What does n equal? 
tDnt 


25.2q¢=7q+2. What does g equal? 

26. 21 =2 W —8. What does W equal? 

27. 2aV +b6=c. What does V equal? 
8u+25 Tu—2.5 

ae | ene 

29. P=a—g(hi — he). a, g, my, and hz are all positive. 

Write “larger” or ‘‘smaller’’ or “you cannot know” on the dotted lines. 


» What does u equal? 


If a becomes smaller, but not so small as zero, P will become____ 

If g becomes smaller, but not so small as zero, P will become____ 

If h; becomes smaller, but not so small as zero, P will become____ 

If hz becomes smaller, but not so small as zero, P will become____ 
1 


30. P=a—; C(Gi=s0) 230 =), = 4 CO =3d ee il. 


What will P equal: 
If ais increased to 6, b, c, d, and e remaining unchanged? _______ 


Tf b is increased to 5, a, c, d, and e remaining unchanged? _______ 
If cis increased to 4, a, b, d, and e remaining unchanged? ____-__ 
If dis increased to 3, a, b, c, and eremaining unchanged? _______ 
If eis increased to 2, a, 6, c, and dremaining unchanged? _______ 


31. If the formula for the capacity of any tank in cubic inches is 
lbh, what is the formula for its capacity in cubic feet? 
32. A certain number plus three fourths of itself equals 7 sub- 
® tracted from twice the number. What is the number? 
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Use cross-section paper for Nos. 33, 34, and 35. 


33. Make a little cross (x) at the point for which = 5 and y =2. 

Make a little circle (O) at the point for which x = — 3 and y= 4. 

Make a little triangle (A) at the point for which x = 24 and y=—2. 

84. Draw a graph of y=32+7. Mark it No. 34. 

85. Draw a graph of y = Va. Mark it No. 35. pre enough of it to 
show clearly that you understand it. 

36. Find two numbers such that: 

If twice the second is subtracted from three times the first, the 
result is 1. 

If the second is added to twice the first, the result is 10. 


37. Write a formula for a man’s total yearly income JI, if he has 
a monthly salary of M dollars, receives a pension of P dollars quarterly, 
and averages C dollars a week commission. 


88. If a= 2, b =3, c= 36, what does Vab \ equal? 


39. Write + on the dotted line if the statement is true. 
Write — on the dotted line if the statement is false. 


Neil cae 2 N/ES 0) (tO ea ae ad 


emt 


40. The dotted line is the graph for y = 2. 
Draw the graph for y = 4. 


INDEX 


Abscissa, 277 

Absolute value, 37 

Addition, check for, 52; of dis- 
similar terms, 49 ; in equations, 
56; of fractions, 192; of nega- 
tive numbers, 36, 87; order of, 
49; of polynomials, 51; of rad- 
icals, 306; of similar terms, 48; 
by use of scale, 34 

Algebra, derivation of name, 75 

Algebraic expression, 5 

Algebraic fractions, 182 

Algebraic sum, 37 

Angle, right, 342 

Arabic notation, 227 

Arabs, 4, 75, 117, 227, 300, 305 

Arrangement, 96 

Ascending powers, 96 

Axes, 277 

Axioms, 56, 57, 58 


Bacon, Roger, 227 

Binomials, 51; difference of 
squares, 156; product of two, 
189, 141; square of, 1384 

Braces, 83 

Brackets, 83 


Cancellation, 184 

Cardan, 335 © 

Center of gravity, 237 

Changes of sign in a tritttion, 198 

Check, of addition, 52; of divi- 
sion, 114, 117;- of equations, 
256; of multiplication, 97; of 
subtraction, 70 

Clearing of fractions, 215, 216 

Coefficients, 18 

Completing the square, 326 


Complex fractions, 210 
Constant term, 169 
Co6rdinates, 278 
Cosine, 343 
Cotangent, 343 

Cubic equations, 174 


Decimal equations, 224 

Degree of an equation, 169 

Descartes, René, 4, 42, 284, 335 

Descending powers, 96 

Difference of squares, 156 

Diophantos, 334 

Division, check for, 114, 117; in 
an equation, 58; of fractions, 
207; inexact, 116; by a mo- 
nomial, 108, 111; by a poly- 
nomial, 113; of positive and 
negative numbers, 42, 43; by 
radicals, 8316; by zero, 43 

Divisor, inverting, 208 


Elimination, by addition and 
subtraction, 254; by substitu- 
tion, 258 

Equations, 12, 55; changes of 
sign in, 74; check of, 256; of 
condition, 72; containing deci- 
mals, 224; containing frac- 
tions, 215; cubic, 174; degree 
of, 169; graphs of, 276; in- 
determinate, 252; linear, 169; 
literal, 124, 231; members of, 
55; quadratic, 169, 325; roots 
of, 73;- simple, 169; simul- 
taneous, 253, 260; solution by 
factoring, 169, 170; systems 
of, 253; transposition in, 74 

Equivalent fractions, 189 


419 


420 


Exponents, 17, 319; in division, 
108; \in multiplication, 90. 

Expression, algebraic, 5; mixed, 
202 


Extremes, product of, 239 


Factoring, 144; difference of 
two squares, 156; general di- 
rections, 166; by grouping 
terms, 148; quadratic trino- 
mial, 152, 161, 164; solution of 
equations by, 169 

Factors, 16, 18, 185; common, 
184; monomia!, 146; prime, 144 

Formula, 5, 6, 228, 234 

Fractional equations, 215 

Fractional exponents, 319 

Fractional radicands, simplifica- 
tion of, 308 

Fractions, addition and subtrac- 
tion of, 198; algebraic, 182; 
changes of sign in, 198; clear- 
ing of, 215; complex, 210; 
division of, 207; equations 
containing, 215, 221; equiva- 
lent, 189; multiplication of, 
204; reduction of mixed ex- 
pressions to, 202; reduction 
to lowest terms, 184; simul- 
taneous equations containing, 
260 x 

Fulcrum, 236 

Fundamental operations, 20 


Gauss, Karl Friedrich, 331, 385 

Graphs, 22; bar, 22; broken 
line, 23, 25; circle, 28, 29; of 
equations, 276, 280; of for- 
mulas, 285; line, 23, 25; of 
linear systems, 283; of signed 
numbers, 32 

Greeks, 117 


Hamilton, William Rowan, 93 
Hindus, 42, 44, 227, 335 
Hypotenuse, 296, 311 


Identities, 72 
Imaginary numbers, 303 
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Index, 19, 308 
Interpolation, 348 
Inverting the divisor, 208 
Irrational numbers, 302 


Kronecker, Leopold, 42 


Lever, 236 

Linear equations, 169 

Linear systems, 252; graphs of, 
283; literal, 269; solution by 
addition and subtraction, 254; 
solution by substitution, 258 

Literal equations, 124, 231, 269 

Hane common denominator, 
2 

Lowest common multiple, 187 


Means, 239 

Mixed expressions, reduction to 
fractions, 202 

Monomials, 48; addition of, 48; 
division by, 108, 111; multi- 
plication of, 90, 91, 92; square 
oat of, 144; subtraction of,- 


Moors, 227 

Morse, S. F. B., 331 

Motion, uniform, 127 

Multiplication, 90; check of, 97; 
in an equation, 57; of frac-- 
tions, 204; of polynomials, 92, 
95; of positive and negative 
numbers, 40; of radicals, 313 


Napier, Sir John, 228 

Negative numbers, 32; addition 
of, 386, 87; division of, 42; 
multiplication of, 40;  sub- 
traction of, 38 

Newton, Sir Isaac, 131 

Numbers, addition of, 36, 387; 
negative, 32; positive, 32; 
prime, 144; subtraction, 38 

Numeric value, 37° 


Operations, order of, 20; signs 
Oe s2t3 
Ordinates, 277 


INDEX 


Origin, in graphical ag oe 
tion, 278; of symbols, 3 


Parentheses, 19; in equations, 
me SKB inclosing in, 87, 88; 

removal of, 88, 84, 85 

Percentage, 328 

Plotting points, 279 

Polynomials, addition of, 51; 
with a binomial factor, 148; 
as denominators, 221; division 
Ofebiie ts: with a monomial 
factor, 146; roultiplication of, 
oZ 95; square root of, 288; 
subtraction of, 69 

Positive and negative numbers, 
32; addition of, 36, 87; divi- 
sion of, 42; multiplication of, 
40; subtraction of, 38 

Powers, 96 

Prime factors, 144 

Primes, 233 3 

Principal roots, 303 

Problems, solution of, 63; trans- 
lation into equations, 78 

Product, of like terms, 90; of 
means and extremes, 239; of 
two binomials, 137, 139, 141; 
of unlike terms, 90 

Proportion, 239 


Quadratic equations, 169, 325; 
history of, 334; simultaneous, 
335; solution by completing 
the square, 326; solution by 
factoring, 169 

Quadratic trinomial, 161, 164 

Quantity, negative, 32; positive, 
82; irrational, 302; rational, 302 


Radicals, 19, 302; addition and 
subtraction of, 306; division 
by, 316; multiplication of, 
318; simplification of, 304 

Radicand, 3038 

Raleigh, Sir Walter, 4 

Rationalization, 316 

Rationalizing factor, 317 

Rational numbers, 302, 317 


421 


Ratios, 237; trigonometric, 342 

Reciprocal, 267 

Recorde, 4, 289 

Reduction of mixed expressions 
to fractions, 202 

Remainder, 116 

Right triangle, 296 

Root, of an equation, 73; index 
s 19; principal, 303; square, 


Seale, 34, 35 

Second degree, equations of, 169 

Significant figures, 295 

Signs, change of, 74, 83, 84, 88: 
of operation, 1 

Similar radicals, 306 

Similar terms, 48 

Simple equations, 169 

Simplification, of fractional radi- 
cands, 308; of radicals, 304 

Simultaneous equations, 253, 260, 

335 


Sine, 342 

Solution of quadratic equations, 
by completing the square, 326; 
by factoring, 169 

Special products, 134 

Speed, 127 

Square root, of algebraic expres- 
sions, 288; of monomials, 144; 
of numbers, 291 

Squares, of binomials, 134; dif- 
ference of two, 156; perfect 
trinomial, 152 

Stifel, 19, 335 

Subscripts, 233 

Subtraction, of fractions, 193; 
in an equation, 57; of mono- 
mials, 68; of polynomials, 69; 
of positive and negative num- 
bers, 88; of radicals, 306 

Symbols, origin of, 3 

Systems, of equations, 253; in- 
volving a linear and a quad- 
ratic equation, 335; linear, 252 


Tables of trigonometric ratios, 
344, 352 


422 


Tangent, 343 

Telegraph, 331 

Terms, 16; negative, 32; 
tive, 32; similar, 48 

Theon, 299 

Translation of problems 
equations, 78 

Transposition, 74 

Trapezoid, 178 

Triangle, 177, 296, 298, 310, 
341 

Trigonometric ratios, 342; tables 
of, 844, 352; use of, 346, 350 


posi- 


into 
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Trigonometry, 341 
Trinomials, 51; quadratic, 152, 
161, 164 


Uniform motion, 127 
Unknown, 55 


Variation, 240 
Vieta, Francois, 320, 335 


Wallis, John, 65 


Zero, division by, 43 


‘] 
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